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Preface

This book is an introduction to a family of discontinuous Galerkin (DG) methods
applied to some steady-state and time-dependent model problems. A special effort was
made to have the material self-contained as much as possible. The book is well suited to
numerical analysts interested in DG methods but also to applied mathematicians who study
CFD or porous media flow. Practical implementation issues are discussed, which can be of
interest to engineers. The material can be used in a graduate level course on the numerical
solution of partial differential equations. Chapter 1 is introductory and can be used in a
scientific computing class for senior undergraduate students. Prerequisites are calculus and
linear algebra.

In this book, we mainly focus on the class of primal DG methods, namely variations of
interior penalty methods. In the text, these methods are referred to as the symmetric interior
penalty Galerkin (SIPG), incomplete interior penalty Galerkin (ITPG), and nonsymmetric
interior penalty Galerkin (NIPG) methods. The book is divided into three parts: Part I
focuses on the application of DG to second order elliptic problems in one dimension first
and then in higher dimensions. In Part II, the time-dependent parabolic problems (without
and with convection) are presented. Finally, Part III covers some applications of DG to
solid mechanics (linear elasticity), to fluid dynamics (Stokes and Navier—Stokes), and to
porous media flow (two-phase and miscible displacement).

We try to discuss both theoretical and computational aspects of the DG methods.
In particular, for the elliptic equations, a code written in MATLAB® for one-dimensional
problems is provided in Appendix B.1. The text contains algorithms for the implementation
of DG methods in two or three dimensions. Corresponding routines written in C are provided
in Appendix B.2 as well.

One objective of this book is to teach the reader the basic tools for analyzing DG
methods. Proofs of stability and convergence of the method are given with many details.
Another objective is to teach the reader the coding issues of DG methods: data structure,
construction of local matrices, and assembling of the global matrix. Several computational
examples are provided. Finally, by presenting specific applications of DG to important
engineering problems, we hope to convince the reader that the DG method is a competitive
approach for solving his/her own scientific problem.

The first DG methods were introduced for hyperbolic problems, which we do not
cover in this book. The treatment of DG methods for conservation laws can itself be the
object of an entire book. Other important topics not discussed in this book include solvers
and preconditioning.

XXi



xxii Preface

This book stems from a collection of notes that I used in several graduate classes
while I was teaching at the University of Pittsburgh. I would like to thank all the students
for their feedback and comments. Some of the work presented in this book was funded by
the National Science Foundation. I am grateful for their support.

B.M. Riviere
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Chapter 1
- One-dimensional problem

In this chapter, we define the primal DG methods for solving a two-point boundary value
problem in one dimension.

1.1 Model problem

Let us consider the following two-point boundary value problem on the unit interval:

Vx e (0,1), —(Kx)p'x) = f), (1.1)
p0) =1, (1.2)
p(1) =0, (1.3)

where K € C'(0, 1) and f € C°(0, 1). We also assume that there are two constants K, and
K such that
VXE(O,I), 0<K0§K(}C)SK1

We say that p is a solution of (1.1)-(1.3) if p € C%(0, 1) and p satisfies the equa-
tions (1.1)—(1.3) pointwise.

1.2 A class of DG methods

LetO0 =xp < x; < --- < xy = 1 be a partition &, of (0, 1), denote I,, = (x,, x,+1), and
define
h, = Xn+1 — Xn, hnfl,n = max(hnflv hn)v h= max h,.
0<n<N-1

Denote by Dy (&) the space of piecewise discontinuous polynomials of degree k:
Dy(&n) ={v v, € Pr(1,) Vj=0,...,N —1},

where Py (I,) is the space of polynomials of degree k on the interval /,. Let us denote
v(x,f) = lirr(l) v(x, +€)and v(x,;) = lirr(l) v(x, — €). Then we can define the jump and
€—> €—

e>0 e>0



4 Chapter 1. One-dimensional problem

average of v at the endpoints of I,:

1
[v(x,)] =v(x,) — v(x;r), {v(x,} = E(v(xn_) + v(x:)) Vn=1,...,N —1.

By convention, we also extend the definition of jump and average at the endpoints of the
unit interval:

xo)] = —v(xg), (o)} =v(xg), [Wan)]=vlxy), {ven)} = v(xy).

Next, we introduce jump terms of the solution and its derivative. Those terms are also
referred to as penalty terms:

N N—1 1

0
Jovw) =Y h"l )W)l i w) =Y hal

n—
n=0 ’

[ (x)1[w' (x)],

n=1

where ¢” and ¢! are two real nonnegative numbers. We note that J, penalizes the jump
in the function v (or w), whereas J; penalizes the jump in the derivative of the function
v (or w).

Let v be a function in Dy (&;). Let us multiply (1.1) by v and let us integrate by parts
on each interval /,:

/ " Kx)p'(0)v' (0)dx — K (1) p' (K1) (6,4 ) + K () () v(x,)

n

Xn+1
= f@vx)dx, n=0,...,N—1

Xn

By adding all N equations above, we obtain

N=l oy, N 1
> / K(0)p' (v (x)dx — Y [K (6) p' (k) v ()] = / fv(x)dx.
n=0 Y% n=0 0

n

Itis easy to check thatfor l <n < N — 1

[K (x,) p' (x)v(x2)] = {K (x,) p" () Yo ()] + {v (@)K (x,) p' (x)]. (1.4)

By applying (1.4) and by noting that the exact solution p satisfies [K (x,) p’(x,)] = 0 for
alll <n < N — 1, we obtain

N-l oy N 1
> / K(0)p' () (x)dx — Y K (x0) p/ Gen)} [0 (x)] = /0 f)v(x)dx.
n=0

Xn n=0

We now note that the exact solution p is also continuous, i.e., [p(x,)] = 0. Therefore, we
see that if p is a solution of (1.1)—(1.3), then p satisfies

N=1 . N N
> / K () p' () (x)dx — Y 1K () p' G v ()] + € Y {K (6)v' (xa)Hp ()]

n=0 n=0 n=0

1
= /0 F()v(x)dx — €K (xo)v'(x0) p(x0) + €K (xn)v'(xn) p(xw)

1
:/0 F@)v(x)dx — €K (xp)v' (x0).



1.2. A class of DG methods 5

Here, € can be any real number, as the third term in the equation above is intrinsically zero.
However, we restrict ourselves to the case € € {—1, 0, —1}.

Definition 1.1. Given a real vector space V, the function a : V x V. — R is called a
bilinear form if a is linear with respect to each of its arguments. In other words, for all
o eR v, vy, v, w, w, wy €V, we have

a(vy + vz, w) = a(vy, w) + a(vy, w),
alav, w) = aa(v, w),
a(v, w; +wy) = a(v, wy) +a(v, w),

a(v,aw) = aa(v, w).

We now define the DG bilinear form a, : Dy (&) x Di(E,) — R:

N-1 Xngl N
ac(w,v) =) / K ()w' () (6)dx — Y {K (x)w' (6)}o(x,)]
n= Xn n=0

N

+e Z{K(xn)v’(xn)}[w(xn)] + Jo(w, v) + Ji(w, v).
n=0

The DG bilinear form a, has the following properties:
* For ¢ = —1, the form is symmetric, i.e.,
Yv,w, a_i(v,w)=a_;(w,v),

and we have
N=l oy N
a(,v)=>y_ / K () (' (0)*dx =2 ) {K ()0 (xa) v ()]
n=0 v *n n=0

+ Jo(v, v) + J1(v, v).

* For € € {0, +1}, the form is nonsymmetric, and we have

N=1 oy
ay(v,v) = Zf K(x)(v/(x))zdx + Jo(v,v) + Ji(v,v) >0, (1.5)

N

N-1 Xn+1
ap(v,v) =) / K(0) (' (x))?dx = Y 1K (6)v' ()} v(x)]

n=0
+ Jo(v, v) + Ji(v, v).

A class of DG methods for solving the boundary value problem (1.1)—(1.3) is as follows:
Find PPS € D, (&,) such that

Yo € De(E),  ac(PPS,v) = L(v), (1.6)
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where L : Dy (E,) — R is the linear form

1 0
L(v) = / JF)v(x)dx — €K (x0)v' (x0) + ;—v(xol
0 0.1

Remark: Problem (1.6) is an example of a finite-dimensional variational formulation. This
concept is discussed in detail in the next chapter.

Remark: Depending on the choices of the parameters €, 6°, o', we obtain several variations
of DG methods that have appeared in the literature at different times.

e Ife = —1,0! = 0, and ¢ is bounded below by a large enough constant, the resulting
method is called the symmetric interior penalty Galerkin (SIPG) method, introduced
in the late 1970s by Wheeler [109] and Arnold [1].

e Ife = —1and 6° = o' = 0, the resulting method is called the global element
method, introduced in 1979 by Delves and Hall [43]. However, the matrix associated
with the bilinear form is indefinite, as the real parts of the eigenvalues are not all
positive and thus the method is not stable.

e Ife = +1,0' =0, and 6° = 1, the resulting method is called the nonsymmetric
interior penalty Galerkin (NIPG) method, introduced in 1999 by Riviere, Wheeler,
and Girault [95].

e Ife = +1ando® = ¢! =0, the resulting method was introduced by Oden, Babugka,
and Baumann in 1998 [84]. Throughout these notes, we will refer to this method as
the NIPG 0 method, since it corresponds to the particular case of NIPG with ¢° = 0.

* Ife = 0, we obtain the incomplete interior penalty Galerkin (IIPG) method introduced
by Dawson, Sun, and Wheeler [42] in 2004.

Remark: What if € = 0 and 0 = ¢! = 0? Then the method is not convergent and not
stable. One cannot even prove uniqueness and existence of the discrete solution.
Remark: It could be useful in practice to allow the penalty parameters to vary with each
node. For instance a large value o yields a numerical solution with a small jump at the
node x,,.

1.3 Existence and uniqueness of the DG solution

Since the problem is finite-dimensional, existence of a solution is equivalent to uniqueness.
Let us assume that P! and P? are two solutions and let us define § = P! — P2. Since both
P! and P? satisfy (1.6), we have

Yv € Dp(&E), ac(@,v) =0.

Choosing in particular v = 6 gives

a.(0,6) = 0.
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In the case of NIPG with o© > 0, (1.5) yields

0

hn—l,n

Vi > 0. /x”“ K (x)(0'(x))2dx = 0, [0(x,)] = 0.

Since K is strictly positive, the first equation implies that the function 6 is equal to a constant
k, on each interval I,. The second equation implies that all k,,’s are equal to the same zero
constant.

What should we do in the case of SIPG, IIPG, and NIPG 0? The proof is not as simple
and is given in Chapter 2. In particular, some conditions on the penalty parameters need to
be imposed in order to obtain uniqueness (hence existence) of the solution.

1.4 Linear system

In this section, we derive the linear system obtained from the DG scheme in the simpler case
where K is the unit constant and o' = 0. We also consider the case where discontinuous
piecewise quadratic polynomials are used, namely k = 2. Let us choose for local basis
functions of P,(/,) the monomial basis functions, translated from the interval (—1, 1):

IPZ(In) = Span{d)(r)l’ ¢?7 ¢’21}
with

X~ Xnt1y2 n (x—x,,12)2
i) =1, @) =22 i) =4 T
Xn4+1 — Xn (xn+1 - )C,,)

and X412 = %(x,, + Xu41) is the midpoint of the interval /,. To further simplify the
computation, let us assume that there is a positive integer N such that

1
n = + l’l, h - .
X Xo+n N

Thus, the local basis functions and their derivatives are simply
n n 2 n 4 2
Po(x) =1, ¢j(x) = }—l()C —(m+1/Dh), ¢3(x) = ﬁ(x —(n+1/Dh)", (1.7

2 8
o' (1) =0, ¢f'(x) = W 5 (x) = &~ (e +1/2h). (1.8)

The global basis functions {®?} for the space D,(&,) are obtained from the local basis
functions by extending them by zero:

nen ) Or (), x €y,
o ={ g 50
We can then expand the DG solution as

N-1 2

Vxe© 1), P =)"Y arel ), (1.9)

m=0 j=0
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where the coefficients o' are unknown real numbers to be solved for. Plugging this form
of PPS into the scheme (1.6), we have

N—-1 2
VO<n<N-1 YO<i<2 > > olal(d).d)=L(®)).

m=0 j=0

We obtain a linear system of the form Ao = b, where « is the vector with components a}”,

A is the matrix with entries aE(CD,J;,, <I>f1), and b is the vector with components L(<I>£L).

1.4.1 Computing the matrix A

Because of the local support of the global basis functions, the entries of the global matrix
A can be obtained by first computing and assembling local matrices.

In what follows, we first describe how to compute the local matrices. We will regroup
the terms defining a, into three groups: the terms involving integrals over [, the terms
involving the interior nodes x,, and those involving the boundary nodes xg, xy.

First, we consider the term corresponding to the integrals over the intervals 7,. On
each element I,,, the DG solution PPY is a quadratic polynomial, and we can write

Vx € I,, PPO(x) = afop(x) + ald] (x) + aidh(x). (1.10)

Thus, using the expansion above and choosing v = ¢} fori = 0, 1, 2, we obtain

2
vi=0,1,2, /I (PPSY (1) (@}) (x)dx = > ol /I (@) (X)(@}') (x)dx.
n j=0 n

This linear system can be rewritten as A, ", where

n
o)

" = of |, (A= / (@) (x)(¢}) (x)dx.
ol In
One can easily compute A,,:
1 0 0 O
A,=-10 4 0
h 0 0 16

|

Second, we consider the terms involving the interior nodes x,. By expanding the
average and jump terms, we can write

0
—{(PP9Y (x)} ()] + €{v' (e PP (x,)] + %{PDG(xm[v(x,,)]
:bn+cn +dn+ens
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where the terms are defined below:

1 0
by = 5 (PP (h)ue) = EPDG(x,f)v’(x;) + %PDC’(x;)v(x:),

0
Cn = —%(PDGY(x;)v(x;) + %PD%;)v’(x;) + %Pmu;)v(x;),

1DG/+7€DG+/—O—0DG+7
dn=—§(P )(xn)v(x,,)—EP (xn)v(xn)—zP (v (x,),

1 0
en = 5 (PP ()u(eh) + 5 PPO (e v () — = PPO e vy,
Again, with the expansion (1.10) and with the choice v = ¢, the four terms defined above

will yield the local matrices B,,, C,, D,, and E,, respectively. For instance, the entries of
B, and D, are given by

1 0
(Bo)ij = (@) ()9 () - §¢7<x;><¢;’>’<x:> - %cﬁ;? 6] (),
1 0
(Dy)ij = =5 (@)D () = §¢7 @ () — %w(xm;‘*‘(x;).

Carefully examining the terms, we see that B, (resp., C,) corresponds to the interactions
of the local basis functions of the interval I, (resp., I,_;) with themselves, whereas the
matrices D, and E,, couple the intervals [, and I,,_;. One can easily compute the following
four 3 x 3 matrices, using the definitions (1.7) and (1.8):

1 o0 1—0° —2+40°
B,=-—| —e—0° —14e+0" 2—¢—o" ,

h 2¢+0% 1—-2¢—0% —242+0°

1 o0 —1406° —2+409
C,=—- e+ —1+4+e+0" —24€e+0" |,

h 2¢+0% —1424+0% —242¢+40°

1 —oY —140° 2—¢"Y
D, =— —€—0% —l4e+0° 2—e—0" |,

h\ —2e—0® —142¢40° 2—2¢—0°

1 —oY 1-0° 2—¢Y
E,=-— e+ —l4e+0° —24¢+0°

h 0 12 —06" 2-2¢—q°

—2¢—o
Finally, we compute the local matrices arising from the boundary nodes x; and xy:
DG DG A

fo = (P™7) (xo)v(xo) — €v'(x0) P77 (x0) + 71’ (x0)v(xp),

0
v = —(PP9) (xy)v(xy) + €V (xy) PPS (xy) + C%P‘)G(xmw).
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These two terms above yield the matrices Fo and F y:

| of 2—¢o" —4 409
FOZE —2¢—0" 24240 4—2¢—0¢" ,
4e 4+ o0 2—4e -0 —444e+0°
1 o 240" 4400
FN:E 2¢+0% 242+ —4+2+40°

de +0° —244e+0" —444e+0°

These local matrices are independent of the interval I,. In the general case where the size
of the intervals varies, the local matrices vary over all intervals. Once the local matrices
have been computed, they are assembled into the global matrix. The assembling depends
on the order of the unknowns «'. Assuming that the unknowns are listed in the following

order,

0 0 0 1 1 1 2 2 2 N-1 _N-1 _N-1
(g, 0y, oy, g, 0, Oy, Oy, O, Oy, e, O, O ay, ),

we obtain a global matrix that is block tridiagonal:

M, D,
E, M D,

Ex, M Dy,
Ey.1 My

where
M=A,+B,+C,;1, My=Ay+Fo+C;, My=Ay_1+Fy+ By_;.

Remark: Since the penalty parameter is constant, the local matrices are independent of the
subintervals. Thus, they can be defined before assembling the global matrix. Appendix B.1
contains a MATLAB® code that computes the global matrix.

1.4.2 Computing the right-hand side b

Each component of b is obtained by computing
. 1 . . ao R
L(®,) = / F ()@, (x)dx — €K (x0)(P,,) (x0) + 7%(}60)-

0

Because of the local support of @', the first term is reduced to
1 Xn+1
/ f) P} (x)dx = f ()@ (x)dx.
0 n

After a change of variable, we obtain

! h ' (h 4
/ fx)@!(x)dx = —/ f (—t + (n + 1/2)h> t'dt.
0 2 -1 2
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Because the integral cannot be computed exactly for most functions f, we rather compute an
approximation by using a quadrature rule [6]. In particular, we choose the Gauss quadrature
rule defined by a set of weights (w;)1<j<¢, and a set of nodes (s;)1<j<gq:

/ v(t)dt ~ iju(sj (1.11)

One can show that if v is a polynomial of degree 2Q¢ — 1, the Gauss quadrature rule is
exact; i.e., the sign & in (1.11) becomes an equality sign. Appendix A gives the sets of
weights and nodes for different values of Qg. We therefore have

1 h Oc h
/0 FX)® (x)dx ~ > ; wj f (Es, + (n + l/2)h> 5!

We write the components of the vector b in an order consistent with the ordering of the
unknowns o':

(by. bY. b9, b, by, by, by, by b3, ... by~ by BT,

where the first three components are

[9¢ 0

h h h 4 a

0 _ . _ — 4
bz_ig wjf<zsj+2)s +eK(x0) h’

Visn<N-1, Y0<i<2, Zw,f<s,+(n+1/2)h>

We remark that the first three components of b differ from the rest because of the nonzero
Dirichlet boundary condition at xo. The MATLAB code given in Appendix B.1 shows how
to build b and also how to solve for a.

1.4.3 Imposing boundary conditions strongly

So far, we have imposed the boundary conditions (1.2), (1.3) weakly, through the addition
of the terms —ev’(x) p(xo) + ‘;,—Ov(xo) p(x0). One can, however, impose them strongly by
restricting the approximation space to

DY(ER) = {v € Di(Ex) : v(0) =0, v(1) = 0}
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and by writing
PPS = P(?G + P

with P; being a continuous piecewise polynomial of degree k satisfying P;(0) = 1 and
P;(1) = 0 and with P(PG € D,?(é'h) a solution of the modified DG scheme:

N—1 X1 N—1
Yo e D&, Y K (x)(PeC) (0)v' (x)dx — > 1K () (PP%) ()} v (x)]
n=0 v ¥n n=1
N—1 N-1 Py
+e g{K(xm’(xn)}[P(PG(xn)] + ; TGP )]

1 N-1 Xnt1
:fo F)v(x)dx — Z/ K (x) P{(x)v' (x).
n=0 v *n

In that case, the global matrix is still block tridiagonal, but the blocks M, and M y are of
size 2 x 2, the blocks E{ and D y_; of size 3 x 2, and the blocks E y_; and D, of size 2 x 3.

1.5 Convergence of the DG method

One can show that if the exact solution is smooth enough, the numerical error decreases as
one increases the number of intervals, i.e., as one decreases the mesh size 2. We define the
numerical error obtained on the mesh &, by

ep=p— PPa,
Definition 1.2. Given a space V, the function || - || : V — R is called a norm if for all
v,we Vandt € R, we have
@ vl = 0,
i) vl =0« v =0,
@i [[rv]l = [e[llvll,

) llv+wl < flvll + llwll.

The function || - || is called a seminorm if only properties (i), (iii), and (iv) are satisfied.

Define the energy norm of the error by

N1 Xn+1 1/2
lealle = (Z / K (x)(e;, (x))*dx + Jo(en, eh>> (1.12)

n=0 *"n

and the L? norm of the error by

| 12
llenll 20,1 = (/ (€h(x))2dx> .
0
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Table 1.1. Convergence rates of primal DG method for uniform meshes in one dimension.

Method B B
NIPG ¢° > 0 k | k+1if kodd
k if k even
SIPG ¢° > of k k+1
HPGO‘O>O'S k | k+1if k odd
k if k even

Table 1.2. Convergence rates of primal DG method for nonuniform meshes in one
dimension.

Method Bi B>
NIPGo? >0 | k k
SIPGo?>0? | k | k+1
IIPGo® > 00 | & k

One can show that ||ey, |l = Ch#' and |ley || 12¢0.1) = Ch?, where C is a constant independent
of h (see Chapter 2). The convergence rate of the method in the energy norm (resp., L2 norm)
is then defined to be the power §; (resp., B2). Assuming that the solution is smooth, the mesh
is uniform (4,, = h for all n), and discontinuous piecewise polynomials of degree k are used,
the convergence rates are summarized in Table 1.1. These rates can be proved theoretically,
and they are obtained numerically for / sufficiently small by applying the formulas

1 1
5 m( lexlle ) 5 m( lellzzon > 113
In(2) len2lle In(2) llen2ll 20,1y
If the meshes are nonuniform, the rates are suboptimal in L? norm for the NIPG and IIPG

methods (see Table 1.2). The MATLAB code given in Appendix B.1 computes both the
energy norm and the L? norm of the error.

1.6 Numerical experiments

In the case where the solution is given by the expression

px) =1 —x)e ™,

convergence results are obtained for both energy norm and L? norm of the error. We vary
the parameter € in {—1, 0, 1}, the penalty values ¢°, and the polynomial approximations
from linear to quartic. We first consider uniform meshes of size 4. The convergence rates
are given in Tables 1.3—1.6 for k = 1, 2, and 3, respectively, and for different penalty values.
We note that for k = 1, the choice 6® = 0 yields indefinite matrices, and thus the system
cannot be solved.
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Table 1.3. Numerical errors and convergence rates for piecewise linear approximation.

Method

h

llenlle

Bi

llen ||L2(0, 1)

B2

NIPG ¢ = 1

172
1/4
1/8
1/16
1/32

2.5300 x 107!
1.1630 x 10~!
5.4024 x 1072
2.5720 x 1072
1.2498 x 1072

1.1211
1.1067
1.0706
1.0411

7.3161 x 1072
1.9453 x 1072
4.9477 x 1073
1.2416 x 1073
3.1061 x 10~*

1.9110
1.9752
1.9945
1.9990

SIPG 0¥ =2

172
1/4
1/8
1/16
1/32

5.8471 x 1071
2.0222 x 107!
8.5447 x 1072
3.5828 x 1072
1.5448 x 1072

1.5317
1.2428
1.2539
1.2136

8.9892 x 1072
1.7327 x 1072
3.5659 x 1072
7.3340 x 10~
1.5613 x 1074

2.3751
2.2806
2.2816
2.2318

PG o =1

172
1/4
1/8
1/16
1/32

3.4091 x 107!
1.2112 x 10~}
5.1662 x 1072
2.4615 x 1072
1.2155 x 1072

1.4929
1.2292
1.0695
1.0179

9.2456 x 1072
2.5039 x 1072
6.5011 x 1073
1.6553 x 1073
4.1755 x 1074

1.8845
1.9454
1.9735
1.9871

Table 1.4. Numerical errors and convergence rates for piecewise quadratic ap-

proximation.

Method

llexlle

B1

llenll 20,1y

B2

NIPG ¢* =0

172
1/4
1/8
1/16
1/32

9.3544 x 1072
2.5299 x 1072
6.6182 x 1073
1.6804 x 1073
42196 x 1074

1.8865
1.9345
1.9775
1.9936

2.0713 x 1072
7.9581 x 1073
2.4210 x 1073
6.4211 x 107#
1.6305 x 1074

1.3800
1.7168
1.9147
1.9774

NIPG ¢” = 1

172
1/4
1/8
1/16
1/32

7.0690 x 1072
1.7289 x 1072
4.2388 x 1073
1.0472 x 1073
2.6026 x 1074

2.0315
2.0281
2.0171
2.0085

1.5754 x 1072
5.0566 x 1073
1.3419 x 1073
3.3533 x 10~*
8.3121 x 1073

1.6395
1.9138
2.0006
2.0123

SIPG % =2

172
1/4
178
1/16
1/32

1.7472 x 107!
5.7965 x 1072
9.8399 x 1073
2.2901 x 1073
5.6312 x 1074

1.5917
2.5584
2.1032
2.0238

1.6963 x 1072
2.8754 x 1073
2.5109 x 10~
29131 x 1073
3.5624 x 107°

2.5605
3.5174
3.1075
3.0316

PG o =1

172
1/4
1/8
1/16
1/32

1.3032 x 107!
2.5275 x 1072
5.6861 x 1073
1.3649 x 1073
3.3563 x 10~*

2.3663
2.1522
2.0586
2.0238

3.9401 x 1072
7.7062 x 1073
1.6145 x 1073
3.6500 x 10~
8.6547 x 1073

2.3541
2.2548
2.1451
2.0763
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Table 1.5. Numerical errors and convergence rates for piecewise cubic approximation.

Method h llenlle Bi llenll 2.1y B2

NIPG ¢° =0 172 | 5.6180 x 1073 1.2627 x 1073
1/4 | 6.4343 x 107%  3.1262 | 6.7644 x 107>  4.2224
1/8 | 7.5240 x 1075 3.0962 | 3.8391 x 107® 4.1391
1/16 | 9.0807 x 107%  3.0506 | 2.2809 x 10~7  4.0730
1/32 | 1.1151 x 107®  3.0255 | 1.3892 x 10~%  4.0373

NIPG ¢° = 1 1/2 | 5.2783 x 1073 1.0881 x 1073

1/4 | 6.2018 x 107* 3.0893 | 5.8542 x 107> 4.2162
1/8 | 7.3930 x 107> 3.0683 | 3.3513 x 10  4.1266
1716 | 9.0061 x 107¢  3.0373 | 1.9968 x 10~7  4.0689
1/32 | 1.1107 x 107%  3.0193 | 1.2170 x 10=%  4.0362

SIPG 0 =1 172 | 6.4024 x 1073 4.4484 x 1074
1/4 | 6.8810 x 107% 32179 | 2.1387 x 107> 4.3784
1/8 | 7.7514 x 107> 3.1501 | 1.1225 x 107%  4.2519
1/16 | 9.2066 x 107¢  3.0737 | 6.3845 x 1078  4.1360
1/32 | 1.1225 x 1076 3.0359 | 3.7981 x 107° 4.0712

PG o’ =1 1/2 | 7.3848 x 1073 4.3616 x 1073
1/4 | 6.5496 x 10~*  3.4950 | 2.2715 x 10~*  4.2631
1/8 | 7.3054 x 107 3.1643 | 1.3096 x 1075  4.1164
1/16 | 8.8549 x 1076 3.0444 | 7.9424 x 1077  4.0434
1/32 | 1.0983 x 107®  3.0111 | 4.9047 x 10~%  4.0173

We now consider a nonuniform mesh constructed as follows. The unit interval is
first divided into N intervals of length 1/N. Each subinterval is then divided into three
nonuniform subintervals of length 1/(7N), 1/(2N), and 5/(14N), respectively. Numerical
errors and convergence rates are shown in Table 1.7. The rates are suboptimal in the L>
norm for the NIPG and IIPG methods and for polynomials of degree one or two.

1.7 Bibliographical remarks

Stability and convergence of the NIPG method with zero penalty were obtained by Babugka,
Baumann, and Oden [8] in one dimension. The analysis of the NIPG method with or
without penalty was proved by Riviére, Wheeler, and Girault [96, 95] in any dimensions.
The analysis of the IIPG method is almost identical to the analysis of the SIPG method,
which can be obtained from Wheeler’s work [109]. Using a standard lift argument, one
can show suboptimal error estimates in the L? norm for both NIPG and IIPG on general
meshes. In the case of uniform meshes in one dimension, Larsson and Niklasson [77] proved
optimal convergence rates for polynomial degrees of even parity. The work of Cockburn,
Gunzman, and Riviere [31] shows that for some nonuniform meshes, numerical rates remain
suboptimal with a loss of one power of 4.
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Table 1.6. Numerical errors and convergence rates for piecewise quartic approximation.

Method h llenlle B llenll 2.1y B2

NIPGo®=0 | 1/2 | 7.4885 x 10~* 1.1286 x 1074
1/4 | 5.0944 x 107> 3.8776 | 8.7699 x 107%  3.6859
1/8 | 3.3003 x 107®  3.9482 | 5.9422 x 1077 3.8834
1/16 | 2.0841 x 10~7  3.9850 | 3.7975 x 10~%  3.9678
1/32 | 1.3061 x 10°®  3.9960 | 2.3870 x 107° 3.9917

NIPG 0 =1 172 | 7.2760 x 10~* 1.0604 x 1074
1/4 | 4.8061 x 1075 3.9202 | 7.8791 x 10~  3.7504
1/8 | 3.0614 x 1076 3.9726 | 5.2009 x 10~7 3.9212
1/16 | 1.9200 x 107 3.9949 | 3.2856 x 10~%  3.9845
1/32 | 1.2001 x 107%  3.9998 | 2.0550 x 10~  3.9989

SIPG o =1 172 | 7.8419 x 10~# 3.7197 x 1073
1/4 | 5.5204 x 107> 3.8283 | 1.3837 x 107® 4.7485
1/8 | 3.6525 x 107®  3.9178 | 4.6745 x 107%  4.8875
1/16 | 2.3277 x 1077 3.9719 | 1.4983 x 107° 4.9634
1/32 | 1.4642 x 1078 3.9907 | 4.7192 x 107" 4.9886

PG o’ =1 1/2 | 1.4898 x 1073 8.3173 x 10~*
1/4 | 6.7918 x 107> 4.4552 | 4.2646 x 107> 4.2856
1/8 | 3.6617 x 1076 42132 | 2.2486 x 107 4.2452
1/16 | 2.1688 x 1077 4.0775 | 1.2739 x 1077 4.1416
1/32 | 1.3280 x 1078 4.0286 | 7.5627 x 107°  4.0742

Table 1.7. Numerical errors and convergence rates on nonuniform meshes.

Method N | k llexlle  Rate llenll 20,1y Rate
NIPGo® =1 | 256 | 1 | 6.4397 x 10~* 4.5206 x 107°

512 | 1| 3.2190 x 107*  1.000 | 2.1943 x 107 1.043

256 | 2 | 6.6800 x 1077 1.5482 x 1077

512 | 2 | 1.6700 x 10~7 2.000 | 3.8701 x 10~% 2.000
SIPGo®=1 | 256 | 1 | 7.0270 x 1074 2.9266 x 1077

512 | 1| 3.4453 x 107* 1.028 | 7.0062 x 1078 2.062

256 | 2 | 4.8454 x 107 1.8525 x 10~

512 | 2| 1.2112 x 107  2.000 | 2.3166 x 10~ 3.000
MMPGo®=1 |256| 1| 6.3022x 1074 6.4539 x 1077

512 | 1| 3.1511 x 107* 1.000 | 1.6133 x 10~7  2.000

256 | 2 | 7.8261 x 1077 1.7002 x 1077

512 | 2| 1.9567 x 10°7  2.000 | 4.2490 x 1078  2.000
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Exercises
1.1. Show that the energy norm || - ||¢ defined by (1.12) is indeed a norm for the space
XhZ
X,={v:v, €C,), n=0,...,N—1}.
1.2. Derive the local matrices A,, B,, C,, D,, and E, for polynomial degree k = 4.

1.3.

1.4.

L.5.

1.6.

Derive all the local matrices and the global matrix in the case of nonzero o' and for
polynomial degree k = 2.

Modify the code given in Appendix B.1 so that the energy norm of the error is
computed. Run the code for the following exact solutions: (a) p(x) = (1 — x)3,
(b) p(x) = (1 — x) cosx. Plot the numerical solution. By varying the number of
intervals, compute the numerical convergence rates for both the energy norm and the
L? norm of the error. Choose 6” = 1 and € = 1.

Define the DG method for solving (1.1) with K = 1 and with the following boundary
conditions:

p0) =1,

p'(1)=0.

Modify the code given in Appendix B.1 and run it for the exact solution: p(x) =
(1 — x)?¢*. Compute numerical errors obtained for the number of intervals N =
4,8, 16, 32. Choose € = —1 and vary o9 =0.1,1, 10.

Implement the DG method in the case where the boundary condition p(1) = 0 is
imposed strongly, as discussed in Section 1.4.3. Compute numerical convergence

rates for the L? norm of the error for the exact solution p(x) = (1 —x)e*. Compare
the results obtained with NIPG, SIPG, and IIPG for ¢® = 1, k = 2.






Chapter 2

- Higher dimensional
~ problem

This chapter deals with the formulation and analysis of the primal DG methods NIPG, SIPG,
and IIPG in two and three dimensions for a general elliptic equation. The chapter also
includes a brief description of the local discontinuous Galerkin (LDG) method that is based
on a mixed formulation of the elliptic equation.

2.1 Preliminaries

2.1.1 Vector notation

The gradient of a scalar function v : RY — R is a vector and the divergence of a vector
function w : RY — R? is a scalar:

ov
Vo= — s V-w=
0xi /| <i<a

The dot product between two vectors # and v is

d
u-v= E Uu;v;.
i=1

8w,~

d
— 0X

i=1

2.1.2 Sobolev spaces

Throughout the book,  denotes a bounded polygonal domain in R?. The vector space
L?(R) is the space of square-integrable functions:

LX(Q) = {vmeasurable : / v? < oo} .
Q
Without going into too many details, we can say that the measure considered here is the
Lebesgue measure and that the elements of L?(2) are actually classes of functions: two

functions v; and v, belong to the same class if and only if they differ on a set of measure

19
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zero. We say that v; = v, almost everywhere (a.e. for short). The reader can refer to [97]
for an introduction to Lebesgue measure.

Definition 2.1. Let V be a vector space. A symmetric bilinear forma : V x V — Ris an
inner product if a(v, v) > 0 forallv € V and a(v, v) = 0 if and only if v = 0. The space
V is a normed space for the norm || - |y = (a(-, -))"/%. Furthermore, the space V equipped
with an inner product is a Hilbert space if it is complete, i.e., if every Cauchy sequence is
convergent. A sequence (vy,), is said to be a Cauchy sequence if for all 5 > 0O there is a
natural integer ng such that for all n, m > ng, we have ||v, — v, |lv <. The dual space of
V, denoted by V', is the space of continuous linear mappings from V to R.

The space L?(2) is a Hilbert space with respect to the following inner product and

norms:
12
2
(u,vm:/uv, 1l = (/v) .
Q Q

We extend naturally these definitions to vector functions # = (u;)<j<q and v = (v;)1<i<q:

d 12
2
(u,v)g=/ﬂu-v, vl = <Z ||v,-||L2(Q)> :
i=1

The space L*°(£2) is the space of bounded functions:
LZ(Q) = {v : vllze@ < oo}
with

0]l (@) = ess sup{lv(x)] : x € Q.

Definition 2.2. The support of a continuous function v defined on RY is the closure of the
set of points at which the function is not equal to zero. If it is bounded and included in the
interior of the domain 2, then v is said to have compact support in Q.

Let D(£2) denote the space of C* functions with compact support in 2. The dual space
D’(R2) is called the space of distributions. For any multi-index & = («y, ..., 0y) € N and
la| = Z?: | @, the distributional derivative D*v € D’(2) is defined by

3Ia|¢
Vé € D(Q), D“v(¢)=(—1)‘“'f V()
Q ax Y

g °
1 9xy

For instance, we have

0 0
Vo e D@, Lig)= —/Q ¢

v—o-.
0x1 ax;

We introduce the Sobolev space

Hl(SZ)z{veLz(Q):g—veLZ(Q),izl,...,d}.

Xi
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It can be shown that if v belongs to L%(Q), then v can be identified with a distribution, still
denoted by v, in the following sense:

Vo € D), v(9) =/QU¢'

Therefore, for v € H' (), we can write

99

V¢ € D(RQ) 8_v( )_/a_v = -
v < R 9= ani¢_ gvax,-'

We will write for short
H'(Q) = {v e L*(Q) : Vv e (L3(Q))7}.
Similarly, we introduce H*(£2) for integer s:
HY(Q) = {v e L*(Q):VY0 < |a| <s, D% € L*(Q)}.
In particular, in two dimensions, we have

— e LX)

92 9?2 92
H(Q) = lveH' @ 28 2V oV ,
ax?’ 9x10xy  9x3

and we write for short
H*(Q) = {v e L}(Q) : Vv e (L*(Q))?*4}.
For v € H*(2), we can write for |x| < s:

91l

V———————.
o o4
ox,'---0xy

Vo € D(RQ), D"‘v(qﬁ):/ D"‘vq&:(—l)""'/
Q Q

If v is smooth enough, we recover the usual derivatives:

" 9laly
D = ——m—.
axy! - 0xy!
The Sobolev norm associated with H*(2) is
172
Wl = D 1Dz

O<|a|=s
The Sobolev seminorm associated with H*(£2) is
172

2
Wlas@ = 1Vl = Z I1D*VlI72q

loe|=s

Let us now define the Sobolev spaces with fractional indices. The space H*T!/2(Q)
with s integer is obtained by interpolating between the spaces H*(2) and H**!(2). The
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K -interpolation method [14] is used: Given v € H*(£2), we define the following splitting:
vV =V + vy,

where v; € H*(Q) and v, € H**!'(Q). Then, for a given real number ¢, we define the
kernel

1/2
— : 2 2 2
K(v,1) = (Uling_v(nvlnm) +1 ||vz||H.,-+1(Q)>) :

Definition 2.3. A space V equipped with the norm || - ||y is said to be the completion of a
subset W if, for any element v € V and any § > O, there exists w € W such that

llv —wlly <38.

The space H**!/2(Q) is then defined as the completion of all functions in H**!()
with respect to the following norm:

e} 1/2
Il gs+120) = (f 172K (v, t)dt) .
0

Then, we have the properties

HJ+I(Q) C HS+]/2(Q) C H&(Q),
1/2 1/2
Yoe HYQ),  [vllgng < CE@QIIg vl g
where C(€2) is a positive constant that depends on the domain €.
An important result is the imbedding theorem that relates the Sobolev spaces to the
standard spaces of C" (£2) functions.

Theorem 2.4. For Q C R?, we have
s—r
d

To be more precise, the theorem says that under certain conditions depending on s
and d, if v € H*(2), then there is a continuous representative in the equivalence class of
v. The conditions are given below:

H' Q) CC(Q) if %<

s >% for d=1,
H'(Q) cC%) if s>1 for d=2,
s>3 for d=3

2.1.3 Trace theorems

Using distributional derivatives, we can formulate partial differential equations in the dis-
tributional sense. The notion of traces [81] is used to define the restriction of a Sobolev
function along the boundary of the domain. This is important for properly defining boundary
conditions.

Theorem 2.5. Let Q2 be a bounded domain with polygonal boundary 92 and outward
normal vector n. There exist trace operators yy : H*(Q) — H*~V2(dQ) for s > 1/2 and
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v HY(Q) — H*320Q) for s > 3/2 that are extensions of the boundary values and
boundary normal derivatives, respectively. The operators y; are surjective. Furthermore,
if veC(Q), then

v =vlae, yiv=Vuv-nlpa.

As a consequence, if v € H' (), then its trace yyv belongs to H'/?(3Q), the inter-
polated space between L2(92) and H'(9). In that case, y;v may not be defined.

The subspace of H*(£2), s > 1/2, consisting of functions whose traces vanish on the
boundary is denoted by

Hy(2) ={ve H () : yov =00n0Q}.

We recall some important trace inequalities that are frequently used in the analysis of
the DG methods. Let E be a bounded polygonal domain with diameter /i g:

hg = sup |lx —yl,
x,yeE

where ||x| is the Euclidean norm (||x|| = (x - x)!/?). Let |E| denote the length of E in
one dimension (1D), the area of E in two dimensions (2D), and the volume of E in three
dimensions (3D). Similarly, we will use the length or area |e| for an edge or a face of E.
Then, there is a constant C independent of &g and v such that for any v € H*(E)

s = 1Ve COE, lIyovllize < Clel"IEIT (ol 2@ + hel Vollzg), (2.1

s = 2Ve COE, Iyvllize < Clel"IEIT2(1Vvlle) +helViullag).  (2:2)

In the rest of the text, we will abuse the notation and replace the traces ypv and y v by v
and Vv - n, respectively.

Note that if v is a polynomial, we can take advantage of equivalence of norms in

finite-dimensional spaces. Denote by P, (E) the space of polynomials of degree less than
or equal to k:

Py(E) = span{x|'x2 - - x s iy + i+ ---4+ig < k,x € E}.

The trace inequalities now become

Vv € Pe(E), Ye C OE, [[vll12¢) < Cilel!?IEI™ 0]l 2r), (2.3)
Vv € Pi(E), Ve C OE, |[vll12¢) < Cihg*Ivlli2e). 2.4)
Vv € Pu(E), Ve C OE, |[Vv - nlli2e < CilelIEI™ 2|Vl ), (2.5)
Vv € Pi(E), Ve C OE, |V -2 < Chg IVl k). (2.6)

Here, the constants C,, C; are independent of i, v but depend on the polynomial degree
k. In the case where E is an interval, a triangle, or a tetrahedron, one can obtain an exact
expression for the constant C, as a function of the polynomial degree [108]:

k+1
d=1 YvePu(E), VtedE, @) < %nunwm, Q2.7)
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(k+ 1Dk +2) |ef

d=2 YvePr(E), vl = \/ > EHUHLZ(E% (2.8)
(k + 1)k +3) |e|
d=3 YvelP(E), lvllz2e) < \/fﬁﬂvﬂm(};y 2.9

2.1.4 Approximation properties

In this section, we state approximation results in the space of polynomials of degree k (see
[9, 96]).

Theorem 2.6. Let E be a triangle or parallelogram in 2D or a tetrahedron or hexahedron
in 3D. Let v € H°(E) for s > 1. Let k > 0 be an integer. There exist a constant C
independent of v and hg and a function v € P (E) such that

VO<g<s, [lv=dlue < CEE" 0 ). (2.10)

As a consequence, if 2 is subdivided into triangles or tetrahedra, one can construct a
global approximation v that is continuous over the domain 2 and satisfies the same approx-
imation result (2.10). If  is subdivided into parallelograms or hexahedra, the same result
holds if the space P (E) is replaced by the space Q;(E), namely the space of polynomials
of degree less than or equal to k in each space direction.

The next result yields an approximation that conserves the average of the normal flux
on each edge.

Theorem 2.7. Let E be a triangle or parallelogram in 2D or a tetrahedron in 3D. Denote
by ng the outward normal to E. Let v € H*(E) for s > 2. Let K be a symmetric
positive definite matrix with constant entries. There exists an approximation v € Py (E) of
v satisfying

/KV(E—U)~nE=O Ve cdE
and the optimal error bounds
Vi=0,1,2, V@ = )le < Chg " oy, @11

where C is independent of h.

If the matrix K is a function of space, the previous result is still valid for small enough
hg. The proof of this theorem for a triangle or a tetrahedron is given in Appendix C.

2.1.5 Green’s theorem

Given E a bounded domain and ng the outward normal vector to dE, we have for all
ve HX(E)andw € H'(E)

—f wAv:/Vv~Vw—/ Vv - npw, (2.12)
E E JIE
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d 2 . .
where Aw =V -Vw =)0, aax'ﬁ. A more generalized Green’s theorem is

—/wV-FVv:/FVv~Vw—/ FVv-npw, (2.13)
E E IE

where F is a matrix-valued function.

2.1.6 Cauchy-Schwarz’s and Young's inequalities

The following two inequalities are used at several places in this text.
Cauchy—-Schwarz’s inequality:

Vf. g€ LZ(Q), [(fs @al = 1 fll2ellglze- (2.14)

Young’s inequality:

€ 5 1,
Ve >0, Va,beR, ab<-a"+ —b". (2.15)
2 2¢

2.2 Model problem

Let © be a polygonal domain in R?,d = 2 or 3. The sides of the boundary 32 of the
domain are grouped into two disjoint sets I'p and I'y. Let n be the unit normal vector to
the boundary exterior to 2. For f given in L?(R2), gp given in H 2 (I'p), and gn given in
L?('y), we consider the following elliptic problem:

—V-(KVp)4+ap=f in Q, (2.16)
p=gp on Ibp, (2.17)
KVp-n=gy on I\ (2.18)

The coefficient K is a matrix-valued function K = (k;;)<;, j<q thatis symmetric (k;; = k;;)
positive definite and bounded below and above uniformly; i.e., there exist two positive
constants Ky and K such that

Vx € RY, Kox -x < Kx-x < Kjx-x. (2.19)

The other coefficient @ is a nonnegative scalar function. The second equation (2.17) is
called a Dirichlet boundary condition. The value of the solution is prescribed on I'p. The
third equation (2.18) is called a Neumann boundary condition. The normal derivative or
flux is prescribed on I'y.

The problem (2.16)—(2.18) has a solution p € C*(2), called strong solution under
additional smoothness on the data f, gp, gn, K, and «. The equations are then satisfied
pointwisely. With the definition of weak derivatives, we can rewrite the partial differential
equation into a weak form and define a weak solution.
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2.2.1 Weak solution

For simplicity, assume that 02 = I'p. From the trace theorem, there is an extension of
gp € H'?(3) in Q. Let pp € H'(Q) be the extension:

Pp=8p On Q2.

The variational formulation (or weak formulation) of problem (2.16)—(2.18) is as follows:
Find p = pp + w with w € H}(Q) such that

Yv € HOI(Q), /(KVw~Vv+ozwv) =/ fv—v/(KVpD-Vv+(xpDv). (2.20)
Q Q Q

The solution p is called the weak solution to problem (2.16)—(2.18). Existence and unique-
ness of w is a consequence of the Lax—Milgram theorem given below [79].

Theorem 2.8. Let V be a real Hilbert space. Leta : V x V — R be a bilinear form that is
(i) continuous: la(u, v)| < Cillullv vy,
(i) coercive: Callull? < a(u, u), with positive constants C| and C,.
Let L : V — R be a continuous linear functional. Then, there exists a unique u € V
satisfying
YveV, a(u,v)=L®).

Moreover, the solution u is bounded by the data

1
ully < —IILJ.
lullv < G LIl
If 02 = I'y and @« = 0, the weak solution is unique up to an additive constant,
provided the compatibility condition fQ f+/ 2o &N = 0 is satisfied. Indeed, this condition
is obtained by integrating (2.16) over €2 and by using Green’s theorem.

2.2.2 Numerical solution

There are several methods available for solving problem (2.16)—(2.18). We mention here
two basic ones: finite difference method and finite element method.

The finite difference method approximates the partial derivatives by finite differences.
Let the domain be subdivided into uniform squares with vertices A;;(x;, y;) for 1 < i,
Jj < M. This grid is characterized by the length of the side of a square denoted by % (see
Fig. 2.1). We have

8217 A Np(xifl’yj)_zp(xi,j)+P(xi+1,yj)
8x2( i) ™ 2 ’
az_p(A”) o P&, yi—1) = 2p(xij) + pis Y1)
ayz Y ~ h2 .

The finite difference solution is a set of values P;; approximating p(x;, y;). For instance,
the finite difference method applied to the Poisson equation —Ap = f is

Pi_y;—2P;j+ Py P j1—2P i+ P
- h? ; h2

Vi, j, = f(xi, ).
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- X,
i

h

Figure 2.1. Finite difference grid.

After taking account of the boundary conditions, we obtain a linear system with unknowns
P;;. This method is easy to implement. However, the accuracy is limited, as the method is
of low order and the method is not well suited to complicated geometries.

The finite element method uses the variational formulation of the partial differential
equation. Let €2 be partitioned into elements (for instance triangles or rectangles in 2D) that
form a mesh. Let X, be the finite-dimensional subspace of H, (£2), consisting of continuous
piecewise polynomials of degree k on each element. Based on (2.20), the finite element
method is to find P, = pp + W, with W, € X, such that

Yv € X, /(KVWh~Vv+aWhv):/ fv—/(KVﬁD-Vv—i—aﬁf)v). 2.21)
Q Q Q

The function pp € X, is an interpolant of the extension pp. Finite element methods were
first introduced by engineers in the 1950s. The mathematical theory was developed in the
late 1960s for steady-state problems. We refer the reader to [28, 17] for a general treatment
of the theory. Compared to the finite difference methods, finite element methods offer
several attractive features: their accuracy depends on the polynomial degree k; they can
handle complicated geometries by the use of unstructured grids. However, these methods are
not locally mass conservative (see Section 2.7.3), which means that in nonlinear reactive
transport problems, finite difference methods still prevailed. Another issue is the rather
complicated use of local mesh refinement.

DG methods also use a variational formulation of the problem. In that sense, DG
and finite element methods share many properties, and we can abuse the terminology by
saying that the DG method is a particular type of finite element method. In addition to the
high order of accuracy and the use of unstructured meshes, DG methods are locally mass
conservative, and they easily handle local mesh refinement. A more detailed comparison of
the finite element method with DG is given in Section 2.12.

2.3 Broken Sobolev spaces

Broken Sobolev spaces are natural spaces to work with the DG methods. These spaces
depend strongly on the partition of the domain. Let €2 be a polygonal domain subdivided into
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elements E, where E is a triangle or a quadrilateral in 2D, or a tetrahedron or hexahedron in
3D. For simplicity, we assume that the intersection of two elements is either empty, a vertex,
an edge, or a face. Such a mesh is called a conforming mesh. The resulting subdivision (or
mesh) is denoted by &, and 4 is the maximum element diameter. We also assume that the
subdivision is regular [28]. This means that if 4z denotes the diameter of E and pg denotes
the maximum diameter of a ball inscribed in E, there is a constant p > 0 such that

h
VE € &, £ < p.
PE

We introduce the broken Sobolev space for any real number s,
H (&) = {v e L*(Q):VE € &, v|g € H (E)),

equipped with the broken Sobolev norm:

1/2
ol = | Y 10l
Ee&,
In particular, we will use the broken gradient seminorm:
1/2

2
IVollaoe,) = D 1Vl
EG(gh

Clearly, we have
H'(Q) C H(E,) and HTY(E) c H (&).

In Sections 3.1.4, 5.1.2, and 7.1.1, the classical Poincaré inequality, Korn’s inequality, and
a Sobolev imbedding are generalized for the broken Sobolev space.

2.3.1 Jumps and averages

We denote by I'j, the set of interior edges (or faces) of the subdivision £,. With each edge
(or face) e, we associate a unit normal vector n,. If e is on the boundary 92, then n, is
taken to be the unit outward vector normal to 0€2.

If v belongs to H' (&), the trace of v along any side of one element E is well defined.
If two elements E{ and E3 are neighbors and share one common side e, there are two traces
of v along e. We can add or subtract those values, and we obtain an average and a jump for
v. We assume that the normal vector n, is oriented from Ef to ES:

1 1
(v) = SOl + SOl [v] = @lep) — (wlgg) Ve =9Ef NOES,

As in the one-dimensional case, by convention, we extend the definition of jump and average
to sides that belong to the boundary 9£2:

{v} =[v]l = (v|g) Ye=09E{NIQ.
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2.4 Variational formulation

In what follows, we assume that s > 3/2. We introduce two bilinear forms Jg 0. o Jl” LA
H?* (&) x H*(&,) — R that penalize the jump of the function values and the jump of the
normal derivatives values:
% f [wiw]
v][w],
lelPo J.

Jgo’ﬂ"(v, w) = Z
ol
|€ﬁ] f[KVv -nJ[KVw - n,].

J]‘TI»/Sl(v, w) = Z

eel,Ul'p
le
EEF],

The parameters o and o, are called penalty parameters. They are nonnegative real num-
bers. The powers By and B; are positive numbers that depend on the dimension d. All
parameters will be specified later. We recall that the notation |e| simply means the length
of e in 2D and the area of e in 3D. We clearly have

Ve CAE, le| <hi ' <ni . (2.22)

We now define the DG bilinear forms a. : H*(&,) x HS(E,) — R:

a.(v,w) = Z/KVvoVw—i—/osz
E Q

EEE},
- > f{KVv~ne}[w]+e > [ {KVw n}v]
eel’,Ul'p ¥ € eel’,Ul'p ¥ €

I P, w) + 37 0, w). (2.23)

The bilinear form a, contains another parameter € that may take the value —1, 0, or 1. As
in Section 1.2, we have the following symmetry property: a. is symmetric if ¢ = —1 and
it is nonsymmetric otherwise.

We also define the following linear form:

0
L(v)=/fv+62/<KVv'ne+|;%v>gD+Z UGN.
Q

eel'p V¢ eel'y V¢

Cauchy—Schwarz’s inequality and trace inequalities imply that all integral terms in the forms
defined above make sense if the functions belong to H*(&,) for any s > 3/2.

The general DG variational formulation of problem (2.16)—(2.18) is as follows: Find
pin H*(&,), s > 3/2, such that

Yv e H*(E,), ac(p,v) = L(v). (2.24)

Remark: We note that the problem (2.24) is independent of the choice of the normal n,.
Indeed, let e be one edge (or face) shared by two elements E; and E;. Let n;; be the unit
normal vector pointing from E; to E;. If n, coincides with n;;, we have

{KVv-n}w]={KVv-n;}(w|g — wlg).
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If n, has the opposite direction to n;;, the jump [w] has a different sign and
{KVv-n}w]={KVv- (—n;j)}(w|g, — wlg),

which gives the same expression as above.

2.4.1 Consistency
The next proposition establishes the equivalence between the model problem and the vari-

ational formulation.

Proposition 2.9. Let s > 3/2. Assume that the weak solution p of problem (2.16)—
(2.18) belongs to H* (&), then p satisfies the variational problem (2.24). Conversely, if
p € HY(Q) N HY (&) satisfies (2.24), then p is the solution of problem (2.16)—(2.18).

Proof. First, we prove that if the solution p of (2.16)—(2.18) belongs to H*(£2), then it also
solves (2.24). For this, let v be an element in H*(&;,). We multiply (2.16) by v, integrate
on one element E, and use Green’s theorem (2.13):

/(KVp-Vv+ozpv)—/ KVp~nEv=/fv.
E IE E

We recall that ng is the outward normal to E. We sum over all elements, switch to the
normal vectors n,, and observe that

Z/ KVp -npv= Z/[KVp~nev]+ > | KVp-ne. (2.25)
Eeg, U OE eel, V€ ccdQ V¢
By regularity of the solution p, we have
KVp-n,={KVp-n,} ae.
Therefore, we obtain the resulting equation
Z /(KVp - Vv + apv) — Z /{KVp -n.}v] — / (KVp-n,)v = / fu.
E€é&), E eel’, V¢ aQ 2
Using the Neumann boundary condition (2.18), we get

Z/(KVp-Vv—i—otpv)—Z (KVp-n,)[v]
E

Ecé&), eel’, V¢

—Z/(KVp-ng)vz/va-i-Z gNv.

eclp ey V€

Weadde) , . [(KVv-n,)pand ), % /, pv to both sides and use the Dirichlet
boundary condition (2.17):

> [ &p-vorapn = ¥ [tkVp-ndio = 3 [KVpeno
E e

Ecé&), eel’, ecl’p V¢
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+e Y [ mrt 3 e [r= [ svre X [®vuenom

ecl'p ecl'p

+2/3NU+Z| |ﬁ0/gD

eel'n eel'p

Finally, we note that the jumps [p] = [KVp - n.] are zero a.e. on the interior edges (or
faces). Then, we clearly have (2.24).
Conversely, take v € D(E). Then (2.24) reduces to

fKVp Vv+fapv—/fv
E€&y

which immediately yields in the distributional sense, for all E € &,
—V-KVp+ap=f in E. (2.26)

Next, let e be an interior edge (or face) and let E e‘ and Ee2 be the two elements adjacent to
e. Take v € HOZ(E Ll U Eez) and extend it by zero over the rest of the domain. On one hand,
if we multiply (2.26) by v and use Green’s theorem (2.13), we have

/ KVp~Vv+/ ozpv—/[KVp'ne]vzf fu. 2.27)
E!UE? E!UE? e E!UE?

On the other hand, since [v] = 0, (2.24) reduces to

/ KVva—i—/ apv :/ fu.
EUE? E!UE? E!UE?

Hence, we have
Yv e H}(E!U E?), f[KVp -n,Jv=0.
This implies that [KVp - n.]|. = 0 in L?(e). Since this holds for all e, it implies that
V- KVp e L*(R), and hence we have globally
—V-KVp+ap=f in Q. (2.28)

To recover the Dirichlet boundary conditions, we multiply (2.28) by a function v in H>(2) N
HO1 (€2), apply Green’s theorem (2.13), and compare with (2.24):

—Zf(KVv n)(p — go) = 0.
eel’p

This being true for all v € H*(Q) N Hy (), we have p = gp on I'p. Finally, choosing
v e HX(Q), v|r, = 0, we find

—Zf(KVp nH)v = — Z/gv

eel'n eel'n

and this gives the other boundary condition. We clearly have (2.18). [0
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2.5 Finite element spaces

We will consider finite-dimensional subspaces of the broken Sobolev space H* (&) for
s > 3/2. Let k be a positive integer. The finite element subspace is taken to be

Di(Ep) = {v € LX(Q) : VE € &, v|g € Py (E))}, (2.29)

where P, (E) denotes the space of polynomials of total degree less than or equal to k. We
will refer to the functions in Dy (&) as test functions. We note that the test functions are
discontinuous along the edges (or faces) of the mesh.

As is done in the classical finite element method, each mesh element E (also called
physical element) is mapped to a reference element E, and all computations are done
on the reference element. The following section introduces triangular, quadrilateral, and
tetrahedral reference elements.

2.5.1 Reference elements versus physical elements

When implementing the DG method, one has to compute integrals over volumes (such as
triangles or quadrilaterals in 2D, tetrahedra or hexahedra in 3D) and faces (such as edges in
2D, triangles or quadrilaterals in 3D). It would be too costly to compute the integrals over
each physical element in the mesh. A more economical and effective approach is to use a
change of variables to obtain an integral on a fixed element, called the reference element
[28, 101].

Reference triangular element: It consists of a triangle E with vertices Al 0, 0), Az(l, 0),
and A3(0, 1) (see Fig. 2.2). For a given physical element E, there is an affine map Fg from
the reference element onto E. If E has vertices A; (x;, y;) fori = 1,2, 3, then the map Fg
is defined by

FE( )=<§)>, x:ixi&i()?’),})v y=iyi<$i()?a)7),

i=l i=1

= =

where
p(EH=1-%-3,
h(%,9) =X,
$(x,9) = 3.

We can rewrite the mapping

<);)=FE( ):BE<);>+bE, (2.30)

where B is a2 x 2 matrix and bg a vector. It is easy to show that

BE=<x2_xl xs—xl>’ bEZ(m)_
2=y Y3s—yi Y1

= =
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Figure 2.2. Reference triangular element E and physical element E.

The determinant of B g appears in the computation of the integrals. If | E| denotes the area
of E, then we have
det(Bg) = 2|E]|. (2.31)

Thus B is invertible and the matrix norm (induced by the Euclidean norm) of B and BEI
is bounded as follows:

~

IBE(3)I n - h
! L ||BE‘||5—E.

IBell= sup ————— < —
et 1) P

HerAe, h denotes the diameter of E and 0 denotes the diameter of the largest circle inscribed
in E. Similarly, pr denotes the diameter of the largest circle inscribed in E.
The mapping Fr corresponds to a change of variable. We denote

ﬁ=UOFE.

In other words, 0(%, §) = v(x, y). We also denote by V9 the gradient of d with respect to

X and y:
30
A o
Vi=| 3 |-
35

Vi = BLVvo Fg, (2.32)

We can prove that

where Bg is the transpose of the matrix Bg (i.e., (Bg),-j = (BEg)j)-

Reference quadrilateral element: It consists of the square E with vertices A (—1, — D),
Ar(1,—1), A3(1,1), and A4(—1,1) (s§e Fig. 2.3). If E has vertices A;(x;, y;) for i =
1, ..., 4, the transformation map Fg : E — E is defined by

. 4 4
Fi ( 5 ) = ( ) ) x =Y xidi®.9), y=) v 9 (2.33)

i=1 i=1
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F A3

>>
>>
o]

m >
[\

A A
1 2

> >

Figure 2.3. Reference quadrilateral element E and physical element E.

where
&w&ﬁ):%u—@xl—&x
éx&@=ia+ﬂu—ﬁx
bote, 9 = A+ DA+ ),
@@&>:%a—@a+ﬁy

The mapping Fp is affine if the physical element E is a parallelogram. In the general case,
we define B to be the Jacobian matrix of Fg:

[ & %
B = ay oy |-
ax ay

It is sufficient to have the determinant of B nonvanishing in order to have an invertible
map Fg. This condition is satisfied if E is convex.

Beference te}rahedral elemgnt: It consists of the tetrahedron £ witll vertices A] 0,0,0),
A,(1,0,0), A3(0, 1, 0), and A4(0, 0, 1). There is an affine map Fg : E — E, defined from
the coordinates of the vertices A; (x;, ;):

=

Fg

AN <> =D
I
N

4 4 4
x=Y xgiE 5.2, y=) ydi. 9.2, =) uhi( 9.2,
i=1 i=1 i=1

where
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$3(%,9,2) =,
ba(%,9,2) = 5.

All properties for the reference triangle are valid for the reference tetrahedron.

Remark on choice of finite element spaces: We recall that the DG finite element space
Dy (&) is the space of discontinuous polynomials defined on the physical elements and not
on the reference element. In practice, in the case of triangles, parallelograms in 2D, and
tetrahedra or parallelepipeds, we could and should choose instead

Di(E) ={v e LX) : VE € &, vo Fr € Pu(E)}.

On such elements, the approximation results for Dy (&) and ﬁk (&) are the same (see
Section 2.1.4). However, in the case of general quadrilaterals, the space IPk(E" ) does not
have optimal approximation properties (see [2]), whereas the space P;(E) has optimal
approximation properties (see [58]).

Therefore, for general quadrilateral meshes, we can either choose Py (E) and do the
computations on the physical elements, or we can choose to increase the discrete space and
use the space Qk(E ), where Q, denotes the space of polynomials of degree less than & in
each space direction. The space Q, is a tensor product space, and its dimension is strictly
greater than the dimension of P, for k > 1. Therefore, the computational costs increase.

2.5.2 Basis functions

Because of the lack of continuity constraints between mesh elements for the test functions,
the basis functions of D (£,) have a support contained in one element. We write

Di(Ey) = span{@F : 1 <i < Nio, E € &)
with

$ioFr(x), x€E,

o ¢E. (2.34)

o (x) = {
The local basis functions (qgi)lfif Ne. are defined on the reference element. We propose to
simply use the monomial functions. For instance, in 2D, we have
di(x, ) =%"%, I+J=i, 0<i<k
This yields the local dimension

k+1Dk+2)
loc = f

For instance, we have the following:

¢ Piecewise linears:

o, 9 =1, S =% G H=7.
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* Piecewise quadratics:
G, D=1, dGEH =% &G H =7,
$3(5,9) =2, qa(R. D) =13, ds5G. 9 =
Similarly, in 3D, we define
$i(£, 9,5 =2"9"25, I+J+K=i, 0<i<k
This yields the local dimension

(k+ Dk +2)(k +3)

Nloc = 6

The flexibility of DG methods allows us to easily change basis functions. For instance, we
could use Legendre polynomials or some other polynomials satisfying a desired orthogo-
nality property.

2.5.3 Numerical quadrature

One-dimensional case: An integral over a segment is computed by first mapping the
physical edge to the segment (—1, 1), which is the reference element in 1D. Then, the
integral is approximated by using a numerical quadrature rule on the interval (—1, 1) such
as the Gauss quadrature rule (1.11) defined in Section 1.4.2 and in Appendix A.

Two-dimensional case: The integral of a function ¢ defined on the reference element E
can be computed by using a quadrature rule [44]:

Op
/: VA ijf)(sx,j,sy,j).
E P

Appendix A contains the sets of weights w; and nodes (s ;, sy, ;) € E for different values
of Op. For instance, Table 2.1 gives a rule with 6 quadrature points that is exact for
polynomials of total degree less than 4. Since DG methods easily allow for high order
approximation, it is important to have high order quadrature rules.

Let E be a triangle or a tetrahedron. The mapping Fg : E — E is affine, and we

have
/v:/voFEdet(BE)=2|E|/ﬁ.
E E E

This integral is then approximated by

Op

/ v 2|E| Z W;0(Sy j, Sy j)-
E

j=1
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Table 2.1. Weights and points for quadrature rule on reference triangle.

W Sx,j Sy, j
0.11169079483901 | 0.445948490915965 | 0.445948490915965
0.11169079483901 | 0.108103018168070 | 0.445948490915965
0.11169079483901 | 0.445948490915965 | 0.108103018168070
0.05497587182766 | 0.091576213509771 | 0.091576213509771
0.05497587182766 | 0.816847572980459 | 0.091576213509771
0.05497587182766 | 0.091576213509771 | 0.816847572980459

If the integrand involves a vector function w and the gradient of v, we have

f Vou-w =2|E| / (B 'Vi-w
E E
Op .
~20E| Y wi(BL) T V(s g sy,) - sy, 5y.5)-
j=1
Similarly, if the integrand involves the gradient of both v and w, we have

Op
/ Vo Vw ~2|E| Y wi(BE) ™' V(syj,8y.) - (BR) ™ V(s j. 5y.).
E ;
j=1

2.6 DG scheme

The general DG finite element method is as follows: Find P, in Dy (&) such that

Vv e Di(&), ac(Pn,v)=L(). (2.35)

The same terminology defined for the one-dimensional case (see Section 1.2) applies here.

» If € = —1, the method is called symmetric interior penalty Galerkin (SIPG). We will
see that this method converges if the penalty parameter o is large enough.

* If ¢ = +1, the method is called nonsymmetric interior penalty Galerkin (NIPG).
We will see that this method converges for any nonnegative values of the penalty
parameter 6. This class of methods also encompasses the case where 6 = 0, which
has appeared in the literature as the OBB method [84].

* If € = 0, the method is called incomplete interior penalty Galerkin (ITPG). We will
see that this method converges under the same condition as for the SIPG; namely the
penalty parameter o should be large enough.

e The J; P! term is an extra stabilization term. The analysis of the method is indepen-
dent of this term, and, from now on, we will assume for simplicity that ael = Oforalle.
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2.7 Properties

2.7.1 Coercivity of bilinear forms

Definition 2.10. A bilinear form a defined on a normed linear space V with norm || - ||y is
coercive if there is a positive constant k such that

YveV, /c||v||%, <a(v,v).
For the DG bilinear form, we have
ac(v,v) =Y / K(Vu)2+/ow2
EeSh E 2

+e—1 Y [{KVv-n}l+ I8 @, v).

eel’,Ul'p ¥ €
Define the energy norm on Dy (&),):
1/2

lvlle = Z/KVU-VU+/(1U2+J§°’/S°(U, V) . (2.36)
E Q

Ee&,

Itis easy to check thatitis indeed anormif o > 0 for all e. We remark that we immediately
have the coercivity property satisfied for e = 1. The coercivity constant is k = 1. Indeed,

Yo € Di(&),  NIvlE = ac(v, v).

In the case where ¢ = —1 or € = 0, we obtain using Cauchy—Schwarz’s inequality an upper
bound of the term ), . [, {KVv - n.}[v]:

Yo [KVv - ndl < Y KV nlelv]l2e

eel’,Ul'p ¥ € eel',Ul'p

1 1/2—1/2
< Y HEVY-nlee <W> [0l 22 -

eel',Ul'p

Next, we consider the average of the fluxes for an interior edge e shared by the elements EY
and Ef:

1 1
I{KVv-n}lr2e < §||(KVU “n)l g2 + §||(KVU 1) el L2 o)
Using the property (2.19) of K and the trace inequality (2.6), we have
K] Kl
I{KVv - a2 < 7||(VU ‘R g2 + 7||(VU ‘1) B2

CK] ~1/2 CK] —1/2
< =5 h P IVl + =5 hg IVl .
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So we have using (2.22)

12
/{KVU n.}[v] < | |ﬁ°/2< Ef/ IVullr2e

s L\ 12
e IVl e m Ilv]ll 22

C:Ky [ Po@-1-1 0 (d—1)-
< SR (g ) (19okg

12, 1 \12
2
+||VU|”L2(E§)) (W) ||[U]”L2(e)

1/2 1/2
fCtK1(||Vv|||i2(Ef)~|—||Vv|||iz(E§)> (W) o]l L2(e)

if By satisfies the condition By(d — 1) > 1 and if we assume, without loss of generality, that
h < 1. A similar bound is obtained if e is a boundary edge. Let ny denote the maximum
number of neighbors an element can have, i.e., for a conforming mesh, ny = 3 for a triangle
and ng = 4 for a quadrilateral or tetrahedron:

12
1
3 /{KVv-ne}[v] SCzKl( > wll[vllliz@))

el Ul'p ¢ el Ul'p

x (Z IVl ey + V012 gy + D ||w||g,Ef>

eely, eel’p
12

1/2
1
schh/_no< > Wn[v]niz(e)) D IVl

e€l,Ul'p Ee&,
Using Young’s inequality, we have for § > 0
C?K?no 1
2 1/2 2
> /{KVU n}[v] < Z 1K 2V0[17 ) + i 25Ke > P L
eel’,Ul'p Eeé‘h eel’,Ul'p

Thus, we obtain a lower bound for a. (v, v):

0 _ CiKin

5 00 — ST — ]
ac(v,v) > <1 —5h —e|> S UKVl + Y |‘”|<j;0 001172 y-
Eeg), eel’,Ul'p €
Choosing, for instance, § = 1 if ¢ = 0O and § = 1/2 if e = —1 and choosing o large

enough (for example, af > (Ctszno/Ko) if ¢ = 0 and a > (2C2K2n0/K0) ife =—1),
then we have the coercivity result with x = 1/2:

ac(v,v) > k||v]|. (2.37)
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Summarizing the results above, we have
* a, is coercive;

* a_; and ay are coercive if Bo(d — 1) > 1 and if er is bounded below by a constant
o, that depends only on K, K, and the constant in the trace inequality (2.6).

Remark: As expected, the threshold value for the penalty parameter is twice as large for
the SIPG method as for the IIPG method. A more precise value of o, can be obtained if one
uses the trace inequalities (2.7)—(2.9) rather than (2.6). For instance, on a triangular mesh,
for a given triangle E, if 0% denotes the smallest angle in E, if K, K denote the lower
and upper bound of K on E, and if k¥ denotes the polynomial degree of the approximation
on E, the limiting value of the penalty depends on the local quantities 6%, K, KE, and k£
as follows:

3(K,)?
VeeTl),, o= u(kE‘)(kE Dlelfo~! cot 5
0
(ED)\2
3(K )
+(1—EZ)(kE3)(kEe + Dlelfo~! cot %, (2.38)
o"
® 6(K 1 )2 E!N (1 E! E}|,1B0—1
VeeTp, oFf =——L 2 (kE)KE + 1) cotF |e|fo". (2.39)

0

Similarly, in the three-dimensional case, with a tetrahedral mesh, the limiting value depends
also on local quantities such as the dihedral angle 6% in the tetrahedron E that yields the
smallest value for sin 6 over all dihedral angles 6 of E:

E]
3(K,)?
VeeT,, o= ( 1) KEe (KEe 4 2)h |e]fo~" cot O
2 KE ¢
Ez
3(K,°)?
42 & ) KB (kKB + 2)h |e|P ™" cot B, (2.40)
2 gE
0
(K, )2

Ve e Tp, o =6-—LkPe (kP +2)h el cot O. (2.41)

Ko
If o, > o, then the SIPG and IIPG methods are stable and convergent. The proof of these
results can be found in [50].

2.7.2  Continuity of bilinear form

Definition 2.11. A bilinear form a defined on a linear space V equipped with norm || - ||y
is continuous if there is a positive constant M such that

Yo,weV, a(,w) =< M|vlylwly.
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If aeo > 0 for all ¢, then one can show that the bilinear form a. is continuous on
Dy (&r) equipped with the energy norm || - ||¢:

Yv e Di(&r),  ac(v, w) < Mv|ellwlle.

However, the bilinear form is not continuous in general on the broken space H>(&),) with
respect to the energy norm.

2.7.3 Local mass conservation

One interesting property that naturally comes with the primal DG methods is the conserva-
tion of mass on each mesh element. Because of the lack of continuity constraints between
the elements, we can choose a test function v € Dy (&) that is equal to a different constant
on each element. If we fix an element E that belongs to the interior of the domain and if
we choose v equal to the constant 1 on E and the constant 0 elsewhere, the method (2.35)
reduces to
&0
/E aPy— Y [{KVPy-n ]+ Y o f[Ph][v] = /E /.

e

ecdE ¢ ecdE

This is equivalent to

/E(aPh—fHZ

ecdE

0
Ue
| Bo

f(Ph|E — Pulner) = / {KV Py -ng},
|€ e JE

where N (e; E) denotes the element in &, that is a neighbor of E through the edge e. Thus, we
have obtained a balance equation valid on the element E. A similar equation can be derived
if the element E shares at least one face with the boundary of the domain. If we assume
that the quantity P, represents a mass density, then the term || g(a@ Py — [) corresponds to
the mass that is created or destroyed inside E and the term fa KV Py, - ng} corresponds
to the flux of mass passing through the boundary 9 E. The additional term involving the
penalty parameter is a pure numerical mass that is zero if the penalty value is zero. In
general, this artificial mass can be exactly computed and can be subtracted if needed.
Local mass conservation is important in particular in coupled flow and transport
problems arising in porous media. For instance, Darcy flow can be characterized with the
elliptic problem (2.16) with @ = 0, and the flow velocity u = — KV p is approximated by

U, = —KV P,. Then, the reactive transport of a chemical species of concentration ¢ can
be modeled by the following partial differential equation:
ac

3 V- (DVc —uc) =r(c).

In this case, if the penalty is zero, local mass conservation means

/BE{Uh}'"E=fEf-

If the numerical approximation of the velocity is not locally conservative, the numerical
solution of the transport equation becomes unstable after a few time steps. Chapter 4
describes the transport problem in more detail.
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2.7.4 Existence and uniqueness of DG solution

Lemma 2.12. Assume that (i), (ii), or (iii) holds true:

(i) in the NIPG case, k > 1 and either a > 0 or O'go > O foralle;

(i) in the SIPG or IIPG case, k > 1 and o0 is bounded below by a large constant for
all e;

(iii) in the NIPG case, k > 2 and aeo = 0forall e and a = 0.
Then, the DG solution Py, exists and is unique.

Proof. Since (2.35) is a linear problem in finite dimension, existence is equivalent to
uniqueness. We assume that there are two solutions P! and P?. The difference w;, =
P} — P} satisfies

ac(wp, wy) = 0.

By the coercivity result (2.37), we have
lwalle = 0.

Clearly in both cases (i) and (ii), this implies that w; = 0 since || - ||¢ is a norm. The case
(iii) is not as easy. Indeed, we can conclude only that w; is piecewise constant on each
element E € &,. In order to prove that wy, is globally constant in €2, we need to construct a
test function v on a given element E such that the quantity fg KVv-n, is given on one edge
(or face) of E and vanishes on the other edges (or faces). If K is constant in each E, one can
construct such a test function on a triangle, parallelogram, or tetrahedron (see Lemma C.1).
If K is not constant in each E, one needs to assume in addition that / is small enough. [

2.8 Error analysis

In this section, we assume that the exact solution p belongs to H* (&) for some s > 3/2,
and we prove that the DG solution converges to the exact solution. We will first derive a
priori error estimates in the energy norm.

2.8.1 Error estimates in the energy norm
By the triangle inequality, we have

lp— Pulle <llp— plle + 1P — Plle

for a function p € D; (&) that approximates the exact solution p as in Theorem 2.6. Then,
it suffices to bound || P, — plle. By consistency (see Section 2.4.1), the error satisfies the
orthogonality equation

Yv € Di(&r), ac(P,— p,v) =0. (2.42)
Denoting x = P, — p and adding and subtracting p in each term yields

ae(X7 U) = Cle(P - ﬁv U)-
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Choosing the test function v = x and using the coercivity result (2.37) gives

“xl = | Y [ &G - p¥x e -po- Y [KG -5 i
Eec&, VE eel,Ulp V¢
te S [tV nip - 51+ IFp - b, x)‘
eel,Ul'p ¥ €

<ITi+-+Tl.

Using the bound (2.19), Cauchy—Schwarz’s inequality, and Young’s inequality, we have
1/2 1/2
Ty < K" (Z 1K'V ||iz<E)> (Z IV(p - ﬁ)||iz(5)>

E E

1/2 L ~
Hlell <@l xlza e — Bl

3 S0 K 2
< Z(Kl + lleliz=@)llp — Pl e, + €||X||g~

Let C denote a generic constant independent of / that takes different values at different
places. From the approximation result (2.10), we obtain

2min(k+1,5) =2y 12 K 2
Ty < CR*™ 2 bl e,y + glxle

Let us now bound T73: this term disappears if the method is IIPG (¢ = 0) or if p is chosen to
be a continuous interpolant (such as the classical Lagrange interpolant) and either |I'p| = 0
or gp is a polynomial of degree k (hence, one can choose p = gp on I'p). However, in the
general case (for example, if p is not continuous), we can still control this term by using trace
inequalities and approximation results. First, we have by Cauchy—Schwarz’s inequality

ITs1 < > MKV nlleellp = Al

ecl',Ul'p

Now if the edge (or face) is interior, e = 9 E! N9 E2, we can apply the trace inequality (2.1)
for each neighboring element:

Ilp — 15]||L2(e) <Ip— 13)|Eg ||L2(e) +(p — 15)|Eg||L2(e)
< Clel"*|EJ™2lp — Bl + he IV (p — P)ll2cen)
+Clel"1EZ I (lp = plliae + he2 IV (P = Pllz2ce)-

Using the trace inequality (2.5) in finite-dimensional spaces, we have
1 1
{KV X -ne}llze) < §||(KVX “n)| 2@ + §||(KVX “ne)|e2ll 2

K ~ _ Ky ~ _
< 7cr|€|1/2|Eel| V21V x N2y + 7cr|€|1/2|Eez| Y21V x Nl 22
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Combining the two bounds above, we obtain

Ve e Ty, [{KVx - -n}laellp — Pl
< ClellE}I"" (Ip = Plliaen + he V(P — P2 )V x 2y
+C (el EZITADIENT 2l = Pl + he IV = D) 2e) VX2
+ClellEZ T I = Pl + hez V(P = D)2 IV X 22
+CellENIIENUp = Bllee + ke IV (P — D)) IV -
Using the approximation results (2.10) and the fact that for i = 1, 2, the product |e||E}|~1/2
is bounded by a constant C in 2D and bounded by C hlE/;2 in 3D, we have

Veely, KV n el — blllize
< CR™™ 7 plyscen + 1P s WV x 2 + 1V X 2ee2)-

Assume now that the edge (or face) e is on the Dirichlet boundary I'p and belongs to the
element E!. Following a similar argument as above, we have

~ in(kt1,5)—1
IKVx - nell2elp = Bllizze) < CA™™ 97 bl en IV x |2y

Therefore, the term 73 is bounded by
min §)— K
Ty = CH*™ 0 p g, + I

The term T is zero if er = 0 for all e or if p is continuous and either |I'p| = 0 or gp is

a continuous piecewise polynomial of degree k. Otherwise, using the fact that |e| < h9~!,

the term 7y is simply bounded using Cauchy—Schwarz’s and Young’s inequalities:

K

6
K 2 2min(k+1,5)—1—Bo(d—1 2

< 6”)(”5 + CRPm TR ED Y B -

3 . . s o
|T4I§§JO°’ﬁ°(p—p,p—p)+ IR G0

Thus, Ty is optimal if the condition Sy(d — 1) < 1 is satisfied. Under the assumptions given
above, we obtain

K i _
S IxlE = CH2M 2 p G, ) + 1Tl

In order to conclude, it remains to bound the term 7,. On one hand, this term is relatively
easy to bound if all penalty values are nonzero. On the other hand, if some penalty values
are zero, the bound of 7, requires an additional property on the approximation p and a
restriction of the polynomial degree k > 2. Thus, we distinguish two cases. First, let us
assume that er > 0 for all e; then we can write

|e|‘3° 3 ~ o0 1
= ( 50 ) I{KV(p—Dp) '”e}”Lz(e)<_€> 1D z2e)

/{KV(P —P) - nellx]

p |e|l30
_ K o e _
> KV —p)-ndix]| < I P00 +C Y KV (= B) - nelliag)-
eel',Ul'p eel',Ul'p €
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Using the trace inequality (2.2) and the approximation result (2.10), we have
IT| < gnx 1% + CR2MINGH ISR 2
Thus, if Bo(d — 1) > 1, we have
ITa] = SIXIE + CREHO2p R (2.43)
and the final error estimate is
SIxlE < CrPmnt 2y, o (2.44)

In the second case, let us assume that (TL? = 0 for some e. Then, for each element E, we use
the approximation p € Py (E) defined in Theorem 2.7. Since this approximation is defined

locally on each E, we have
VE € &,, Vee€dE, /{KV(p —p)-n}=0.
e
We then rewrite the term 7, for any real number c,:

n= Y [KYG-pndia-a)

eel,Ul'p V€

< Z IHKV(p — p) - ne}lizelllx] — cellr2e)-

eel',Ul'p
If e is an interior edge (or face) and is shared by E! and E2, we choose

1

Ce =C1 — Cp, Ci=|?i| .
e o

x, i=12,

and we observe that
[x]—ce=xler — x|z — (c1 —c2) = (x|gr — 1) — (X |2 — €2)-
Thus, we have by the trace inequality (2.1):

X1 —cellzzey < lxle, — ctllzze + 11x1E, — c2llz2e
-1/2
< Chi " lx = el + eIV xlzen)
—-1/2 1/2
+ Chi (Ix = e2llzsy + R 1V x 2.

Next, by definition of the constant ¢;, we have

(Xlgi —¢)=0, i=1,2.
Ei ‘
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Thus, we have
1/2 1/2
1T = cellize < ChZIV Xz + ChA IV X 2e2)-

Indeed, we have used the following result: If a function ¢ belongs to H'(E) such that
f =0, then there is a constant C independent of /g such that

dll2ey < ChellVollLa k-
1

Note that if the face e belongs to the boundary I';, N 8Eel, then we choose ¢, = T fEl Xs
and we obtain similarly

1/2
Ix = cellizey < ChA IV Xl

The other factor in the term 7, is bounded using trace inequality (2.2) and approximation
result (2.10):

Vee 'y, I{KV(p—p) ntlrre < Chmin(k+1’s)73/2(|l7|HA‘(E;) + |P|HJ‘(E3))’
Ve €', [KV(p—p) - nellpze < CR™™ 9732 pl .

Combining the bounds above gives an inequality identical to (2.43), and thus the bound
(2.44) is obtained. We saw that the derivation of the error estimates requires a constraint
on the power Sy, under a certain condition. Before summarizing the results, we state that
condition.

Condition A: The approximation p of the exact solution p can be chosen to be continuous.
In addition, either the Dirichlet data gp is a continuous piecewise polynomial of degree k,
or the whole boundary is a Neumann boundary (92 = I'n).

Theorem 2.13. Assume that the exact solution to (2.16)—(2.18) belongs to H*(&;,) for
s > 3/2. Assume also that the penalty parameter o is large enough for the SIPG and IIPG
methods and that k > 2 for the NIPG method with zero penalty. Then, there is a constant
C independent of h such that the following optimal a priori error estimate holds:

in(k+1,5)—1
Ip = Pulle < CR™™ 97Dl e

This estimate is valid if Condition A holds true and if By > (d — 1)~'. Otherwise, if
Condition A fails, this estimate is valid if By = (d — 1)~ ..

2.8.2 Error estimates in the [* norm

Next, we prove an error estimate in the L? norm. We will apply the Aubin—Nitsche lift
technique used in the analysis of the classical finite element method to the DG method. This
technique works well if the scheme is symmetric. This is the case for the SIPG method. We
will see below that optimal estimates cannot be derived for IIPG and NIPG. For simplicity,
we assume that the entire boundary is a Dirichlet boundary, i.e., 92 = I'p. We assume that
the domain is convex and that the solution to the dual problem

V- (KVp)+ap=p—PFP, in Q,
¢=0 on 0Q
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belongs to H 2(Q2) with continuous dependence on p — Py:
¢l 2@ < Cllp — Pulli2o)- (2.45)
Then, we have
1Py = I3y = / (P —p)’ = / (=V - (KV¢) +ag) (P, — p).
Q Q
Denoting & = P, — p and integrating by parts on each element yields
101220y = Y /(KV¢-V0+0:¢0) - Z/ (KV¢ -np)b.
EEE}, E EES}I IE
The last term can be rewritten as in (2.25). Since ¢ € H?(S2), we have
01 = Y- [ (kY996 +ag)~ 3 [(KVS-na)io)
Eeg, Y E el UaQ ” ¢
We now subtract the orthogonality equation (2.42) from the equation above:
WEDUED. 0l = Y [((KV@=0)V6 +a@ - v)0)
EEg/, E
—e Y [{KVv-n)o1— > [{(KV¢-n)o]
eel,UIQ Y ¢ eelUaQ V¢
+ Y [{KVO n ] — I, v)
eel,UaQ v ¢
=A+---+ As. (2.46)

We choose v = ¢, a continuous interpolant of ¢ of degree k. We assume that such an
interpolant exists. In that case, we note that ¢ = ¢ = 0 on the boundary d€2. The last two
terms on the right-hand side of (2.46), namely A4 and As, vanish. The first term is easily

bounded using Cauchy—Schwarz’s inequality and the approximation result (2.10):

Ay = Chldllm@liflle.
Therefore, we obtain
IIGIIiz(m < Chllgllpzlflle + S,

where

S=| Y. [{KV(¢p+ed)-no].

ecl,UaQ2 ¢
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If the method employed is the SIPG method, the term (¢ + €$) = (¢ — @) is the approxi-
mation error. A bound of § can be derived by taking advantage of the penalty parameter:

|e|ﬁo =3 ~
§=< Z ( 5 ) I{KV(P — @) - ne}l2) 10122
el Ul'p Ue

] B ) 2
sf(;’”’%e,e)z( s Ll ||{KV<¢—¢>-ne}||iz<e)>

ecl’,Ul'p e

Bog—1)+L
< Chz@=D+z ol a2 lfle-

Therefore, using the bound (2.45), we obtain
A0 (g 1yad
10112 20) < CCh +h =D 2) 10| 216 .
With Theorem 2.13 and under the condition By(d — 1) > 1, this implies
1612 < CR™™ 1 pllas e - (2.47)

If the method employed is the IIPG method or the NIPG method with nonzero penalty, one
can recover an additional power of & with the term S if a stricter constraint is imposed on the
parameter By. Indeed, using Cauchy—Schwarz’s inequality and the trace inequality (2.2),

we obtainife =Qore =1
1

2

Bo
00,80 1 le] 2
S<20 0.0 Y EEIEYS nl,
ecl',UaQ2 €

Pog_1)—1
< Ch2“9" D72 pll 2 1Ol

Therefore, under the assumptions of Theorem 2.13 and if By(d — 1) > 3, we obtain the
optimal error estimate (2.47). One can check that a similar result holds true in the NIPG
case with nonzero penalty. We say that the DG method is superpenalized if fy > (d —1)".

The only case that we did not consider is the case of the NIPG method with aeo =0
for all e. One can prove a suboptimal error estimate, namely

in(kt1,5)—1
10112y = O™+,

We summarize the results below.

Theorem 2.14. Assume that Theorem 2.13 holds. There is a constant C independent of h
such that

in(k+1,.
Ip = Pullzy < CR™ I pllgs e,

This estimate is valid for the SIPG method unconditionally and for the NIPG and IIPG
methods under Condition A and the superpenalization By > 3(d — 1)~'. If Condition A is
not satisfied, then the numerical error for both the NIPG and IIPG methods satisfies the
following suboptimal error estimate:

in(k+1,5)—1
Ip = Pullizey < CA™ ) ipll s e, ).
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Remark: In the standard penalization 8y = (d — 1), we know how to prove suboptimal
error estimates for both the IIPG and NIPG methods. It has been observed numerically
on uniform meshes that convergence rates are optimal if the polynomial degree is odd
and suboptimal if the polynomial degree is even (see Section 2.10). This is an interesting
question that remains to be theoretically solved. For general meshes one can construct an
example for which the numerical rates are suboptimal even if the polynomial degree is odd.

Remark: In this section, we have considered convergence of the A-version of the DG
method. The polynomial degree is kept fixed, and the mesh is successively refined. In the
hp-version, both mesh size and polynomial degrees can be changed and error estimates can
be derived (see, for instance, [96, 72]). They are suboptimal with respect to the polynomial
degree.

Remark: In the case of meshes containing quadrilaterals in 2D and hexahedra in 3D,
Condition A can be satisfied if we use the space of piecewise polynomials of degree k in
each direction given by

Di(En) = {v € LX(Q) : VE € &, vlr € Qu(E)}.

Indeed, one can construct a continuous interpolant of p in the space Dy (&p). The benefit of
using 25,( (&) rather than Dy (&) is that optimal L? error estimates are obtained if superpe-
nalization is used. The drawback is that the method is more expensive as the total number
of degrees of freedom increases. Therefore, if one does not want superpenalization (it is
known that increasing the power By worsens the condition number of the global matrix),
then one should use Dy (&) for all meshes.

2.9 Implementing the DG method

There is more than one way to write a DG code. Our preferred choice is to use a parent-
child data structure. This allows for an easy implementation of local mesh refinement
and derefinement. In this section, we first present the data structure and then discuss the
construction of the local and global matrices. For simplicity, we will assume that K is
piecewise constant.

2.9.1 Data structure

A parent-child data structure uses a list of elements, faces, and vertices. It is understood that
for two-dimensional problems, an edge is called a face. We assume that a given element has
M faces and that each interior face belongs to two elements. If an element is refined, it has
atmost M¢ children. We also denote by My the number of vertices of one face. Attributes of
the elements and faces are given in Table 2.2. Those attributes contain the information that
is being stored. One can choose to either store more information or recompute information
when needed. There is a delicate balance between the amount of storage and the amount
of computation that will yield a minimum simulation time. In the programming language
C, we can take advantage of the structure data type to store the attributes. For instance,
for a triangular mesh, we give below the definition of the structures el enent , f ace, and
vert ex and arrays of those particular data types.
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Table 2.2. Attributes of elements and faces for the data structure.

Object | Attributes | Definition

face array of M components: global number of faces
parent integer: global number of parents

element | child array of M components: global number of children
degree integer: polynomial degree
reftype integer: —1 for inactive (not refined) element

0 for active (refined) element

soldofs array of Nj,. components: local degrees of freedom
vertex array of My components: global number of vertices

neighbor | array of 2 components: global number of elements
sharing the face

face reftype integer: —1 for inactive (not refined) face
0 for active (refined) face
betype integer: O for interior face

1 for Dirichlet face
2 for Neumann face
vertex | coor array: coordinates of the vertex

typedef struct ({

i nt face[ 3];

i nt par ent ;

i nt child[4];

i nt degr ee;

i nt reftype;

doubl e *sol dof s;
} elenent;

typedef struct {

i nt vertex[2];
i nt nei ghbor[ 2] ;
i nt reftype;
i nt bct ype;
} face;

typedef struct {
doubl e coor[2];
} vertex;

el ement meshel t[ 100];
face meshface[ 300];
vertex meshvert ex[300];
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refinement

derefinement

Figure 2.4. Example of a refinement/derefinement strategy for a triangular element.

Figure 2.5. Example of a nonconforming mesh.

If the mesh uses quadrilateral elements, it suffices to increase the size of the attribute f ace
to four entries. Fig. 2.4 shows an example of refinement/derefinement of a triangle. In this
case, the element has My = 3 faces and M = 4 children, and each face has My = 2
vertices. The children of the element E| are the elements E;;, Ei2, Ei3, and Ej4. New
faces corresponding to the refinement of the faces ey, e,, e3 are created. For example, the
children of face e; are the faces e;; and e;;. Once the element and faces are refined, they
become “inactive.” The inverse process, also called derefinement, changes the “inactive”
state of the parents to “active” and vice versa for the children. Note that the parents of the
elements in the coarsest mesh do not exist and by default can be set to zero. With the DG
method, it is possible to refine a few elements in the mesh as many times as possible without
worrying about refining their neighbors. The resulting mesh is called nonconforming. An
example of a nonconforming mesh is given in Fig. 2.5.

2.9.2 Local matrices and right-hand sides

There are two types of local matrices depending on the domain of integration. First, we
compute the matrix A g resulting from the volume integral over a fixed element E. We recall
(see Section 2.5.2) that the local basis functions ¢; g are obtained from mapping monomial
functions qAS,- from the reference element £ onto the element E:

e = ¢ OFEI~
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Then, we have
VI <i,j<DNo, (Ap)i;= /(KV@',E Vo, g+ adied;E).
E

Applying a change of variable with the mapping Ff (see (2.30) and (2.32)), we can compute
the integral on the reference element:

(Ap)i,j —2|EI/(K(B§) Vi - (B ™'V + (@ o Fe)pid)).

The volume contributions to the local right-hand side by are

(bE)i =/ foiE.
E

We now compute the local matrices corresponding to the integrals over a fixed face e. If e
is an interior face, let us denote by E! and E? the elements that share the face such that the
normal vector n, points from E! to E2. The terms involving integrals on e in the bilinear
form a. are recalled below:

0
—f{KVPh -ng}[v]+e/{KVv-ne}[Ph]+;%/[Ph][v].

Denoting by P;,; and v; the restrictions of P, and v to the element E; and expanding the
averages and jumps, we obtain

T —m +m +m +m§1,
where the term m! (resp m??) corresponds to the mteractlons of the local basis of the
neighboring element E! (resp., E?) with itself and the term m? (resp., m2!) corresponds to
the interactions of the local basis of the neighboring element Ee (resp., Eez) with the element
Ee2 (resp., E el). More precisely, we have the expressions

mll = —E/KVP,” ngv1+ KVUI nePhl"‘%/‘Ph,lvl’
0

m*? = - /KVP;,Z nevz——/Ksz n th-f-w/Ph,ZUzv
50

m? = — 2lKvph2 n,v; _E/eval neth—ﬁ/Ph,zvl,

1 € o5
m¥ == KVP,, nov,+—- | KVv, -n, P, — —= Py v
coo2) T T2 T et Jo T

e

These four terms will yield four matrices of size Njoe X Njoc, namely M ;1, M gz’ M 2,2, M §' s
whose entries are defined below:

1 € a?
(M;I)ij =73 /Kv¢j,Eg “nePi g + 5 /Kv¢i,Eg “n.P; g+ W/%,EWLEJ,

1 € o
(M?);; = 3 /Kv¢j,E3 “Nep; g2 — 3 /Kv¢i,E§ ‘NP g2+ el /¢j,E§¢i.E},a
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1 € O'O

12 e
(M,)ij = 3 /;KV%,EE '”e¢i,E; - E/eKV¢i'E‘1 '”e¢j,E§ - _|e|ﬁ0 /;¢j,53¢i,E;,

21 1 € o,
(M,")ij = D) j KV(ﬁj,Eg '”e¢’i,E§ + 5 j KV¢5,E3 '”eff’j,E; - le|fo e¢j,Etl¢i,E§'

Next, if e is a boundary face, let us also denote by E! the element to which it belongs. If a
Dirichlet boundary condition is applied on e, the following local matrix M 3,1 is created:

0
o
My = —/KV%,E}, ‘R £ +€/Kv¢i,Eg ‘M@ g+ _|€|e/30 /¢j,Eg¢i,E}v
e e e

and the local right-hand side b, is
o,

(b =€ f (Kwsi I
) et i,

¢i,E3> gp.

If the edge e is a Neumann boundary edge, no local matrix is created, but the following
local right-hand side is defined:

(be)i = /¢i,EggN~

As usual, all integrals on the physical face are transformed into integrals on the reference
element in the space R?~!.

We now present the algorithm for computing the local matrices and the local right-hand
sides.

ALGORITHM 2.1.
Computing local contributions from element E
initialize Ag = 0
initialize the quadrature weights w and points s
loop over quadrature points: for k = 1 to Ng do
compute Jacobian matrix B g
fori = 1to N do
compute values of basis function ¢; g(s(k))
compute derivatives of basis functions V¢; g(s(k))
end
compute global coordinates x of quadrature point s (k)
compute source function f(x)
fori =1 to Ny, do
for j = 1 to Ny do
Ag(i, j) = Ap(, j) +w(k) det(Bg)Ve; p(s(k)) - Vo g(s(k))
end
bp(i) = bg(i) + w(k) det(bp) f (x)¢;, £ (s (k)
end
end
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The next algorithm computes the local stiffness matrices obtained by the integration
over one interior edge shared by two elements. We recall that the choice of the method is
defined by the parameters € and 0.

ALGORITHM 2.2.
Computing local contributions from edge e
initialize M!' = M?> = M = M2' =0
initialize parameters € and o
initialize the quadrature weights w and points s
compute edge length |e|
compute normal vector n,
get face neighbors E! and E?
loop over quadrature points: for k = 1 to Ng do
compute Jacobian matrices M g1 and M g2
fori =1 to Ny, do
compute values of basis functions ¢; g1 (s(k)) and ¢; g2(s(k))
compute derivatives of basis functions V¢; 1 (s(k)) and V; g2 (s (k))
end
compute M, contributions:
fori =1 to N, do
for j = 1 to Ny do
MG, j) =M, j) = 0.5w(k)leld; g1 (s (k) (Vb 1 (s (k) - m.)
MG, j) = MG, )+ 0.5ew(k)lelg; g1 (s ()) (Vi gy (s(K)) - )
MG, j) = MG, )+ 0wk g1 (s ()b 1 (5 ()
end
end
compute M3* contributions:
fori =1 to Ny, do
for j = 1 to Ny, do
MZ(i, j) = MZ(i, j) + 0.5w(k)|elgr, 2 (s () (Ve g2 (s (K)) - me)
M2, j) = MG, j) — 0.5ew(k)leld; g2 (s (k) (Vb g2 (s (K)) - me)
MZP(, j) = M2, j) + olwk)d; g2(s (k) ;g2 (s (k)
end
end
compute M}* contributions:
fori =1 to Ny, do
for j = 1to Ny do
M2, j) = MP(, j) — 0.5w(k)|elgy g1 (s () (V; g2 (s (k) - me)
MG, j) = MG, j) = 0.5ew(k)lelg; g2 (s (k) (Vo g1 (s (K)) - me)
MG, j) = MG, ) — ol w(k) g g (s(k)pj 2 (s (K))
end
end
compute M;' contributions:
fori =1 to Ny, do



2.9. Implementing the DG method 55

for j =1 to Njoc do
M, j) = M2\ (G, j) + 0.5w(k)leld; g2 (s (k) (V; g1 (s (k) - me)
M, j) = M\, j) + 0.5ew(k)leld; g1 (s (k) (Vo g2 (s (K)) - me)
M2, j) = M2 G, j) — adw(k)p; g1 (s (k) g1 (s (k)
end
end
end

The corresponding C routines are given in Appendix B.2.

2.9.3 Global matrix and right-hand side

Assembling of the global matrix Agiopal is done in two steps. First, the local matrices Ag
are added to the block diagonal entries of Agjopa. We can assume that the mesh elements
are numbered from 1 to N.. We denote the global right-hand side by bgigpai. The local
contributions b g can be added to bgjopal in the same algorithm.

ALGORITHM 2.3.
Volume contributions
initialize k = 0
loop over the elements: for k = 1 to N do
compute local volume matrix Ag,
compute local right-hand side bg,
fori =1to Ny do
ie=1i+k
boiovai (ie) = bgiopal(ie) + bg, (i)
for j = 11to Njoc do

je=j+k
Aglobal(iea ]6) = Aglobal(iev ]6) + AEk (l, ])
end
k =k + N
end
end

Second, we assemble the local matrices M fj for 1 < i, j < 2. We can assume that
the edges are numbered from 1 to Np,.. The numbers of the neighboring elements of the
face k are E¥ and E%.

ALGORITHM 2.4.
Face contributions
loop over the edges: for k = 1 to Nge. do
get face neighbors E} and E7}
if face is an interior face do
compute local matrices M}, M*, M}*, M7
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assemble M}! contributions:
fori =1 to Ny, do
ie=1i+ (E} —1)Nic
for j = 1 to Ny do
je=j+ (Eli — D) Nioc
Aglobal(ie’ ]e) = Aglobal(ie» ]e) + M]ll @, ])
end
end
assemble M3 contributions:
fori = 1to Ny, do
ie =i+ (E} — 1)Nic
for j = 1to Ny do
je = J + (E]% - l)]vloc
Agobai(ie, je) = Aganalie, je) + M, J)
end
end
assemble M} contributions:
fori = 1to Ny, do
ie=1i+ (E} —1)Nic
for j = 1 to Ny do
je=j+ (E/% — D) Nioc
Aglobal(ie’ ]e) = Aglobal(ie» ]6‘) + M/iz(iv ])
end
end
assemble M3 contributions:
fori =1 to Ny, do
ie =i+ (E} — 1)Nic
for j = 1to Nj, do
je = J + (Ell - l)]vloc
Aglobal(iev ](3) = Aglobal(iev ]6) + M/1<1 (l, ])
end
end
end
else if face is a boundary face do
compute local matrix M;'
assemble M;' contributions:
fori = 1to Ny, do
ie =i+ (E} — )Ny
for j = 1to Ny, do
je=j+ (Eli — 1) Nioe
Agiopal(ie, je) = Agopal(ie, je) + M} (i, j)
end
end
end
end

The corresponding C routines are given in Appendix B.2.
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2.10 Numerical experiments

We solve on the unit square the model problem (2.16)—(2.18) with K = I, « = 0, and
Dirichlet boundary condition (I'n = 9£2). We present numerical convergence rates for
both smooth and unsmooth exact solutions and for all primal DG methods. We vary the
polynomial degree from k = 1, 2, 3. We denote the numerical error by

ep=p— Py

We compute the seminorm || Ve, || og,), which is bounded above by the energy norm, and
the L? norm |le, || 12()- The penalty parameter o is equal to a constant o for all interior

edges. For the boundary edges, the penalty parameter is equal to 2o for both IIPG and SIPG
and equal to o for NIPG

2.10.1 Smooth solution

Let the exact solution be

V(x,y) € (0, D2, p(x,y)=e .

Table 2.3 contains the numerical errors [|[Vey || goc,) and |lep |l 12(q) obtained on a fine tri-
angular mesh. Convergence rates are computed as in (1.13). We choose By = 1. The
rates correspond to the theoretical rates: they are all optimal in the gradient broken norm
IVerll o,y = O(*). The L? rates are optimal for the SIPG method: |l =
O(h**1). For NIPG or IIPG, they are suboptimal if the polynomial degree is even.

Next, we use superpenalization and choose Sy = 3. We consider a different smooth
solution such that its Dirichlet value is a polynomial of degree k. The exact solution is
given by

V(x,y) € (0, 1)2, px,y)=x(x—DyQy — 1)6*)‘2*)'2_

Table 2.3. Numerical errors and convergence rates for smooth function without
superpenalization.

Method | k o ”lV@h |||H0(gh) Rate ||€h ”LZ(Q) Rate
NIPG 1 1 | 8.4846 x 107> 1.0123 | 8.9099 x 1075  2.0083
2] 1|7.6614x107> 2.0011 | 1.8632 x 107® 2.0186
31 141740 x 1077 3.0157 | 3.3112 x 10~°  4.0153
NIPG 2| 083851 %107 2.0035 | 1.7316 x 107¢  2.0307
3] 049857 %1077 3.0103 | 3.8794 x 107  4.0036
SIPG 1| 68998 x 10~% 1.0007 | 3.9981 x 107> 1.9717
2| 18 | 73139 x 107> 2.0009 | 1.5827 x 1077 2.9942
3136 |3.8845x 1077 3.0044 | 1.4746 x 10~°  3.9879
PG 1| 689885x107% 0.9996 | 3.2571 x 107> 1.9994
2| 18 | 7.1979 x 107> 2.0014 | 2.7825 x 1077 2.4695
3136 |3.8427 x 1077 3.0023 | 1.5009 x 10~°  3.9921
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Table 2.4. Numerical errors and convergence rates for smooth function with
superpenalization.

Method | k | o IVenll o, Rate llen 2 Rate
NIPG 1 1| 51010 x 1073 0.9872 | 6.1576 x 107> 1.9537
2 1 |9.8300 x 1075 1.9707 | 3.7058 x 107 3.1578
3 1| 8.5460 x 1077 2.9787 | 4.6797 x 10~° 4.0106
IIPG 1 6 | 5.1107 x 1073 0.9959 | 6.2081 x 10>  1.9893
2| 18 | 9.8839 x 107> 1.9951 | 3.5405 x 107  3.0000
3136 | 8.6042 x 1077 3.0135 | 4.6953 x 107°  4.0230

Therefore, Condition A is satisfied. Table 2.4 shows the numerical errors and conver-
gence rates for NIPG and IIPG. The rates are optimal for the L? norm, as predicted by the
theory.

2.10.2 Singular solution

We consider a solution p € H't%(Q) with 0 < § < 1. Consider a domain Q = (—1, 1)?
subdivided into four subdomains €; such that ©; = (0, 1)%, Q, = (—1,0) x (0, 1),
Q3 = (—1,0)%, and 4 = (0, 1) x (=1, 0). We solve (2.16)—(2.18) witha = 0, f = 0,
and I'p = 0L2. The coefficient matrix K is equal to K; I on each subdomain €2;. We assume
that K; = K3 = 5 and K, = K4 = 1. The exact solution in polar coordinates is

p(r,0) = r’(a; sin(80) + b; cos(80)) in €
with coefficients given up to nine accurate digits:

a; = 0.4472135955,
ap = —0.7453559925,

a3 = —0.9441175905,

as = —2.401702643,
by =1,

by = 2.333333333,

bz = 0.55555555555,

by = —0.4814814814,
8 = 0.5354409456.

The exact solution is singular at the origin in the sense that its gradient is not defined

at the point (0,0). We compute the DG solution on a sequence of uniformly refined

Ip—Pill 2 -

rectangular meshes. The relative error in the L? norm, defined as T , is plotted
L2(Q)
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Figure 2.6. Relative error in the L? norm versus the number of degrees of freedom.

against the number of degrees of freedom in Fig. 2.6. We use the NIPG method without
penalty and polynomials of degree three. We see that the convergence rate is independent
of the polynomial order. This is expected, as the solution has poor regularity. Indeed,
since p belongs to H'!*%(Q), the convergence rate in the L? norm is O(h>*), or equiva-
lently O(N?*), where N is the total number of degrees of freedom. In order to recover the
rate obtained with the polynomial degrees, we need to locally refine the mesh around the
origin.

2.10.3 Condition number

We fix the polynomial degree k = 2 and compute the condition number ||A|| A7 || of the
global matrix for the DG method with and without superpenalization. Fig. 2.7 shows that
if no superpenalization is used, § = 1, then the condition number is O(h?), whereas it is
O(h*) if B = 3. The method used here is NIPG with ¢ = 1. Similar results are observed
with SIPG and ITPG methods.

2.11 The local discontinuous Galerkin method

The local discontinuous Galerkin (LDG) method was introduced by Cockburn and Shu
[36] and is based on the work by Bassi and Rebay [12]. We present the method for the
model problem (2.16)—(2.18) with K = I and @ = 0. Because this method solves for two
unknowns, namely the solution and its gradient, it can be called a dual DG method or a
mixed DG method.
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condition
number
3,
T

Figure 2.7. Condition number versus mesh size for NIPG 1: B = 1 (solid line)
and B = 3 (dashed line).

2.11.1 Definition of the mixed DG method

Let us rewrite the model problem into a mixed form by introducing an auxiliary variable u
for the gradient of the solution:

u=Vp in Q, (2.48)
—V-u=f in Q. (2.49)
The Dirichlet and Neumann boundary conditions are rewritten as

p=gp on Ip, (2.50)
u-n=g-n on I\. (2.51)

Let &, be asubdivision of 2 and let I, be the set of interior edges (or faces). Letv € H LED?
and let ¢ € H'(&;). We multiply (2.48) and (2.49) by v and ¢, integrate over one element
E € &, and use Green’s theorem (2.13):

fu-v:—/pV-v+/ pv-ng,

E E dE
/u~Vq—/ u~nEq=/fq-
E IE E

We look for a solution pair (U, Py,) that belongs to a finite-dimensional space M,‘f X My,
to be specified later, that satisfies for all E € &,

Yo e MY, fEUh-v+/Eth-v=/aEd>(Ph)v-nE, (2.52)

Vg € My, /Uh'qufo+/ Y(Uy) - ngq, (2.53)
E E oE
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where ®(P,) and W (U}) are called numerical fluxes and they are defined below. Given
two real numbers §;, 8, and a vector §3 € [Rd, we define

Veey, WUl ={Un}— G1lPDn. — (Us] - n.)83,
Ve € 'y,  ®(Pp)le = {Pr} + 83 - n[Py] — 8:[Us] - ne,
VeeI'n, WUple=Uy—381(Pr— gpne,

VeeIp, P(Py)le = gp,

Vee'n, Y(Unl =g,

VeeT'n, @Pp)le=Pr—86U,—g) - n.

We note that the scheme is consistent because of the regularity of the exact solution; the
numerical fluxes are equal to the exact fluxes. More precisely, we have

Ve, ®(p)le=ple, Y@l =ul.
By summing (2.52) and (2.53) over all the elements, we obtain

Uy, v+ P,V .y = d(Py)v -
L}v Z/Eh v Z./m; (Pp)v-ng

EeSh EEgh

=Y | (P} +85 - n [Pyl — 8[U] - n)[v] - n, +/ gpv-n

eel’y ¢ FD

+ | (Ph—6WU,—g) nv-n
I'n
and
U, Vg = + / w(,) -
E;&fE nVq /qu Egj&,aE Uy -neq
=/f61+2 {Un} — 61 PDn. — (U] - 1.)83) - n.lq]
Q

EEFh ¢

+ (Uh—51(Ph—gD)"e)'”eQ+/ g -nq
FD l—‘N

= f fa+ Y [(Ua}-n.— GiIPD — (U4 1083 - nolg]
Q

eel’, ¢

+ | (Up-n,—8(P,—gp))g +/ (g-n)q.
I'n

I'p

Let us define the following bilinear forms:

amg(Uh,v>=/Uh-v+ Y. | &0 - n.lv] - n,,
Q

eel,Uly ¥ €
barrw) = - [ B9eo= 3 [ar) s nipil -~ [ pon,
Ecg, U E ecl, V¢ I'n

Jag(Proq) =y | 8ilPillq].

eel’,Ul'p ¥ €
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We remark, by using Green’s theorem (2.13), that the form b can be rewritten as

bigg (P, v) = Z/VPh v—i—Z/[th ne]—i—/ Pyv-n

Ee&y, eel’)

_Zf({Ph}+33 n[PD[v] - n,

eel’,
:_Z/VP,, U+Z/[Ph{v n.)
EES eeF/,
+/ Povon— /62 n.[Plv] - n.:
I'p

eEF]

equivalently,

bus(Prow) == 3 [ VPt Y [Pt m)—8senatol e)+f Pyoon. (2.54)

E€&, eely,
The discrete space M;, C H'(&,) is chosen so that the following two conditions hold:
(i) {g € L*():VE qlp € Pu(E)} C My,
(i) VE € &,,Yq € My, ([, Vqg-v=0 VYve M) = Vg =0.

The global formulation of the general LDG scheme is as follows: Find U;, € M} and
P, € M, such that

Yo e M,  ag(Up, v) + bigg(Pp, v) = / gpv-n +/ S(g-mv-n, (2.55)
' '

Vg € My, —bigg(q, Up) + Jigg(Pr, q) = / fv +/ d1gpg + | (g -n)g. (2.56)
Q I'p

I'n

2.11.2 Existence and uniqueness of the solution

Lemma 2.15. Assume that 8; > 0 and §; > 0; then there exists a unique solution to the
scheme (2.55)-(2.56).

Proof. Assume that gp = f = 0 and g = 0. Then, choosing v = U}, in the first equation
and ¢ = P, in the second, we have

aag(Up, Up) + biag(Py, Up) =0,
—biag(Py, Up) + Jag (P, Pn) = 0.

By adding the two equations above, we obtain

aag(Un, Up) + Jag(Pn, Py) = 0.
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Equivalently,
/ Ui+ /az(wh] n)?+ Y siPP=0.
v eel, Uy V¢ eel,Urp V¢
Thus, if §; > 0 and §, > 0, we immediately have U; = 0, and we have
Yeel,Ul'p, [Py]=0.
This implies that P, is continuous across the domain. Then, (2.55) becomes
Yo e M,  bigg(Py, v) =0.
Using the second form (2.54) of b4y, we have
VveM;‘f, Z/VPh-v:O,
Ee&

which implies that V P, = 0 because of the definition of M;,. Since P} is continuous and
zero on I'p, this implies that P, = 0. 0

2.11.3 A priori error estimates

Assume that p € H*72(Q) with s > 0 and that the mesh consists of elements that are affine
equivalent to a particular reference element. Define the parameters

Slzdlhﬁ], U|>0,
82 = 02]1/32’ 0y > Os

with —1 < B8; < 0 < B, < 1. Then, for s > 0 and k > 1, we have the following error
estimates:

Ip = Pullzagy < CAM™MOF30Emt 3 A=MESH0m) o)
e — Upllgagy < CA™H20EmEES0=00) .
If k = 0, we have
Ip — Pl < CR ™M pllase),
e = Unllz@) = ch'=" Pl as2 )
where

M =max(—pBi, B2), m =min(=p, f2) if o2 >0,
M = max(—p;,1), m=min(—p;,1) if o, =0.
The convergence rates for k > 1 and k = 0 are given in Tables 2.5 and 2.6, respectively.

Thus, for k > 1, we do not have optimal convergence rates for both errors. Assuming s is
large enough, the optimal convergence rate for ||p — Pyl 12 is obtained for cases where
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Table 2.5. Convergence rates of LDG method for piecewise polynomial approxi-

mation of degree greater than or equal to one.

S1 | &2 | llu—Uplliyg lp — Pullr2
1 0 | min(s +1/2,k) | min(s + 1/2,k) + 1/2
1 h | min(s + 1/2,k) | min(s + 1/2,k) + 1/2
Rl o min(s + 1, k) min(s + 1, k) + 1
A" | h | min(s+ 1, k) min(s + 1, k) +1
1 1 | min(s, k) +1/2 min(s, k) + 1
=" | 1 | min(s +1/2,k) | min(s +1/2,k) +1/2

Table 2.6. Convergence rates of LDG method for piecewise constant approximation.

1 | & | lu=Unllre | IIp = Pullize
1 172 1

) ) 0 0

! 1 0 0

ht | h 0 0
1 0 0 0

1 h 0 0

(81, 82) belongs to {(h~", 0), (h™', h), (1, 1)}. For the error lu — U, || 12(q), the best rate is
O(h*+1/2), In the case where k = 0, the method converges in the case where §; = O(1)
and 6, = O(1).

2.12 DG versus classical finite element method

In this section, we denote the finite element method by CG (continuous Galerkin), and we
present a comparison of CG versus DG from a practical point of view. The CG method was
briefly introduced in Section 2.2.2. We recall that the CG solution is a continuous piecewise
polynomial, whereas the DG solution is a discontinuous piecewise polynomial.

(1) Age of the method: The CG method has been around for more than 60 years, and

(i)

hundreds of books have been written on many aspects of the method. The primal
DG methods have only recently gained an interest from the scientific community. In
many cases, one can apply the techniques developed for CG to solve problems related
to DG. Still, many questions remain unanswered.

Size of problem: For DG, the total number of degrees of freedom is proportional to the
number of elements in the mesh. The constant of proportionality is a function of the
polynomial degree. For CG, the degrees of freedom depend on the number of vertices
and possibly the number of vertices and elements in the mesh. For instance, consider
a structured mesh of 5 x 5 rectangular elements. The degrees of freedom for a DG
approximation of degree 1, 2, 3, 4 are 75, 150, 250, 375, respectively, whereas the
degrees of freedom for a CG approximation of degree 1, 2, 3, 4 are 36, 121, 256, 441,
respectively. Thus, on such small mesh, if k£ > 3, the CG method is more costly than
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Figure 2.8. Ratios of degrees of freedom for CG over DG with respect to the total

number of degrees of freedom, computed on a uniform rectangular mesh.

(iii)

@iv)

DG. The reason is that we have to use the space Q, on rectangular elements for CG,
but we can still use the space P, on rectangular elements for DG. Fig. 2.8 gives the
ratio of the total number of degrees of freedom for CG to the total number of degrees
of freedom for DG on a uniform mesh of N x N rectangles. We vary N from 10
to 10%. The CG method is less costly than DG if the polynomial degree is less than
or equal to 3. The ratios tend to the limit values 1/3,2/3,9/10, 16/15, 15/21 for
the degrees 1, 2, 3, 4, 5, respectively. On triangular meshes, the DG method is more
costly than the CG method. For example, on a uniform mesh of N x N x 2 triangular
elements, the ratios of the number of degrees of freedom for CG over DG tend to
1/6,1/3,9/20, 14/30, 25/42 for the degrees 1, 2, 3, 4, 5, respectively, as N tends to
infinity. We see that this ratio increases as the order of polynomial increases.

Meaning of degrees of freedom: Many users of the finite element method compute
only with piecewise polynomials of degree one. Because of the “chapeau” basis
functions, the resulting CG degrees of freedom correspond to the values of the CG
solution at the vertices of the mesh. This is a desirable property that can be exploited,
for instance, in visualization routines. The degrees of freedom in the DG method do
not have any meaning besides being coefficients in the expansion of the solution with
respect to the basis functions. This means that in order to obtain the DG solution at a
particular point, one has to compute the expansion, i.e., compute the basis functions
and multiply them by the coefficients. Ata given vertex, there are several values of the
numerical solution. Note that we can also use the same local basis functions as in CG.
Hanging nodes: The name “hanging node” comes from the CG method for which
mesh vertices correspond to degrees of freedom or nodes. We abuse the notation
and call a hanging node any mesh vertex located on the interior of an edge (or face).
Fig. 2.9 contains a mesh with 11 hanging nodes. This nonconforming mesh can be
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Figure 2.9. Rectangular mesh with hanging nodes (black dots).

used with the DG method of any order, but it cannot be used with the CG method.
In general, one can have as many hanging nodes per face as one wishes for the DG
method because there are no continuity constraints between the elements. In the case
of the CG method, one can have at most one hanging node per edge, and special
continuous basis functions have to be used.

(v) Polynomial degree and basis functions: It is relatively easy to change the degree of
approximation of a DG solution using the same piece of software. Only the routine
that computes the basis functions should be modified. The user (even beginners) can
then easily perform hp-analysis of the method. Using the data structure described in
Section 2.9.1, it is easy to write a DG code that uses different polynomial degrees for
different mesh elements. This is an important benefit of using discontinuous approx-
imations. For the CG method, things are less simple. In general, CG codes are first
written for the piecewise linear approximations. The user then writes different codes
for other polynomial degrees. As the degrees increase, the basis functions become
more complicated and one has to keep track of the degrees of freedom. Some care and
thought are required to obtain an ip software. In the CG method, basis functions are
obtained by “pasting together” local basis functions whose support lie in one mesh ele-
ment. These local basis functions can also be used to form the basis for the DG method.
It suffices to extend those local basis functions by zero outside the mesh element. In
practice, a simple choice of local basis functions for DG is the set of monomials.

(vi) Accuracy: Both methods converge as the mesh size decreases or as the polynomial
degree increases. Error estimates in the energy norm are optimal. However, error
estimates in the L? norm are optimal for the CG method, whereas they are optimal
only in the symmetric version (SIPG) if no superpenalization is used. For a fixed
mesh, it is irrelevant to compare the accuracy of DG with CG, as it is easy to come
up with a problem that yields a better DG solution than CG and vice versa.

(vii) Boundary condition: Dirichlet boundary conditions are usually imposed weakly
with the DG method, whereas they are imposed strongly with the CG method. But
this is a matter of taste, and we can also impose the boundary conditions strongly with
the DG method.

(viii) Mass conservation: As discussed in Section 2.7.3, the DG method satisfies a local
mass balance. The CG method satisfies only a global mass balance over the whole
computational domain. The property of mass conservation is crucial in flow and
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transport problems, such as the ones arising in porous media. For other applications,
the importance of the local mass conservation is questionable.

2.13 Bibliographical remarks

The introduction of penalty terms originates from Nitsche’s work [83] in which Dirichlet
boundary conditions are imposed weakly by means of the addition of a penalty term in
the variational formulation rather than strongly in the space of test functions. Babugka [7]
proposes another penalty method that enforces the Dirichlet boundary condition weakly.
The idea of using discontinuous approximations and penalty parameters as a way to enforce
interelement continuity was first introduced and analyzed by Wheeler [109] and Percell and
Wheeler [85]. The method was generalized to nonlinear elliptic and parabolic problems
by Arnold [1]. Similar ideas appear in the work of Baker for biharmonic problems [10].
More recently, the NIPG methods with zero penalty have been analyzed for one-dimensional
problems by Babugka, Baumann, and Oden [8] and for two- and three-dimensional problems
by Riviere, Wheeler, and Girault [96, 95]. The NIPG methods with nonzero penalty have
been introduced by Riviere, Wheeler, and Girault [96, 95] and by Houston, Schwab, and Siili
[72]: error estimates are obtained with respect to both the mesh size & and the polynomial
degree k. The analysis of LDG methods can be found in the work of Castillo et al. [24],
Perugia and Schotzau [86], and Dawson [40]. A unified framework for both primal and LDG
methods is proposed by Arnold et al. [3,4]. Otherrelevant works include [19, 50, 13,23, 35].

Exercises
2.1. Define the set of locally integrable functions
L}.(Q) = {v: VKcompact C interior  : v|x € L'(K)}.

Show that if v is locally integrable, the mapping defined below is a distribution:
T,(9) = f vo.
Q

2.2. Show that if a function ¢ belongs to H'(E) such that fE ¢ = 0, then there is a
constant C independent of &g such that

loll2ey < CheNVOIL2(E)-

(Hint: use approximation results.)

2.3. Modify the assembling algorithm in the case of different polynomial degrees for
different elements. (Hint: it might be useful to introduce an array containing the
cumulative local degrees of freedom.)

2.4. Show that the mapping Fg defined by (2.33) is affine if E is a parallelogram.

2.5. Let  be the L-shaped domain given in Fig. 2.10. The domain is subdivided into
12 triangles. Element numbers and edge numbers are given in the left and middle



68 Chapter 2. Higher dimensional problem

6
11 18 17 s ¢
12 7
10 19
9 = 20 4 - [
2 1 16 1 A i
1 315 78 10 | 13 TR b g
9 4 Vv Vl
2 6 RN
T ) ! i

Figure 2.10. Element numbers (left), edge numbers (middle), and normal direc-
tions (right).

figures. The orientation of the unit normal vector n, for each edge e is given in
the right figure. Write the global matrix obtained in that case: the entries should be
functions of the local matrices.
2.6. Prove Young’s inequality (2.15) and Cauchy—Schwarz’s inequality (2.14).
2.7. Show that the form a, is continuous on (Dy(&,))* if 0 > 0 i.e, show that for all
v, w E Dk (5h)
ac(v, w) < Mijvllglwlle.
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Chapter 3
- Purely parabolic problems

This chapter studies the numerical solution of the linear parabolic problem following the
method of lines. First, the problem is discretized in space using the DG method. The
resulting system of ordinary differential equations is called the semidiscrete formulation.
Second, the fully discrete problem is obtained by discretizing in time. We study several
choices for the time discretization. We refer the reader to Chapter 2 for the definition of
notation used in this chapter.

3.1 Preliminaries

3.1.1 Functional spaces

If z(¢, x) is a function of time 7 and space x, we freely use the notation
Vi, Vx, z(t)(x) = z(t, x).

We consider spaces of functions mapping the time interval (0, 7') to a normed space V
equipped with the norm || - ||y. More precisely, for any number r > 1, we define [81]

T
L'0,T;V)= {z : (0, T) — V measurable : f lz@) |y dt < oo}
0

with
1/r

T
Izl o,7:v) = (f ||Z(l)||’{/dt>
0

If in addition V is complete (Banach space), then L™ (0, T; V) is also complete.

3.1.2  Gronwall’s inequalities

Gronwall’s inequalities are important tools for analyzing time-dependent problems. We
present both continuous and discrete versions [68].

71
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Lemma 3.1 (Continuous Gronwall inequality). Let f, g, h be piecewise continuous non-
negative functions defined on (a, b). Assume that g is nondecreasing. Assume that there is
a positive constant C independent of t such that

Vi € (a,b), ﬂ0+M0§m0+CfoM&
Then,
Vi e (a,b), f(t)+h() <e V().

Lemma 3.2 (Discrete Gronwall inequality). Let Az, B, C > 0 and let (a,),, (bp)n, (Cp)n,
(d,)n be sequences of nonnegative numbers satisfying

Vn >0, an+AtXn:b,- §B+CAtXn:ai+AtXn:c,-.

Then, if CAt < 1,

n n
Vn =0, a,+Ar) b < eCtHA (B + At Zc,) .
i=0 i=0
3.1.3 Taylor’s expansions

Let f bea C"*! function on the interval (a, ). Then, the Taylor expansions state that there
exists a number & between a and b such that

(b _ a)n @ (b _ a)n+1
[ + S —

a @O T
Another form of Taylor expansion uses an integral remainder.

fb)y=f@+®-—af(@+--+ FOE). 30

F) = F@+b-a) @+ + 2= )ﬂW>+/( " Fr (e, 3.2)

3.1.4 Poincaré’s inequalities

The classical Poincaré—Friedrichs inequality in H'() says that there is a constant C such
that [82]

Vo e H'(Q), wwmscowwwmﬂ/t@.
90
Consequently, we have
Yo e HY Q). [vle < ClIVYlr@). (3.3)

We remark that (3.3) implies that the mapping v — |[Vv]||;2(q) is a norm for the space
HO1 (€2). Assume that I'p is a subset of the boundary 92 with |I'p| > 0. A generalization of
this inequality to the broken Sobolev space H L&) is (see [61, 16])

1/2
1
WGH%m,uwmm<COWmmm+ > numm> YY)
11 1

eel',Ulp e
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If in addition 8 > (d — 1)~!, a straightforward corollary is the bound

1/2
1
Vv e H'(&). ||v||m>sc(|||Vv|||§,o(5h)+ > Wn[vn@z@)) . (Y
eel’,Ul'p €
3.1.5 Inverse inequalities

Let E be a bounded domain in R¢ with diameter & g Then, there is a constant C independent
of hg such that for any polynomial function v of degree k defined on E we have

VO < j <k, [IV90llw < Chy vl (3.6)

3.2 Model problem

Let 2 be a bounded polygonal domain in [Rd, d = 1,2o0r3,andlet (0, T') be a time interval.
For f € L2(0, T; L*(R)), gp in L2(0, T; H*>(3Q)), and zg € L*(2) we consider the linear
parabolic problem with Dirichlet boundary condition:

9z

i V- (KVz)=f in (0,T) x €, 3.7
z=gp on (0,7T)x 0%, 3.8)
z=1z9 on {0} x Q. 3.9)

This problem models the conduction of heat in 2 over the time period [0, T'], with z being
the body temperature and K the heat diffusion coefficient. This problem also models the
diffusion of a chemical species of concentration z in a porous medium. We assume that K
is bounded uniformly below and above:

Vx e, 0<Ky=<K(x) <K,.

A strong solution of the parabolic problem belongs to C2([0, T] x ) and satisfies (3.7)—
(3.9) pointwisely. A weak solution of the parabolic problem belongs to the space L(0, T';
H'(2)) N H' (0, T; L*(RQ)) and satisfies the variational formulation

d
Vi>0, Vve HOI(Q), <8_j’ v) + (KVz, Vv)g = (f, v)a,
Q

Yv e H)(Q), (2(0), v)q = (20, V)a.

Let us now define a semidiscrete solution of the parabolic problem.

3.3 Semidiscrete formulation

In this section, we approximate the solution z(¢#) by a function Z,(¢) that belongs to the
finite-dimensional space Dy (&) for all t+ > 0. The solution Zj, is referred to as the semidis-
crete solution, or sometimes as the continuous in time solution.
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Letv € H*(&,) for s > 3/2, multiply (3.7) by v, integrate over one mesh element,
use Green’s theorem, and sum over all elements to obtain

A EED O RS ZCREND SR kLS EONAI

E€&, ecl,UIQ V¢
0
GE

te > [{KVv-n)zO]+ Y le|Po

ecl,UAQ Y € ecl',UdQ

/[z(t)][v] = L(t;v), (3.10)

where

0
L(r;v)=/ fow+ Z/gn(l) (e(KVv-ng)Jr l;’lj,ov).
Q e

ecoQ

We have skipped many details, as the derivation is similar to the one given in Section 2.4.1.
The only difference is the time derivative term. Similarly to (2.36), we define the energy
norm for the parabolic problem

172

0
3o L)l
el ULz

1/2 2
llle = | D IK>Vollgs g +
E ecl',UaQ2

We still denote the bilinear form by a. as in (2.23):

ac(w, v) = Z/KVw~Vv— Z (KVw -n,}[v]
E

Ecé&), eclUAIQ Y ¢
0
o
+e > [ {KVv-n}wl+ ) ol /[w][v],
eel’,UoQ ¢ eel',UaQ2 ¢ ¢

and we assume that coercivity of a. holds true for some « > O:
Vo e Di(&),  «lvlz < ac(v, v). (.11

Thus, the semidiscrete variational formulation is as follows: For all t+ > 0, find Z,(¢) €
Dy (&) such that
h

Vi >0, VYveD(&E), <88it v) +a.(Z,(t),v) = L(t; v), 3.12)
Q

Yv e Di(&r),  (Zy(0), v)q = (Zo, V)a. (3.13)

Depending on the value of the parameter €, the method is called SIPG (¢ = —1), NIPG
(e = 1), or IPG (¢ = 0). The initial condition Zy can be chosen to be z if zo belongs to
the discrete space Dy (&), or it can be chosen to be Z(0), where 7 is an approximation of z
to be specified later. Using the global basis functions defined by (2.34), we can expand the
semidiscrete solution

Nioc

Vi€ (0.T), VxeQ. Zyt.x)=)Y_ > &n¢fx). (3.14)

Ee&, i=1
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The degrees of freedom él.E ’s are functions of time. Let N denote the number of elements
in the mesh. We can rename the basis functions and the degrees of freedom such that

{0F 11 <i < Nipe, E €&} =1{d;:1=<j< NocNal,
(EF 11 <i < Nioew E€EY=1&; 11 < j < NipeNa}.

Plugging (3.14) into (3.12)—~(3.13) yields a linear system of ordinary differential equations
with the vector of unknowns & = GHIE

dE oo
ME(I) +A&() = F(1),
Mg0) =

The matrices M = (M;;);;, A = (A;;);; are called the mass and stiffness matrices, and they
are defined by

V1 <i,j < NieNet, Mi; = (9, d)a, Aij = ac(d;, di). (3.15)

From (3.11), the matrix A is positive definite. In fact, it is the matrix resulting from the DG
method applied to an elliptic problem. The matrix M is block diagonal, symmetric positive
definite, and thus it is invertible. The vectors F(¢) and Zo have components (L(¢; ¢,)),
and ((Zo, ¢>, )a)i. The existence and uniqueness of§ is obtained from the theory of ordinary
differential equations.

3.3.1 A priori bounds

In this section, we derive a priori bounds (also called stability bounds) for the numerical
solution. Choosing v = Z;(¢) in (3.12) and using the coercivity result (3.11), we have

1d
5 7712l + K1 ZuDIE < LG Zu(o)].
From Cauchy—Schwarz’s inequality, the right-hand side is bounded by
[L(t; ZpO)| = 1 f Ol 2@ 1 Zn (D]l 120
o0

+> (nszh(r) nellie + 1o ||zh(z>||u<e)) el 2o)-

eci

Next, we use the trace inequality (2.5) and Young’s inequality. As usual, the constant C is
independent of the mesh size 1. We skip the details, as the derivation of similar bounds is
done several times in Chapter 2:

|L(t; Z,(2))] < ||f(l)||L2(Q)||Zh(f)||L2(Q)
||Zh(l)||g +C Z P |’3 ||gD(t)||L2(e) (3.16)

ecoQ
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Therefore, we obtain the intermediate result:

1d 2 K 2 1 2
52 12850 + S1Z0O1E < 1fOllz@l Zi®llz@ + € Xagjz e

3.17)
We present two possible approaches for obtaining the final a priori bound. The first one is
more standard and uses Gronwall’s inequality (3.1). The second approach takes advantage
of Poincaré’s inequality (3.4).

Approach using Gronwall inequality:

We simply bound
1 1
Lf Oz 1 ZiOllz@) < S1F O + 51200172
2 (O (€)

multiply the equation by 2, and integrate from O to ¢:

t t t
12002y + K / 1Z0IE = [ 17 OFe + / 12452 e
0 0 0

1 t
HZO 0, +C X e [ eI,
0

Bo
eco |€|

Then, by the continuous Gronwall inequality (Lemma 3.1), we conclude that

t
I1Zh()1 72 + & / 1Zn() Iz
0

t 1 ‘
<cC (/0 Lf )220y + 1ZaO) 22y + D W/o IIgD(s)IIS,e>. (3.18)

eco

The constant C grows exponentially in time. We observe that this approach is valid for all
primal DG methods, in particular for the NIPG method with zero penalty.

Approach using Poincaré’s inequality:

If we use (3.5) and Young’s inequality to bound || Z;, (¢) || 1.2(), we have

2oy + SN Z0 N2 = E1Z0O I3 + CUF Oy + > L gn )2
2 dt hllz2@) ) h £€=17 h £ LA(Q) s le|Po 8D L2(e)"

After multiplying by 2 and integrating from O to ¢, we obtain

t
K -
1Z4 O + 5 / 1Zu() 13 < o022
0

t 1 t
+C / LF 72 +C D P f 18D ()17 2)-
0 €dQ 0
which is the same inequality as (3.18) modulo some multiplicative constants. However,
here the constant C is independent of time. This approach is valid if the penalty value o
is positive for all faces e. The final result is stated in the following lemma.
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Lemma 3.3. Assume that By > (d — 1)~ There exists a positive constant C independent
of h such that

T
2 2 =12
||Z/1||L0°((),T;L2(Q)) +‘/(; ||Zh||g = C”Z0||L2(Q>

1
2 2
OIS o mza) + € 2 1o 180 Loz (3.19)
e€o

Remark: The reader will notice that the last term on the right-hand side of (3.19) blows up
as the mesh size & tends to zero. This has nothing to do with the discontinuous finite element
spaces, but it comes from the fact that the Dirichlet boundary condition is imposed weakly.
One can eliminate this issue by choosing to impose the boundary condition strongly. The
space of test functions is then defined as

DY(E) = {v € Di(E) 1 v =00ndQ).

In that case, the a priori estimates are

T
2 2 =2 2
”Zh||L°“(O_T;L2(Q)) +/ ”Zh”g = C”ZO”LZ(Q) + C”f”LZ(()’T;LZ(Q))’
0

and the solution is equal to Z; + g;,, where g, € Dy (&) is an interpolant of a lift of the
Dirichlet boundary condition gp.

3.3.2 Error estimates

In this section, we derive error estimates for the numerical error z— Zj, inthe L (0, T'; L?(S2))
and L2(0, T; H'(&,)) norms. We first define the elliptic projection Z of the exact solution z:

Vi >0, YveDi(&), ac(z(t)—2z(t),v)=0. (3.20)

From the analysis of elliptic problems described in Chapter 2, we know that if z belongs to
L%(0, T; H*(E,)) for s > 3/2, the following error estimate holds:

Vi >0, lz(t) — 2Ol < CA™™ I izl s e, (3.21)
In addition, if  is convex, error estimates in L? norm are

Vi =0, lz(t) = 20l < CA™ Nz s sy for SIPG,  (3.22)

Vi >0, z(t) = Z(0)ll2) < CA™ 9" Ni2(1)]| g,y for NIPG and TIPG. (3.23)

Under some conditions such as superpenalization (8y > 3(d — 1)~!), the estimates in L?
norm are optimal for NIPG and IIPG.

What can we say about the time derivatives of z — z? Using linearity of the bilinear
form, we have that

Yv € Di(E), ac (%(Z —2)(), v) =0.
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The time derivative of the elliptic projection is the elliptic projection of the time derivative.
Thus, similar error estimates are valid.
Now, we can state and prove a priori error estimates.

Theorem 3.4. Assume that z belongs to H' (0, T; H*(E)) and that zo belongs to H* (&)
for s > 3/2. Assume that Bo(d — 1) > 1. In the case of SIPG and IIPG, assume that er is
sufficiently large for all e. Then, there is a constant C independent of h such that

172

T
2 in(t1,6)—1
</ ||Z(f)—Zh(f)||g) < CA™™ L7zl g 0,7 15 6
0

hmin(k+l,s)—5 ”Z”Hl

lz — Znll L~y < C O,T;H*(E3))>

where 8 = 0 for SIPG, and § = 0 for NIPG and IIPG if By > 3(d — 1)™', if the mesh
consists only of triangles and tetrahedra, and if gp € Dy (E). Otherwise, § = 1 for NIPG
and IIPG.

Proof. Since the scheme is consistent, we obtain the following orthogonality equation:

0(Zy, —z

Vi>0. YoeDuE. ( & ),v> +ac(Zn(t) — 2(8), v) = 0.
Q

Defining x = Z;, — z, we have for all + > 0 and for all v € D (&)

(a_x’v) +a€(x(t),v)=<a(z—_z),v) +ac(z(t) — 3(1), v). (3.24)
i), 3t o

Using the definition of the elliptic projection, we obtain

dx _(9(z—2)
(E,U>Q+ae(x(t),v) = <—8t ,U)Q. (3.25)

Choosing v = x (¢) and using the coercivity of a. and the definition of the elliptic projection,

we have
(z - )
(*520) |

As in the proof of the stability bound, we can use either Gronwall’s inequality or Poincaré’s
inequality to obtain the final estimate. If the penalty parameters o are positive for all e,

we can bound the right-hand side of the equation above as

8(z—z)
‘( T ())

1d ) 2
Vt>0, EZ”X”LZ(Q)—FK”X(I)HE‘ =<

8(z 2)
9

< X D2

LX(Q)
d(z — z)

IIX(I)I|5+—‘ .
LX)
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Therefore, using the error estimates satisfied by the elliptic projection, we obtain

li|| 250 + ()13 < Ch2mintt1.-25 9z ?
2 dt Xl e 2 X £=

” (3.26)

H’ (&)

The parameter ¢ is zero unconditionally for the SIPG method, and it is in general equal to
one for both ITIPG and NIPG. Under certain conditions given in Theorem 2.14, § is zero for
IIPG and NIPG. Next, we multiply (3.26) by 2 and integrate from O to #:

az|?

t
X 72, + / IXIE < IOz, + CHZMETEI= =
0

L2(0,T; H (&)

We then conclude by noting that x (0) = 0 and by using the triangle inequalities in the
L? norm

I2(t) = Zi(Dll 2@ = X Oll2@ + 12(0) = 2020,
the triangle inequalities in the energy norm

T 1/2 T
(/0 ||z<r>—zh<r)||§> s(/o ||z<r)—z<z>||é>

and the error estimates satisfied by z. [

172 172

T
+</0 ||z<r>—zh(r>||%) ,

The following result is obtained only in the case of the SIPG method, as the proof
heavily uses the symmetry of the bilinear form.

Theorem 3.5. Let € = —1. Under the assumptions of Theorem 3.4, there exists a constant
C independent of h such that

< CR™ N 2 0.7 1581 -

H 0z —Zp)
L20.6:L2(2)

Proof. In the error equation (3.25), we choose v = 9.

ar
dx a(z—2) 0dx
LZ(Q) 31‘ Bt 3t Q

Thus, using the symmetry property of a., we have

d(z—2) ax
ae(X(t) x(®) = ( —>
” L2 (Q) at ot
~ 12 2
51”8(2—2) 1H3X .
2 31‘ LZ(Q) 2 3t LZ(Q)
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Integrating from O to ¢ and using the fact that x (0) = 0, we obtain

[

2 2

ax
ot

3z —2)
at
2

1 1 1
+ 5ac(x (@), x (@) = 5ac(x(0), (0))+-/
gy T 2O X 5ae(x(0), x >,

L2()
9z

< Chz min(k+1,s)
at

L2(0,T; H* (&)

Using coercivity of a. and the triangle inequality, we have

‘8(2—2;,) <H3(z—2) '3_)(
ot LOT:L2Q) ot L2(0,T:L2() 0t || 20, 7;12(2)
< Chmin(kJrl,S) % .
B I |l 20,7515 ()

This concludes the proof. [

3.4 Fully discrete formulation

We now discretize the time derivative by using finite differences in time. More precisely,
we study some time stepping methods that are of low order such as backward Euler and
forward Euler and some that are of high order such as Crank—Nicolson and Runge—Kutta
methods. Finally, we also present the DG in time method.

Let Nt be a positive integer and let A+ = T /Nt denote the time step. We also use
the following notation for any function u = u(¢, x):

Vn=>0, t"=nAt, u"(x)=ul")(x)=u(t" x).

3.4.1 Backward Euler discretization

The fully discrete variational formulation s as follows: Find a sequence (Z}), >0 of functions
in Dy (&) such that Z) = 7 and

n+1 n
Zh — Zh

Vn >0, YveDi(&), ( A7

: v) +a(Zi vy =L v). (3.27)
Q
We expand the fully discrete solution Z} using the basis functions of D (&)

V=0, Zp= ) &'¢;.

Problem (3.27) is then equivalent to a linear system with vector of unknowns En = (éi”),-

(M + AtAE™ = ME" + AtF™.

The matrices M, A are defined in Section 3.3. The vector F"! has components (L "+, 43,- )i
The coercivity of a. implies that M + Ar A is positive definite and in particular invertible.
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Thus, there exists a unique solution Z; at each time step. Problem (3.27) is called implicit
in time.
Next, we state and prove a priori bounds and a priori error estimates.

Lemma 3.6. There exists a constant C independent of h and At such that for allm > 0

Nt Nt
1Zy o) + ALY NIZ3NE < C (nzouiz(m + ALY 1 g
n=1

n=1
Nt 1
2
a2 T ).

n=1 ecdQ

If 60 = 0 for some face e, then this bound holds true if At < 1.

Proof. Take v = ZZ+1 in (3.27) and use coercivity of a.:

1
E(Z,’Z“ —Z0, Zi e + il Zp R < ILam Zh).

Next, we observe the simple fact that

1 2 2 1 2 2 2
Vx,y €R, E(x —y)SE(x -y +@x—-y))=x-yx. (3.28)

Therefore, we obtain

1

2At(”ZZ+] 172 = 1 Zi 172 + <1 Zi T E < LG Zih).

The right-hand side is bounded by (3.16):

1

12 2 K 12 1 1
s 128 e = 120 0) + 51207 12 < 1 @2 )

1
+C Y mngn(ﬂ“n@z@. (3.29)

e

As with the semidiscrete stability bounds, we can proceed with two approaches, and we
choose to use Gronwall’s inequality. This approach is valid for all methods but imposes a
constraint on the time step. The reader can prove the estimates by using Poincaré’s inequality
(3.5), which is valid for any time step and if the penalty values are nonzero. We multiply
(3.29) by 2At and sum fromn =0ton =m — 1:

m m
2 052 2
1Z 1320 — 120132y + K AL D N ZRIE <288 Y (1" 2@l Z) 2o

n=1 n=1

- 1
FCALY ) e,

n=1 ecdQ
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Equivalently, we have

m m
Vm =1, 1Zy e + €AY IZ01E < 1ol + AL D 1Z3 1 2q)

n=1 n=1

m m 1
FALY 1 Ragy + CALY Y WHgD(t”)Hiz(e).
n=1

n=1 ecoQ

The final result is obtained by using Lemma 3.2. [
The next theorem states that the numerical error is first order in time.

Theorem 3.7. For s > 3/2, assume that the exact solution to problem (3.7)—(3.9) satisfies

82
e H'(0,T: H (&), a_tj € L2(0, T: L2()).

There exists a constant C independent of h and At such that for allm > 0

: 0
||ZZ1 _ Zm”LZ(Q) < Chmm(kJrl,s)fﬁ _Z
Nl o115
9%z
LCAL|| =2 ,
I | 20,7:12(0)
m 172 .
At Z ”Z}I’ll _ Zl‘l ”é < Chmm(kJrl,s)fl g
o Ot | g 0.7 15 1))
92z
+CAt — .
9% | 20,7 L2())

The definition of the power § is given in Theorem 3.4.

Proof. Let 7 be the elliptic projection of z defined by (3.20). We use the notation 7" = z(¢")
and " = Z(t"). Subtracting (3.10) from (3.27) and writing " — Z} = p" — x" with
x" =2, —7" and p" = 7" — 7", we obtain

Xn-H _Xn ]
_— v +a , U
< At o (X )

(aszrl Zn+l " ) <pn+l _ pn )
=\ - —v) +{———, v ) .
at At Q At Q

Now, the coercivity of a, and the choice v = x"*! yield

1
12 2 12
_(”XnJr ”LZ(Q) - ”Xn”LZ(Q)) '}_K”X’hL “g

2At
n+l _ n
< (8”+1, XV!+1)Q + ('0 o , Xn+l>

At

Q
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with the definition

n+1 n+1 n
On+l — % _ < —Z
ot At

We use Cauchy—Schwarz’s and Poincaré’s inequalities:

1

— 2 2 )
S I ) = X" Ia) + e llx"

n+1 n

—p

< Cllx""le <||9n+1”L2(Q) + H AL

L2<Q))

n+1 ”(2(;

With Young’s inequality, this reduces to

12 2 Kk
" ||L2(Q) - ”Xn”LZ(Q)) + E”X

2
LZ(Q))

e

1 pres. 322 9p
9”“:—/ t—t,)—dt, p"T!— ":/ Ldr.
At S ( )aﬂ P p m ot

1
Z_At(”X
n+1 __

At

n

o o

S C (”0114"»1 ||iZ(Q) + ‘

Taylor expansion (3.2) gives

Using Cauchy—Schwarz’s inequality, we can prove that

2

At tlx+l 82Z
o, o < 2 / Y= 4 (330)
L (Q) 3 ™ 31‘2 LZ(Q)
1 ap 2
0 = ey < A [ | (331)
P T PO

Combining the bounds above, multiplying the resulting inequality by 2A¢ and summing
fromn =0ton =m — 1, we have

2

m T 2
0°z
1 oy — 1Py + AL S 2 < szf LI (R
@ @ ; , b 192 | oey
1 [T ap|?
+C— w dt.
Ny T P

Thus, since x° is zero by definition and since 3—‘; satisfies error estimates of the type (3.22)—
(3.23), we have

m T 82Z 2
2 2 2
Vm > 0, ||xm||L2(Q)+xArZ||x"||gsCAr/ v
o U K PRTES)
T 2
+Ch2min(k+l,s)—26/ ‘3_1
o 19714,
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The power § is equal to zero for SIPG and equal to one in general for NIPG and IIPG. Using
the triangle inequality, we conclude that for any m > 1

0z
Jt

”ZZ’L _ Zm||L2(Q) < Chmin(k+l,s)—6

HY(0,T;H* (E))

9%z
+CAt |— ,
I || 20,720
m 12 .
At Z ”ZZ _ Zn ”% S Chmln(kJrl,S)fl g
o Ot | g 0.7 115 1))
9%z
3% | 20,7 22(02))

This concludes the proof. [

3.4.2 Forward Euler discretization

The fully discrete variational formulation is as follows: Find a sequence (Z})),,>( of functions
in Dy (&) such that Z)) = 7 and

n+1 n
Zh — Zh

Vn >0, YveD(&), ( A7

, U) +ac.(Z,,v) =L{t";v). (3.32)
Q

Using notation defined in Section 3.4.1, we can write the resulting linear system as

ME™ = (M + AtAE + ACF

The vector F" has components (L (¢", qS,- )):. Since M is block diagonal and invertible, there

exists a solution énH that can be computed locally on each element. Thus, there exists a
unique solution Zj at each time step. Problem (3.27) is called explicit in time. It is quite
popular because of its low computational cost. However, stability properties of forward
Euler discretization are very poor.

We show that very strict constraints on the time step are required for obtaining a
priori bounds and a priori error estimates. In this section, we assume that the mesh is
quasi-uniform: there is a constant ¢ > 0 such that % < t for all mesh elements E.

Lemma 3.8. There is a constant Cy, independent of h (but depending on the quasi-uniformity
constant t) such that

Yo, w € Dp(&),  ac(v,w) < Cpoh vl 2@ lwlle.

Proof. The proof uses the continuity of a, in Dy (&;,) withrespectto | -| ¢, the trace inequality
(2.3), and the inverse inequality (3.6). O
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Theorem 3.9. Assume that At is of the order of h™2, namely
At < %hz.
Gy

Then, there exists a constant C independent of h and At such that for all m > 0

1Z 132 + A D NI ZEE

n=1
m—1 m—1
< Cllzol2a + CALY N f 22y + ChAL Y S lghl2ae,.  (333)
n=0 n=1 ecdQ

Proof. Using (3.28) and choosing v = ZZH in (3.32) gives

1
s (120 gy = 1230y + 1237 = Zigy) +ae(Zh 23 = LG Z7:
equivalently,

s (12 e = 120 + 125 = Zis ) + a2 2
=a/(Z - Zp, ZY + La Z.

Using the coercivity of a. and Lemma 3.8, we obtain

1 1 1

s (120 gy = 1230y + 125 = 23y ) + 125 I
— 1 1 1

< G Nz = Z @2 e + LG Z).

The term L(t"; ZZ“) is bounded similarly as in (3.16):

1/2
ILG"; Zy D] < 1 @ 20 e + Ch Iz e (Z lep ||Lz@)

e
1 1/2
< I + 5 ||Z"+‘||L 2+ CHPIZE 2 (Z ||gD||Lz(g))
eci

1 n - n
< 51" Magy + 125 oy + Ch 7 ) lgh Iz

ecdQ

Combining the bounds above gives

Czh
TN (||Z"“||Lz(m — ||Z;:||iz(m ( 2
1
2

1 2 K 12
) 1Z5 — 2y + S1Z 12

1" 172y + 125 1 ag) + Ch 72 D 8Bl 720

ecoQ
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Cin2

Therefore, if - At < 1, we can conclude by using, for instance, Gronwall’s inequality.
We skip the details. [

Remark: As in the semidiscrete case (see Section 3.3.1), the a priori bounds for both
backward Euler and forward Euler discretizations do not imply stability of the solution with
respect to . As the mesh size tends to zero, the constant in the a priori bounds blows up
even faster for the forward Euler method. True stability bounds are obtained if the Dirichlet
boundary condition is imposed strongly in the discrete space.

Next, we obtain error estimates in a similar fashion as the a priori bounds and the
error estimates for backward Euler scheme. We skip the proof of the theorem.

Theorem 3.10. Fors > 3/2, assume that the exact solution to problem (3.7)—(3.9) satisfies

2

9
e H'(0,T: H (&), a_tj € L2(0, T: LX()).

In addition, assume that At is of the same order of h2. Then, there exists a constant C
independent of h and At such that for allm > 0
0z

”Zz’l _ Zm”LZ(Q) S Chmin(kJrl,s)fS E

H(0,T: H (€))
9%z

= ,
9% | 20,7 12())

m 172 )
i Z
(Atz 12y — Z"Ilé) < Ccpmintk+l-1
n=1

+CAt

O |l 10,7 1581

9%z

CAt
+ ot?

L*(0,T;L2())

The definition of the power § is given in Theorem 3.4.

A consequence of the convergence theorem is a stability bound for the numerical
solution.

3.4.3 Crank-Nicolson discretization

We introduce the notation

tn+1/2 _ thrl 4+

The fully discrete variational formulation is as follows: Find a sequence (Z})),,>( of functions
in Dy (&) such that 22 = Zp and

Zn+1 —_zn Zn+l Zn
Vn >0, VYveD(&), (% v) + a. (hTﬂ v

= L("TV%; v). (3.34)
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The resulting linear system is
At ~n+1 At ~n
<M + 7A);,: o (M - 7A>§ + AP

with F"T1/2 = (L("*1/%; ¢,)),. Since the matrix M + 4. A is invertible, there is a unique
solution Zj, for all n. Without going into details, we state that the method (3.34) is of second
order in time and under some smoothness assumptions for the exact solution, one can prove
the following error bounds:

12} — 2"l 12 = OR™PEFLD=0 4 A2, (3.35)

m 1/2
Vm > 0, (At Z Iz — z"||§> = O(p™nEFLO-T L Af2y, (3.36)
The definition of the power § is given in Theorem 3.4.

3.4.4 Runge—Kutta discretization

DG methods are well suited for high order approximation in space. It is natural to combine
them with high order time discretization such as the Runge—Kutta methods.

The fully discrete variational formulation is as follows: Find a sequence (Z},),>¢ of
functions in Dy (&) such that Z,? = Zp and

5}

Yi —Z,
V1 < i < S, Vv e Dk(gh)7 ( ) Z l]aE(Yf7 U)

I

-
2

~.

Q;j L(t, + C;AL; ),
1

Zn+1 —_Zn S .
Vv € Di(En), (u v) + ) bjac(¥;.v)
Q

~.
I

At

N
=3 biL(ty + c; At; ).

j=1

In order to obtain the solution at the next time step, S additional values Y;’s are computed;
they are intermediate approximations to the solution z at times f, 4+ ¢;At. The S-state
Runge—Kutta method is uniquely defined by the coefficients (d;;)i<i j<s, (l;i) 1<i<s, and
(¢i)1<i<s- These coefficients are carefully chosen so that the desired accuracy in time is
reached [5]. In addition, we have

N
Vi<i<§, CV',‘= E Zl,'j.
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The compact way of writing out the coefficients of the Runge—Kutta method is

¢ |an ap ... ds
Cy | d21 d22 ... 43§
Cs |dsy dsz2 ... dgs

by by ... by

If g;; = O forall i < j, the method is explicit in time; otherwise it is implicit in time. The
order in time increases with the number S but not in a linear fashion. Indeed, if ¢ is the
order in time, we have the following relationship between S and g for explicit Runge—Kutta
methods [21]:

S ‘ 1
q |1
Since the number of stages also characterizes the computational cost of the method, the
relationship above clearly shows that the explicit Runge—Kutta of order four optimizes the

amount of work with respect to the gain in accuracy. It is a popular method, defined by
the following coefficients:

23 45 6 7 8 9 10
23 445 6 6 7 7

o]0 0o 0 0
12/12 0 0 0
12/ 0 172 0 0

1o o 1 o0
/6 1/3 1/3 1/6

Some Runge—Kutta methods such as the strong-stability-preserving Runge—Kutta methods
possess attractive stability properties [64].

3.4.5 DG in time discretization

All the fully discrete schemes presented above employ finite differences to approximate
the time derivative. In this section, we apply a DG method both in time and space by
considering test functions that vary in time and space. Denote the interval I, = (#,, t,+1)
and define the discrete space:

Warn ={v:(0,T) = Dp(E) : YO <n < (Nt —1),v|;, € P,(I)} (3.37)

with

q
P, = {v 2L, = D(E) Ve I, v(t) = Zvj,,,tf, Vjia € Dk(é'h)}. (3.38)

j=0
Clearly, the functions in W, j are discontinuous both in time and space. The discontinuity
points in time are the endpoints of the intervals /,,, and the discontinuity points in space are
the boundaries of the mesh elements. We need to introduce the jump of a function at time
t", which we denote by [-], to differentiate from the jump in space defined in Section 2.3.1:

vl = lim v, +5), v = lim v(, —s), [V'], =0} —vl.
s—0t s—0t
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The fully discrete variational formulation is as follows: Find Z; € Wy, such that

i Iz
Yo € Warn, Z/ ((—hv> +ae(Zh,v))dt
n=0 1y ot Q

Nr—1 Nt—1

+ Z([zg],,u1)+(zg+,vﬁ)g - Z / L(t; v)dt + (20, v))g. (3.39)
n=0 Ly

n=I1

The exact solution satisfies (3.39) since [z"], = 0, but z(0) is not zy. Since the functions in
Wa: ., are not required to be continuous at the time ¢”, we can fix one interval /, and choose
v to vanish outside I,,. Therefore, (3.39) is equivalent to the following system of equations:

YO<n<(Nr—1), YveP,(l,), / ((83% v) +ac(Zy, v))dt
A Q

+(z;;+,v1)gz/ L(t; v)dt + (Z)_,v")q. (3.40)
1,

n

Here, we denote 227 = 7.

Lemma 3.11. There exists a unique solution to (3.39).

Proof. Since problem (3.39) is linear and finite-dimensional, it suffices to prove unique-
ness of the solution. We use the equivalent formulation (3.40). Let W), € W), o, denote

the difference between two solutions. We show by induction on n that W, |, is zero. First,
if n = 0, we have

aw
VU qu(ln)a / <<a_[h’ v) +a€(W/’hU)>dt+(W;:+7U1)Q :O
I Q

Choosing v = W), yields

1/d
/ 2 (E”WhHZLz(Q) + ac (W, Wh)) dr + ||W1:l+||i2(ﬂ) =0.
I,

Thus, from the coercivity of a,
%(HW’Z+1 72 = Wi 1 72) + & /1 | IWallzdt + W) 1172, = 0;
equivalently,
%(IIW"_+l 172 + 1Wh 172 + 5 /I IWhllzdt = 0.

This implies that W;, = 0 on the interval I, for n = 0. To finish the induction argument, we
assume that W, = 0 for I,,_; for some n > 1 and show that W, = 0 on I, by repeating the
argument. [



90 Chapter 3. Purely parabolic problems

Example 3.12. In the case q = 0, the solution Z;, is piecewise constant in time on each
interval 7,,, and in particular % = 0. The scheme (3.39) becomes forall0 <n < (Nt—1)
Zpli, — Zili,_,

Yv € Dr(&p), < Y,

1
) Z ) = - L t;
U)Q-i-ae( nl,»v) =+ /1 (5 0)

with the notation Z,|;_, = Zo. We have recovered the backward Euler time discretization
with a modified right-hand side.

Example 3.13. In the case ¢ = 1, the solution Z, is piecewise linear in time on each
interval. For example, one may write

t—1,
Z2;n 5

Viel,, Z,it)=12Z,
n (1) Ln + A7

where the functions Z;., and Z,., belong to Dy (&,). The scheme (3.39) becomes for all
0<n=<(WNt—-1

At
(Zl;n + ZZ;nv U)Q + Atae(zl;na U) + 7616(22;}17 U)

= / L(t;v)dt + (Zip—1 + Zop—1, Vg,
I,

Zon, Vo + ac(Zy.,,v) + ac(Zoy.p, v — —t,)L(t; v)d
5 2; Q 2 elLq; 3 e\ £2; At "
with the additional notation Zl;_] = ZO and Zz;_l =0.

Lemma 3.14. There is a constant C independent of h such that for all 1 <m < Nt

tm 1
2 2 =~ 2 2 2
”Z;,n_”LZ(Q)‘l"/(; ”Zh ”gdt = C<||ZO||L2(Q)+”f”LZ(OJ‘;LZ(Q))—i_ E |e|50 ||gD||L2(0,T;L2(e))>'
eco2

Proof. Choosing v = Zj, in (3.40) yields

1
FUZ @) + 12041 20) + 5 /1 I1Zullzdt <

/ L(t; Zp)dt + (Z;_, Z e
I

Using Cauchy—Schwarz’s inequality, we have
1
SUZ o) = 123 N0) + & /1 1 Znlizdt < /, |L(t; Zy)\dt.

Summing from n = 0 to n = m, we have

Im

I
1Z3 W72y + 2% /0 I1Zallzdt < 11Zol172q) + 2 /O \L(t; Zy)\d1.
The final result is obtained by using the bounds (3.16) and (3.5). [0

Error estimates are obtained in a similar way.
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3.5 Implementation

Once the DG method has been implemented for solving elliptic equations, it is a simple
task to modify the software so that it solves parabolic equations. All time discretization
methods presented in this chapter are one-step methods: in order to determine the solution
at time "', we need to know the solution at the previous time step ¢". For DG in time
discretization, the solution on the previous interval I,,_; is needed. We use the same data
structure defined in Section 2.9, but we modify the attributes of the structure el enent .

typedef struct {

i nt face[ 3];
i nt parent;

i nt child[4];
i nt degree;

i nt reftype;

doubl e *sol dofs_prev;
doubl e *sol dofs_curr;
} element;

The array sol dof s_pr ev stores the local degrees of freedom for the solution at the
previous time step, whereas the array Sol dof s_cur r stores the local degrees of freedom
for the solution at the current time step.

If the forward Euler time discretization is used, the mass matrix M is block diagonal,
and thus local linear systems on each mesh element are solved. This is an attractive feature
for parallelizing the code. In addition, basis functions can be chosen so that M becomes
the identity matrix.

We finish this section by giving the algorithms for the backward Euler and forward
Euler schemes.

ALGORITHM 3.1.

Backward Euler DG scheme

initialize At = 1/Nr

compute mass matrix M

compute stiffness matrix A

compute;ight-ﬂhand side (5),- = (2o, ¢~>i)g

solve M&,=b

loop over time steps: forn = 1 to Ny do
compute right-hand side F"*!
solve (M + AtA)E, = M&,+ AtF"
copy §; =&

end

ALGORITHM 3.2.

Forward Euler DG scheme
initialize At = 1/Nyp
compute mass matrix M
compute stiffness matrix A
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compute right-hand side (I;),» = (Zo, Pi)a
solve M E 0= b
loop over time steps: forn = 1 to Ny do
compute right-hand side F"*"'
solve M&, = (M + AtA)é,+ AtF"~!

copy §; = §

end

3.6

Bibliographical remarks

Primal DG methods combined with backward Euler or Crank—Nicolson time stepping tech-
niques for solving parabolic problems are analyzed in [1, 91]. A general study of the
Runge—Kutta methods can be found in [22]. DG in time methods for partial differential
equations have been thoroughly studied (see, for example, [80, 53, 54, 106] and the refer-
ences therein). Recent developments can be found in [55, 98, 99, 78].

Exercises

3.1.

3.2
3.3.
3.4.

3.5.

3.6.

3.7.
3.8.
3.9.
3.10.

Let 0Q2 = I'p U I'y. Define the DG semidiscrete scheme for the parabolic prob-
lem (3.7) with the boundary conditions

z=2zp on Ibp,

KVz-n=2zy on I\.

Show that the matrix M is block diagonal and symmetric positive definite.
Show that the matrix A is positive definite.
Show that

1 2 2
FUvlioe = lwlo.g) = (v —w, v).

Prove error estimates without using the elliptic projection. Rather use a standard
approximation (continuous Lagrange interpolant for instance). State all conditions
on the parameters.

Modify the proof of Lemma 3.6 so that Poincaré’s inequality is used instead of
Gronwall’s inequality. The resulting constant C is then independent of 7.

Prove the bounds (3.30) and (3.31).

Prove Lemma 3.8.

Prove Theorem 3.10.

Derive the error estimates (3.35) and (3.36) for the Crank—Nicolson time discretization.
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3.11. Write in C or MATLAB® a program that simulates the diffusion of a contaminant
through a porous medium, modeled by the following equation:

g—f(t,x) — g—ig(t,x) = e*)‘z(cos(t) —22x2—Dsin@®)) in (0,7) x (0, 1),
z(t,0) = sin(t),
z(t,1) = e lsin(r),
z(0,x) = 0, xe(,1).

For the space discretization, use the SIPG and NIPG methods with the follow-
ing parameters: o € {1; 10; 100}. For the time discretization, use the backward
Euler method and the DG in time method of degree 1. Given the exact solu-
tion z(¢, x) = e cos(t), compute the numerical errors in [*°(0, 7; L?*(0, 1)) and
12(0, ; HOl (0, 1)) and the convergence rates for each of the 12 cases. For this, one
needs to choose a step size At and a mesh size /& accordingly; for example one
may start with 2z = 0.1 and then divide & successively into two. Plot the numerical
solutions in all cases.






Chapter 4

> Parabolic problems with
convection

This chapter deals with the transport equation, i.e., a parabolic equation with a convective
term. Issues such as slope limiting for overshoot and undershoot phenomena may arise if
the convective term dominates the diffusive term.

4.1 Model problem

Let Q be a polygonal domain in R, d = 1,2, or 3. Let u : R? — R? be a vector function
satisfying
V.u=0.

The boundary of the domain €2 is decomposed into two parts: the inflow part 'y, and outflow
part Iy, defined by

lh={xe€dQ:u-n<0}, [o=0R\ .

For f(z) € L*0, T; L3()), zin in L2(0, T; H*(Ti)), and zo € L2(2), we consider the
parabolic problem

%—FV-(uz—DVZ):f(z) in (0,7) x Q, 4.1
(uz — DVz)-n=zpuu-n on(0,T) x Iy, “4.2)
—DVz-n=0 on(0,T) x oy, “4.3)

z=17209 in{0} x Q. 4.4)

This problem models, for example, the transport of a chemical species through a porous
medium. The vector u is a given divergence-free velocity field, and the function z is the
concentration of the contaminant. The function f(z) is a source function that is Lipschitz
with respect to z:

Yw,v, [f(w) = f@)] = Clw—v| 4.5)

95
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The parameter D is a diffusion coefficient that may vary in space, but it is bounded above
and below by positive constants:

Vx, 0< Dy < D(x) < D;. 4.6)

The concentrations zj, and zg are, respectively, the concentration at the inflow boundary
and the concentration at the initial time.

Problem (4.1)—(4.4) differs from problem (3.7)—(3.9) in the sense that the convective
term V - (uz) has been added, the source function depends on the solution in a nonlinear
fashion, and the boundary conditions are of mixed type on part of the boundary and of
Neumann type on the other part. The transport equation (4.1) is written in a conservative
form. Using the fact that u is divergence free, we have

V-(uz)=(V-w)z+u-Vz=u-Vz.
This yields a nonconservative form of the transport equation:

9z
8—§+u'Vz—V~DVZ=f(Z)iH(O,T)XQ'

4.2 Semidiscrete formulation

Problem (4.1)—(4.4) is first discretized in space by the DG method. The domain € is
subdivided into elements (see notation defined in Section 2.3). First, the diffusive term
V - (DV7z) is discretized by the usual bilinear form a. similar to the one given in (2.23).
Because of the mixed boundary conditions, the jump term penalizes the interior faces only:

0
acw,v) =3 / DVw-Vo+ Y Ijleﬁo /[u)][v]
E e

Ec&, eely
- Zf{DVw n)[v] + € Z f{DVv~ng}[w]. (4.7)
eel, V¢ eel’, V¢

This bilinear form yields the following energy seminorm:
12

0
_ /257,112 e 2
lvlle = E ID“Vull12pg) + E o|fo Iv1ll72

E€&y, eel’)

Second, the convection term V - (uz) is approximated by an upwind discretization. Let us
denote the upwind value of a function w by w"P. We recall that n, is a unit normal vector
pointing from E] to E%:

wur’:{ wley A wene =00y G p AR, (4.8)

wlg if w-n, <0
The dependence of the upwind discretization b on the vector u is explicitly given:

b(u; w,v) = — Z / uw - Vo + Z /u -n,w[v] + Z /u - R WY, 4.9)
E e

Ee&), eel’y €€lgy V¢
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The semidiscrete DG approximation Z, € L*(0, T; Di(&))) satisfies the variational
formulation

Vi > 0, Yo € Dy, (% v) + ac(Zn(0), v) + blws Zu(0), v) = L, Zy(1); v),
Q
(4.10)
Yv e Di(&Er),  (Z1(0),v)g = (20, V)g,
@.11)

where the form L is

L(u, w; v) =/ f(w)v — Z /u “ R, ZinV.
Q2 el ¢
4.2.1 Existence and uniqueness of solution

Assume that {¢; : 1 < i < NjocNg} is a basis of the finite-dimensional space Dy (&) (see
Section 3.3). For all ¢ > 0, we can write the solution Z,(¢) as a linear combination of the
¢;’s with coefficients &;’s. We obtain a system of ordinary differential equations:

dE . .
Md—f(t) + (A + B)t =G(&),
ME(0) = Z,.

The matrices M, {\ are defined by (3.15). The matrix B results from the convective term,
and the vector G (§) depends on the vector solution

V1 <i,j < NieNet, (B)ij = b(u; ¢;, 1),
V1 <i < NN, (G); = L(u; &; §)).

Since the matrix M is invertible and the vector function G(E) is Lipschitz with respect to E,
there exists a unique solution to (4.10)—(4.11).
4.2.2 Consistency

Lemmad.1. Ifz € H' (0, T; H*(&)) is the solution of (4.1)—(4.4), then z satisfies (4.10)—
(4.11).

Proof. Let v be a test function in Dy (E,). We multiply (4.1) by v|g and integrate by parts
on one element E € &:

<%,v) —/(uz—DVz)-Vv+/ (uz—DVz)-nEUZf f@v.
at E E dE E



98 Chapter 4. Parabolic problems with convection

Summing over all E and using the regularity of the exact solution, we obtain

a
(—Z,v> +a€(z,v)—2/zu-Vv— Z/DVz-nev
ot Q Ec&, E €

wEl oy

+Z/u~nez[v]+ Z /u~nezv+ Z (uz — DVz) -n.v = (f(2), v)q.

ecl, V¢ e€lon € eely ¢

Using the boundary conditions (4.2), (4.3) and noting that z'P = z, we clearly have (4.10).
Equation (4.11) is trivially satisfied. [

4.2.3 Error estimates

In this section, we state a priori error estimates for the semidiscrete scheme [94].

Theorem 4.2. Assume that the solution z to problem (4.1)—(4.4) belongsto H' (0, T; H*(E))
and that zo belongs to H* (&) for s > 3/2. Assume that By(d — 1) > 1. In the case of
SIPG and IIPG, assume that o0 is sufficiently large for all e. Then, there is a constant C

independent of h such that

T 172
lz = ZnllLe@2) + (/ lz(#) = Zx (t)llidt>
0

in(k-+1,5)—1
< CA™ LNz o w5 ) + z0ll s ()

Proof. We skip many details, as most of the argument is similar to the proof of Theorem 3.4.
We write z — Z, = p — x with p = z — Z and x = Z; — Z. The function z € D(&) is
an approximation of z that satisfies good error bounds. For instance, zZ can be the elliptic
projection of z (see (3.20)). The error equation is satisfied for all v in Dy (&y):

o’ at
+b; p,v) + (f(Zn) — f(2), v)a.
Now, by choosing v = x and using the coercivity property of a., we obtain

ld, o 2 . p
§E||X||L2(Q)+K||X||£+b(u7X7X)S EaX o

t+ac(p, x) +b@; p, x) + (f(Zn) — f(2), X)a-
Next, we show how to handle the terms b(u; x, x), b(u; p, x), and (f(Zy) — f(2), X)a
since the other terms are identical to the ones in the proof of Theorems 2.13 and 3.4. Using
a technique introduced in [30], we use Green’s formula on the convection term and the fact
that V.-u = 0:

(ax v) +ae(x,v)+b(u;x,v)=<a—p,v> +ac(p.v)
Q Q
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2_2/ uonex

EcE,
= = E /u ne E /u ne)(
eEF;, 6689

Thus, we obtain

b(; x, x) = — Z/ux Vx+2/u nex" x]+qu nex’

Ee&), eel’), e€loy
=% [wn (xoa-5001) -5 ¥ fwenai+ ¥ [
ecl’) ecd2 eel‘ou‘
—Z/u ne(x*Ix1 - {x}[x])——Z/u nex’ + 5 Z /u nex’
ecly, eelyy eeFom
=—Z/|u nlix + = Z/w nolx? + Z/w nlx’.
eel’y, eel"m EEFOU[

Therefore, b(u; x, x) > 0. We now bound each term in b(u; p, x). First, using Cauchy—
Schwarz’s and Young’s inequalities, we have

> [uo-Vx=C Y ol Vxl
Eeg, " E Eeg)

=

_”Xllg + C”,O”L 2(Q)"

e e]

Similarly, we have

L L
Z/u o™ < Y w2 Dol - mel? palo.e

eel’, ¢ eel’y,
1 L 2 2
< 7 2 M e PG, +C 3 10" e,
ecly ecly,

1 1
> [uemon =3 3 Ml + € Y ok

el V¢ ey el oy

Finally, we bound the nonlinear source term, using the Lipschitz property:

/ (f(Zn) = fF@)x = ClZn =zl @ X 2@
Q
< Clix 32 + Clolz g

The final result is obtained by combining all bounds and using Gronwall’s inequality of
Lemma3.1. 0O
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4.3 Fully discrete formulation

We can choose any of the time discretizations described in Chapter 3. The analysis of the
resulting fully discrete schemes can be done in a similar way. We do not present the results
here. Rather, we discuss the challenging case where the convection term dominates the
diffusion term in the transport equation. Two quantities characterize the problem, i.e., the
Peclet number P, and the Courant number C,:

h
b lul

R
e D - .

h

. G

The Peclet number relates the rate of convection to the rate of diffusion. The higher P,
is, the larger advection effects are. The Courant number appears in the stability condition
for explicit in time discretizations. This stability condition requires in general that C, is
bounded by a small constant.

4.3.1 Overshoot and undershoot

The solution z of (4.1)-(4.4) is naturally bounded below and above by some constants if
the source function f(z) on the right-hand side of (4.1) is equal to zero. If z represents a
concentration, we can assume that

0<z<l. 4.12)

Overshoot and undershoot phenomena occur when the numerical solution Z;, does not sat-
isfy (4.12) or if the value Z; increases (or decreases) without any physical reason. These
phenomena occur with the DG method applied to the transport equation with high Peclet
number. Because of the discontinuous approximation, overshoot and undershoot are local-
ized near the front. We illustrate this point with a numerical example.

Let Q = (0, 1) be subdivided into 10 x 10 rectangular elements. We solve prob-
lem (4.10) with the NIPG method with zero penalty and piecewise linear approximations
(k = 1). We choose a velocity field u = (1, 0) and a Courant number C, = 0.1. The inflow
concentration is set equal to one on the left vertical boundary of 2. The initial concentration
is zero. The resulting numerical solution varies only in the x-direction. Fig. 4.1 shows the
numerical concentration at a fixed time for different time discretizations and different Peclet
numbers. We see that as P, increases from 1 to infinity, the amount of overshoot and under-
shoot increases near the front. There is no overshoot and undershoot for P, = 1 for forward
Euler, backward Euler, and Crank—Nicolson schemes. For P, = 100, the backward Euler
discretization is the most diffusive one and yields an overshoot of 2.6% and undershoot of
1.6%. Forward Euler yields 12.3% of overshoot and 26.2% of undershoot, whereas Crank—
Nicolson yields 5% of overshoot and 6.1% of undershoot. The case P, = co corresponds to
a zero diffusion coefficient, and similar overshoot and undershoot quantities are obtained for
all three time discretizations. Next, we set the penalty value 0 = 1 and use NIPG. Fig. 4.2
shows the amount of overshoot and undershoot for backward Euler and Crank—Nicolson
schemes for the case P, = co. The amount of overshoot increases (7% for backward Euler
and 14.4% for Crank—Nicolson), whereas the amount of undershoot decreases (0.6% for
backward Euler and 2.6% for Crank—Nicolson). If we use SIPG or IIPG with (TL? =1, we
obtain similar results.
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1 12 1

1" \ Pe=100, infinity e a— Pe=100, infinity TE———"\\4 Pe=100, nfinity
osf - osf = o8 =
06 06 06

Figure 4.1. Profiles of numerical concentration obtained for different Peclet num-
bers and different time discretizations: forward Euler (left), backward Euler (center), and
Crank—Nicolson (right) with NIPG 0.
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JE

08}

02f

Figure 4.2. Profiles of numerical concentration obtained with backward Euler
(BE) and Crank—Nicolson (CN) and with NIPG 1 and P, = <.

Remark: If the DG space is the space of piecewise constants, then problem (4.1) reduces
to a convection problem as the diffusive terms become zero in (4.10). The solution Zj
is then monotone, and no overshoot/undershoot is observed. However, the solution is too
diffusive, and it is necessary to use higher polynomial degrees.

4.3.2 Slope limiters

The overshoot/undershoot phenomena can be greatly reduced by the use of slope limiters.
On each mesh element, the limiting procedure replaces the solution Z;, locally by a piecewise
linear £Z;, wherever necessary [37, 46, 70]. We present some slope limiting techniques in
1D and 2D.

Slope limiter in 1D:
Assume that piecewise quadratics are used. On the interval (x,, x,+1), we can rewrite the
DG solution as

Y, <X < Xpp1,  Zp(x) = ag +aiyn(x) +ay ((%(x))2 B %)



102 Chapter 4. Parabolic problems with convection

Figure 4.3. DG solution before limiting Z;, (solid line) and after limiting Z),
(dashed line).

where aj, ai, a5 € R and v, is the linear function defined by

_ XptXag

Vo) = 2

Xn+1 — X

It is easy to obtain the coefficients a] from the coefficients o] of the expansion (1.9). In this
equivalent form, the coefficient a; represents the average of Z;, over the interval (x,, X,+1).
We compute the limited coefficient:

al - n+l1 n—1

_n _ | oal it laf| < Mim
minmod(ay, y(ay” —ag), y(ay —ay,~ ) otherwise.

The function minmod is defined by

. ) sminjg<3la;| if s = sign(y)) = sign(yz) = sign(ys),
minmod(ys, y2, y3) = { 0 otherwise.
The parameters My, and y control the amount of limiting. The amount of overshoot/
undershoot decreases as Mji, decreases. In practice, y = 1 or y = 0.5. If af # af, then
the limited solution is

LZ, = aj + aiy,(x).

Fig. 4.3 shows the new limited solution with respect to the original solution.

This limiter relies on the assumption that spurious oscillations are present in Z; only
if they are present in its linear part, which is its L? projection into the space of piecewise
linear functions. In that case, the higher order part of the approximation is eliminated.

Slope limiter in 2D:
Rectangles: If the element is rectangular, we can apply the one-dimensional limiter in each
direction. For instance, if £ = (x,, X,+1) X (Vm, Ym+1), we can expand the DG solution as

V(x, Y) €L, Zy(x, )’) = agm + alllmwn(-x) + a;mém(y) + aglmwn(x)ém(y)

nm 2_1 nm 2_1
+ay" | (Ya(x)) 3) s En(y) )
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Figure 4.4. Triangle configuration for building the limiter.

where v, is defined above and &, is the corresponding linear:
y — YmtYm1

Ym+1 — Ym .

Em(y) =

The coefficient a;™ represents the average of Z, over E. Then, we compute

nm nm
g'm — { a; if |al | = Mlim

1 minmod(a}”™, y(a6’+l’m —ay™), y(a)" — ag_l'm)) otherwise.
amm — agm if |a,21m| = Mlim
2 minmod (a2, y (ay™ ™ —al™), y (@™ —al™ ")) otherwise.

If ai™ # a™ or a™ # a3"™, the solution Zj, is replaced by
LZp = ag + ai" Y (x) + a3"En (¥).

Triangles: Next, we define a limiter on triangular elements. This postprocessing consists
of several steps.

(1) Step one: compute neighbor averages:
We first compute the average saturation for the element to be limited and all neigh-
boring elements as follows. Assume that a given element E, has three neighbors
E,, E,, E; (see Fig. 4.4). Let Z,; denote the average solution of Z; over E;:

_ 1
Ziz—/ Zy.
|Ei| JE,

(i1) Step two: test if limiting is necessary:
Let m; denote the midpoints of the edges of Ej. We then compute the saturation

Zy|E,(m ), and we check that this value is between Z ; and Zo. We stop here if the
test is successful; otherwise we continue to step three.
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Figure 4.5. Limited DG solution for NIPG 0: backward Euler (solid line), Crank—

Nicolson (dashed line), and forward Euler (dotted line).

(iii)

@iv)

Step three: construct and rank three linears:

We construct three linears using the gravity centers b; of E; and the averages V4 . For
instance, if we write the linears as L;(x, y) = aj +ajx + a3y, for j € {1,2, 3}, they
are uniquely determined by

Li(bo) =2y and L;(b)=Z forl # j.

We then rank the linears by decreasing / (a{ )2+ (ag)z.

Step four: select appropriate linear:

We finally check that the values of the linears evaluated at the midpoint m;, L ;(m;),
are between S‘l and S‘o for 1 > I > 3. The linears are tested in the order given in
the previous step. If one of the linears passes this test, it is chosen to be the limited
solution. Otherwise, if none of the constructed linears satisfies the test, then the slope
is reduced to 0.

We repeat the experiments described in Section 4.3.1, but we now apply the slope

limiter after each time step. We choose My, = 0,y = 1. The diffusion coefficient is
D = 103, which yields a Peclet number P, = 100. The amount of overshoot is reduced
to zero for all three time discretizations. The undershoot is zero for forward Euler and very
small for backward Euler (0.4%) and Crank—Nicolson (0.8%). Fig. 4.5 shows the solution
Z, for NIPG 0 (to compare with Fig. 4.1). Similarly, Fig. 4.6 shows the limited solution for
NIPG 1 (to compare with Fig. 4.2). If forward Euler is stable, it gives a sharper front than
Crank—Nicolson. The more diffuse front is obtained with backward Euler.

4.3.3 An improved DG method

In many applications, the diffusion coefficient D varies over the domain with several orders
of magnitude. In this case, some overshoot and undershoot occur at the interface I", through



4.3. Fully discrete formulation 105

Figure 4.6. Limited DG solution for NIPG 1: backward Euler (solid line) and
Crank—Nicolson (dashed line).

which the flow crosses from a region with low diffusion to a region with high diffusion.
We propose an improved DG method without using slope limiters, for which the local
oscillations are minimal in the neighborhood of I',. We assume that within each mesh
element, the diffusion coefficient is of the same order. We modify the primal DG methods
and consider the upwind diffusive fluxes on I',.. In (4.10), the bilinear form a. is replaced
by ae:

a)
o|fo /e[w][v]

-y /{DVw-ng}[v]+e > [ {DVv-n}(w]

ac(w, v) = Z/EDVw~Vv—|— Z

Eeg), eely\Is

eel\Ty ecT)\T, * ¢
UO
e up _ . up
+ 2 L [ i) = Y [0y noe
eel’, ¢ eel’, V¢
+eZ/(DVv-ng)”p[w].
eel, ¢

The resulting scheme is still consistent, and optimal a priori error estimates can be obtained.
Fig. 4.7 shows a two-dimensional domain with varying diffusion and the numerical solutions
obtained with the usual and improved NIPG methods and an explicit forward Euler time
discretization. The diffusion coefficient is one thousand times smaller in the black regions
than in the white regions. The velocity fieldis u = (1, 0). The interface I, is thus the union
of some of the mesh edges. We observe that the amount of overshoot and undershoot is large
for the standard NIPG (without upwinding the diffusive flux), and, after several time steps,
the solution blows up. The improved NIPG has nearly zero overshoot and undershoot, and
the limiting steady-state solution is obtained as time increases.
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Figure 4.7. Mesh and diffusion coefficient: D = 1 in white regions and D = 1073
in black regions (left). Contours of standard NIPG solution (center) and improved NIPG
solution (right).

4.4 Bibliographical remarks

A DG method for steady-state convection-diffusion problems is defined in [80]: upwinding
is introduced. More recent works are [25, 72]. Primal DG methods for reactive transport
are studied in [94, 104, 105, 87]. Analysis of LDG methods applied to transport problems
can be found in [36, 41].

Exercises

4.1. In the case of the parabolic problem with a convection term, write down the local
mass conservation property that the DG scheme satisfies.

4.2. In the case of the parabolic problem with a convection term, derive the fully discrete
apriori error estimate for the backward Euler discretization and for the SIPG method.
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Chapter 5
- Linear elasticity

This chapter illustrates the use of primal DG methods for a simple solid mechanics problem,
namely the linear elasticity problem. We show that the DG scheme is very similar to the
one obtained for elliptic problems.

5.1 Preliminaries

5.1.1 Strain and stress tensors

Let u(x) be the displacement vector at a point x of a homogeneous elastic body & C R?,
d = 2, 3. The strain (or deformation) tensor € (#) = (€;(#))|<k.1<q is defined by

1
e(u) = E(Vu +vu'),
or equivalently

1 [Our Juy
V1 <k, <d, =—|—+—,
€u(®) 2 <8x, 8xk>

since Vu = (%)k,l. The stress tensor is denoted by o () = (0;; (1)) 1<, j<a such that o;; (1)

is the normal stress in the direction x; and o, (#) fori # j are the shear stresses. The stress
tensor satisfies the constitutive relationship:

d
Vi<i,j<d, o;@u)= Z Dijri€r (), (6.1
k=1
where D = (Djjx)iju is a fourth order tensor satisfying some symmetry properties:
Diji = Djirw = Dijik = Dyij- (5.2)
We assume that D is positive definite and piecewise constant in €2, i.e,

Vi) 0, 0< Doy yi <Y vijDijuva < D1y v (5.3)
ij ijkl ij

109
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For example, in 2D, by Hooke’s law, the stress tensor can be written as

011 A +2[,L A 0 €11
022 = A A+ 2/L 0 €2 s
o112 0 0 1% €12

where A > 0 and n > 0 are the Lamé coefficients of the material.

5.1.2 Korn’s inequalities
From the definition of the strain tensor, we immediately have
Vo e Hy(Q), e lr2g < IVVlli2e).

The reverse inequality is not true in general. If v # 0 belongs to the space of rigid motions
on €2, then €(v) = 0. However, the reverse inequality is valid for functions vanishing on
the boundary. This is Korn’s first inequality [47, 29] in the usual Sobolev space HO1 ()%
there is a constant C > 0 such that

Vo e Hy (@7, IIVoll2@ < Cle®)l2@)-

In the Sobolev space H'(2)?, the classical Korn inequality states that there is a constant
C > 0 such that

Yo e H'(Q)Y, IVoll2@ < CUle®)l 2 + 0]l 120)-

Korn’s first inequality can be generalized to the broken Sobolev space H' (&4 (see [15)]).
Assume that I'p is a subset of the boundary 0€2 with |I'p| > 0. Then, there exists a positive
constant C such that

1/2
1
Vv e H'(&)", |||Vv|||Ho(g,l>sc(|||e<v>|||i,o(g,l>+ > —,||[v]||iz(e)> . (5.4

eelyur, 1€l

5.2 Model problem

Assume that the boundary of the elastic body is divided into two disjoint sets I'p and I'y and
assume that a system of body forces f : & — R? and surface tractions gy :I'n— RY act
on the body. On the other part I'p of the boundary, the body is rigidly fixed in space. Under
the assumption of small displacements [65], the displacement u = (u;);<;<4 satisfies the
following problem:

d 80’,‘1‘ . .
=Y Hw=f in @ Vi=1,....4d, (5.5)
— 8)61'
j=1
ui=0 on Tp Vi=1,....d, (5.6)
d
D oijn;=g on Ty Vi=1,...d, (5.7)

j=1
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where n = (n;)<;<4 is the unit outward normal to the boundary 92 and f; and g; are the
components of the forces f and gy. Equations (5.5) represent the equilibrium equations.
From [29], there exists a weak solution u € Hj ()¢ satisfying

Vv € Hy (Q)%, /ZDijkIle(u)Eij(v) = / f-v+/ gn-v.
Q ik @ Tn

Besides, if Ty = @, then u € H*(Q)“.

5.3 DG scheme

Let &, be a subdivision of . The notation used here is the same as in Section 2.3. We
consider the space of vector functions that generalizes the definition (2.29):

Di(En) = (DeEn)”.
The DG approximation U, € Dy (&) satisfies the discrete variational problem
Vv € Di(&), ay(Upy,v) = L(v), (5.8)
where the bilinear form a,) : Dy (&) x D(E,) — Ris given by

a,(w, v) = Z /EZDijkzékz(w)Eij(v)

Ec& Y E ijk

- > /Z{Dijklfkl(w)n;}[vi]+7l > /Z{Dijklekl(v)n;}[wi]

eel,Ul'p Y € ijkl ecl,Ul'p Y€ ijkl
d
de
+Y > g [ wilvl,
lel? J.

i=1 ecl',Ul'p
and the linear form L : Dy (&) — R is defined by

L(v):/f-v+/ gn - V.
Q Ty

To avoid any confusion with the strain tensor, the parameter that yields a symmetric or
nonsymmetric bilinear form is denoted here by n € {—1, 0, 1}. The last term in the bilinear
form a,, is the penalty term with two additional parameters: the penalty value 6, > O that
can vary from face to face and the power 8 that is usually taken equal to (d — 1)~! but can
be larger for a superpenalized DG method. The variable n} denotes the jth component of
n,.

The energy norm for the linear elasticity problem is defined below:

1/2

S
lole = [ D le@lpapm+ D ALl

Ec&, eel',Ulp
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5.3.1 Consistency

Let u be the solution of (5.5)—(5.7). Then, following a similar argument as in Section 2.4.1,
one can obtain that u satisfies (5.8). The proof requires the additional result, which is an
easy consequence of the symmetry of the stress tensor:

ov;
D oia = Y 0j@e; ).
1<i,j<d J 1<i,j<d

Indeed, we have

Z O-lj(u)g%: Z ;O-U(u) + Z o-lj(u)
J

1<i,j<d 1<i,j<d 1<i ]<d
1
= Z 2(71/(”) + Z th(u)
1<i,j<d 1<j,<d
1 av; 1 ij
= 2 gmge 2 soulogs
1<i,j<d 7 1<ij<d !
= Y oj@e;j(v).
1<i,j<d

5.3.2 Local equilibrium

The analogous to local mass conservation for the elliptic problem (see Section 2.7.3) is here
called local equilibrium, as the discretization of (5.5) is satisfied on each mesh element.

Lemma 5.1. Fix a mesh element E € &, with outward normal n* = (nf)i<j<4. Let
N (e; E) denote the element that shares the edge (or face) e with the element E and let U ;;
denote the ith component of Uy,:

VI <i<d, / fi= —Z/ {DijuenUnn}} —/ 8i
E i Jorr DENT
+ > o |ﬂ /(Uh|E Uil
ecdE\I'n

Proof. For a fixed 1 <i < d, choose the test function v = (v;); in (5.8) such that v; = 1
on E and zero elsewhere, and v; =0 for j #i. [

5.3.3 Coercivity

Lemma 5.2. [f the parameter 1 is equal to —1 or 0, assume that the penalty value §, is
sufficiently large and that B > (d — 1)~". There exists a positive constant k independent of
h such that

Yo e D& klvl: < ay(v, v).
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Proof. If n = 1, we simply have from (5.3)

5 .
ai(v,v) > Dolle@)lg+ Y Wn[v]niz@ > min(Do, 1|07
ecl',Ul'p ¢
If n = —1orn =0, we have
S

a(v,v) > Dolle(®)] + Z le|P

ecl',Ul'p

—(1=n) Y Z/{Di,-kzeklw)n;}[v,-].

eel,UTp ijkl v¢

101122,

It suffices to bound the last term of the inequality above. This is done using the trace
inequality (2.5) and following a similar argument as in Section 2.7.1. 0

A consequence of Korn’s inequality (5.4) and the coercivity of the bilinear form a,, is
the following lemma.

Lemma 5.3. There exists a unique solution U}, to problem (5.8).

Proof. It suffices to prove uniqueness. Denoting by wy, the difference of two solutions U
and U % to problem (5.8), we have

Yv € Dk(gh), a,,(wh, ‘U) =0.
Choosing v = w), and using Lemma 5.2, we have
lwalle = 0.

Thus, w;, = 0 from (5.4). 0O

5.4 Error analysis

A priori error estimates in the energy norm are given in the following theorem.

Theorem 5.4. Let k > 1. Assume that p = (d — 1)~ if the mesh contains quadrilaterals or
hexahedra; otherwise assume that B > (d —1)~'. Assume that the solution u of (5.5)—(5.7)
belongs to H*(E,)¢ for s > 3/2. Then, under the assumptions of Lemma 5.2, there is a
constant C independent of h such that

U, — ulle < CH™™ 9" gl e, ) (5.9)

Proof. The proof follows closely the proof of the error estimates for the elliptic problem
(see Section 2.8). First, we obtain an orthogonality equation by using the consistency of
the method:

Yv € Di(&), a,(Up —u,v) =0.

Let u be an approximation of u satisfying (2.10). Define x = U, — u and choose v =
in the equation above,

ai](Xﬂ X) = an(u - 12, X)v
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or from the coercivity of a,:

kllxllz < Z ZDijklékl(u — )€ (x) — Z Z {Dijuen(u —w)n5Hxil

E€&), ijkl eel,UTp ijkl ¥¢
e ~ 3¢ -
+n Yy Zfe{D,-jklekl(xm,}[ui —@l+ Y. o7 /e[" — ] - [x]
ecl,Ul'p ijkl ecl',Ul'p
=T+ - +T4 (5.10)

We now bound the terms 7;, using Cauchy—Schwarz’s, Young’s inequalities, and the ap-
proximation bounds:

T

A

% Z [ Dijuen ()€ (x) +C Z / Djjuern(u — w)e;;(u — )
E E

Ecé&, Ee&,

K 2 2 min(k+1,5)—2 2
§||X||5+Ch R 17 e

IA

The second term is bounded as follows:

BN\ 1™
h< Y ), <|§|e ) I{ D€ (w — w)n}lo,elllxilllo.e

eI, Ul ijkl
« lel”
2 ~ 2
s gxlE+C Y0 Y = MDiuen —ngHi,
eel,UTp ijkl ¢

2 2min(k+1,s)—3+p(d—1 2
Xl + Ch min (k+1,5)—3+5( )lllum]-p(g,,y

I—

=<

oo ®

Thus, if (d — 1) > 1, we have
K min s)—
T = SlxlE + C2m 2

The terms 73 and Ty vanish if the approximation # is continuous. Such an approximation
can be constructed in Dy (&) if the mesh contains only triangular elements or tetrahedral
elements. Otherwise, these two terms can be bounded using the trace inequalities (2.1),
(2.5) and the approximation results (2.10). We remark that the bound for Tj is valid if
B<@d-1"

T+ Tal = SR + CHPP 12

From the bounds above, we conclude that
Ixlle < CA™ 9" u|l o e,
which, with the triangle inequality, yields (5.9). [

Remark: If one wants to use a larger discrete space on quadrilaterals or hexahedra, namely
the space Q,, then the a priori error estimate is valid for all 8 > (d — 1)~!.
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5.5 Bibliographical remarks

Primal DG methods for linear elasticity have been studied in [111, 110, 66, 90]. Mixed DG
methods are considered in [71].

Exercises

5.1. Prove that if u € H?*(Q)? satisfies problem (5.5)—(5.7), then u satisfies problem
(5.8).

5.2. Complete the proof of the coercivity of the bilinear form a,,.

5.3. Derive an L? estimate for the numerical error for the SIPG method.






Chapter 6
Stokes flow

This chapter and the following one deal with CFD applications. The fluid flow is char-
acterized by either the Stokes equations or the Navier—Stokes equations. The domain is
two-dimensional, but the numerical methods and the analysis can be generalized to three-
dimensional domains.

6.1 Preliminaries

6.1.1 Vector notation

The gradient of a vector function v : R? — R is a matrix, and the divergence of a matrix
function A : RY — R?*? is a vector:

d
ov; da;
Vv = <_U) , E —
0%/ 1<i.jza 10X

Consequently, we have for a vector function v = (v;)1<i<q4
Av=V . -Vov= (Avi)ls,-id.

The L2 inner product of two matrix functions A, B is defined by

(A, B>Q=/ / > AyBy.
Q

1<i,j<d

6.1.2 Barycentric coordinates

Let E be a triangle with vertices A, A,, A3 and let 1, X,, A3 be the corresponding barycen-
tric coordinates of a point M in E. The point M is the common vertex to three triangles
E,, E,, E5 whose union forms E (see Fig. 6.1). For instance, the vertices of triangle E;
are the points M, A,, A3. Let |E| denote the area of E. The barycentric coordinates are

117
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Figure 6.1. Barycentric coordinates.

defined by the ratio of two areas:

|Eil

Denote the edges of E by e; such that e; = [A;, A3],e2 = [A3, Aj], e3 = [A}, A2] and
denote the midpoint of ¢; by B;. Clearly, we have
|1 fori=j, ) 0 fori=/,
ri(Aj) = { 0 fori#j, MBI= { L fori # .
The next result is an application of the Gauss quadrature rule for Qs = 1 given in Ap-
pendix A.

Lemma 6.1. Let E be a triangle and let e denote one edge of E with midpoint B. Then, for
allv € P(E), we have

/v:v(B)|e|. (6.1)
‘We now construct a basis of P (E) from the barycentric coordinates.
Lemma 6.2.
[Pl(E) = span(l — 2)»1, 1-— 2)»2, 1-— 2)»3).

Proof. Since dim(P;) = 3, it suffices to show that these functions are linearly independent.
Assume that there are coefficients o, >, a3 such that

3
D a1 —2x) =0.
i=1

Fix an edge ¢; and integrate over ey:

3 3
0= / D (1 =24) = Y ailerl(1 = 22,)(By) = axlexl.

=1 i=1
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Thus, ¢y =0fork=1,...,3. 0O

Therefore, any linear v can be written as
3
v = Zvi(l —21), v eR
i=1
The coefficients v; are obtained by evaluating v at the midpoint B;. Hence, we have

3
Yv e P(E), v= Zv(Bi)(l —2M). 6.2)
i=1

6.1.3 An approximation operator of degree one

Let &, denote a triangular mesh of a bounded domain €2 (see Section 2.3). We first define
a local operator  : H'(E) — P,(E) for any given mesh element.

We fix a triangle £ with edges ey, e;, €3, and we define, for any v € H'(E), the
polynomial wv € P (E) such that

/nv:/v, k=1,2,3.
(93 (93

This uniquely defines 7 v because, from (6.2), it suffices to determine wv(By) fork = 1,2, 3
(with By being the midpoint of the edge e;). From (6.1), we obtain

/ v =/ v = |ex|mv(By).
€ (43

1
wv(By) = m/ v.
k 473

The degrees of freedom of the linear w v are associated with the midpoints of the edges of
E and defined by ﬁ o V-
Furthermore, we have

Equivalently,

Yv e Pi(E), mv=nv.
Indeed, from (6.2), we have

3
7o —v =) (Tv(B) — v(B))(1 — 24)
i=1
and ! )
wv(B;) = —/ v=—1le|v(B;) = v(B)).
le:| Je, le:|
Let us now define the approximation operator R : H'(2)?> — D; (&) such that

Yo = (vi,0n) € H(Q)?, VE €&, Rvlg=@rv, ).
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In other words, if e denotes any edge in the mesh, we have

/Rv = /v. (6.3)

The operator R is called the Crouzeix—Raviart operator [39]. The function Rv is discontin-
uous across the edges except at the midpoints.

Lemma 6.3. The operator R satisfies
Vv e HY(Q)?, / V.- (Rv—v)=0,
E
Yv e H'(Q)?, Veely, /[R(v)] =0,

Yv € Hy (Q)%, Ve e dQ, /Rv =0,
e

Vo e HX(Q)?, IV = RV)|2) < Chel| V0l 2p).

Proof. The first equality is proved by Green’s formula and by (6.3):

V(Rv —v) = Rv—v) -ng =
/E(v v) /Z;E(v V) -ng Z(

ecdE V¢

(Rv—v)) -ng =0.

The second result is trivial:

/[Rv]:/[Rv—v]=/.(Rv—v)|;;1 —/(Rv—v)|52=0.

The result is similar for the third equality:

/Rv:/(Rv—v):O.

Finally, the last result holds true because Rv = v if v € P{(E)* (see [59]). 0O

6.1.4 An approximation operator of higher degree

There exists a similar operator R such that Rv|z € P, (E)? for all triangles E and for k = 2
and k = 3 (see [56, 38, 63]). This operator satisfies for any E

Yo e H'(Q)?, Vg e P (E), / gV - (Rv—1v) =0, (6.4)
E
Vv e H'(Q)?, VeeTl,, VqePii(e)? /q -[Rv] =0, (6.5)
e

Yv e Hi(Q)?, VYecdQ, VgelPi (e /q -Rv=0, (6.6)
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Vs e[l,k+1], VYve H'(Q)? lv — Rvll2) + hEIV(V — RY)| 12k
S ChsE'”IH"(AE)y (67)

where A is a suitable macroelement containing E. Furthermore, each triangle E € E}
has at least one side e such that

Vv e H'(Q)?, /(Rv —v)=0. (6.8)

6.1.5 Local L* projection

We fix a mesh element E. Let p € H*(E) and let p denote the L? projection of p onto
Py (E) defined by

Vo € Py(E). /(p —pw=0.
E
Then, there is a constant C independent of /g such that

- ~ in(k+1,
lp— P||L2(E) +hel|V(p - P)||L2(E) = Chl;;nn( M s)”p”H*(E)-

6.1.6 General inf-sup condition

We present the inf-sup condition in a general setting first [S9]. Letb : X x M — Rbea
continuous bilinear form defined on two Hilbert spaces X and M. Let || - ||x (resp., || - |ly)
and (-, -)x (resp., (-, -)y) denote the norm and inner product on X (resp., Y). The spaces X
and M satisfy an inf-sup condition [7, 18] if there is a constant 8 > 0 such that

inf sup M > B. (6.9)

aeM yex llqllmllviix —

We denote by X" and M’ the dual spaces of X and M. We define the mappings B : X — M’
and B': M — X' by

Yve X, VgeM, Buv(g) = B'qk) =b,q).
We also define the kernel of B, its orthogonal set, and its polar set:

V=Ker(B)={ve X:VgeM, b,q) =0},
Vlz{weX: Yv eV, (w,v)y =0},
Ve={pecX :YveV, ¢(v)=0).
Lemma 6.4. The following statements are equivalent.

(i) The inf-sup condition (6.9) holds true.
(ii) The mapping B is an isomorphism from V* onto M’ and

Vo e VY |[Bullw = Bllvllx.
(iii) The mapping B’ is an isomorphism from M onto V° and

VgeM, |B'qlx = Bllgllu.
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Let  C R? be a bounded polygonal domain. We now give an example of spaces that
satisfy an inf-sup condition, namely the spaces HO1 (2) and L%(Q). The space L%(Q) is the
space of square-integrable functions with zero average:

L3(Q) = {v e L*(Q): /v:O}.
Q

There exists a positive constant 8 such that

AVAN
inf  sup V-vda g (6.10)

aeL3@ yemt @2 19 2@ VY2

Equivalently, from statement (ii), for any ¢ € L§(S2), there is a function v € H, (£2)? such
that

1
Vev=gq, |IVvlg =< EHQHLZ(Q)-

6.2 Model problem and weak solution

Let Q be a bounded polygonal domain in R?. The Stokes equations for an incompressible
viscous fluid confined in €2 are

—uAu+Vp=f in 2, (6.11)
V.-u=0 in £, (6.12)
u=0 on 09RQ. (6.13)

The unknown variables are the fluid velocity # and the fluid pressure p. The constant u > 0
is the fluid viscosity; the function f is a body force acting on the fluid. Equation (6.11)
is referred to as the momentum equation, whereas (6.12) is the incompressibility equation
(or continuity equation). Since p is uniquely defined up to an additive constant, we also
assume that [, p = 0. If we assume that f € L?(2)?, a weak solution to (6.11)—(6.13) is
the pair (u, p) € Hol ()% x L%(Q) satisfying
Vv e Hy(Q)?,  u(Vu, Vo)g — (V- v, pla = (f, v)a. (6.14)
Vg € Li(Q), (V-u,q)g=0. (6.15)

The space of divergence-free vector functions is defined by
V ={ve Hj(Q)?>:¥q € L§yRQ), (V-v,q)q = 0}.

The space V is equipped with the norm v — ||V v||;2(q). Clearly, if (u, p) is a weak solution
satisfying (6.14), (6.15), then u is a solution to the following problem:

YveV, ulVu,Vv)g=I(f,v)q. (6.16)

One can check that the bilinear form (v, w) — w(Vv, Vw)gq is continuous and coercive and
that the linear form v — (f, v)q is continuous. Lax—Milgram’s theorem (Theorem 2.8)
implies that there is a unique u € V satisfying (6.16). Next, we consider the mapping

O:v—> u(Vu,Vo)g — (f, v)q.
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The mapping ® belongs to the dual space of H, (2)? and vanishes on the space V since u
satisfies (6.16). Therefore, ® belongs to the polar space V°. From the inf-sup condition
(6.10) and from (ii) in Lemma 6.4, there is a unique p € L%(Q) satisfying

Yo € Hj (Q)2, (V-v,p)= 0.

This is equivalent to (6.14). Thus, we have proved that there is a unique weak solution to
(6.11)—(6.13).

6.3 DG scheme

Let &, be a mesh of Q2 as defined in Section 2.3. For any integer k > 1, we define the
discrete velocity and pressure spaces:

X, ={velL*Q)?:VE €&, v e (P (E))?,
M), ={q € Ly(Q) : VE € &,,q € Py_1(E)).

We introduce the bilinear forms a. : X;, x X;, - Rand b : X;, x M, — R corresponding
to DG discretizations of the diffusive term —Au and the pressure term V p, respectively:

0
ag(w,v)=Z/Vw:Vv+ Z %/[w]-[v]
E e

Ee&, ecl', U2
- > [(VenDl+e Yo [(Voln,-[w], (6.17)
eclUAIQ Y ¢ eel,UIQ Y ¢
bv.q) =~ Z/qV~v+ Y [tg)] - ne. (6.18)
Eeg, U E eel,Ua Ve

As usual, the choice of the parameter € will yield the NIPG method (¢ = 1), the SIPG
method (¢ = —1), or the IIPG method (¢ = 0). The penalty parameter is denoted by o
for an edge e and is strictly positive. For simplicity, we do not assume superpenalization.
The derivation of the bilinear form a. is similar to the one for the elliptic problem. We now
give some details on the form b. Using Green’s theorem on one mesh element E, we have

/Vp-v:—/pv-v—i—/ pv - ng.
E E IE

We sum over all mesh elements and use the normal vector n, fixed for each edge:

S [vro=-Y [pvvs 3 [ipoen
£eg, Y E £e&, U E eel,UAR ¥ ¢
Finally, since p is continuous, we have p|, = {p}|., and we can write

> [vra==¥ [rvor X [t

Ec&, Ec&, ecl,UAIQ Y ¢
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which is exactly the expression b(v, p).
With these spaces and bilinear forms, the numerical method is as follows: Find
Wy, Py) € X;, x M, such that

Vv e Xy, pac(Up,v)+b, Pp) =(f,v)e, (6.19)
Vg e My, bU,, q)=0. (6.20)

Next, we state a consistency result and a coercivity result. The proofs are omitted, as they
are similar to the proofs given in the previous chapters.

Lemma 6.5. Assume that the weak solution (u, p) also belongs to H>(E,)* x H'(&)).
Then, it satisfies the scheme (6.19)—(6.20).

We define the energy norm for the Stokes problem:

1/2
Vo e H' (&) vlle = Y IVollfag + Z v]nm . (62D)
Ec&, ethUBQ
Lemma 6.6. Assume that o is sufficiently large if € = —1 or € = 0. Then, there is a

constant k > 0 independent of h such that

Yo e X, ac(v,v) > ko3

6.3.1 Existence and uniqueness of solution

Since problem (6.19), (6.20) results in a square system of linear equations in finite dimension,
it suffices to prove uniqueness of the solution. Let W, denote the difference of two solutions.
Set the data f = 0 and choose v = W, in (6.19). Since W, satisfies (6.20), we are left
with

ae(Wh, Wh) =0.

The coercivity of a. yields that W;, = 0. Thus, (6.19) is reduced to
Yv € X, b(v, Py) =0.

At this point, one cannot conclude that P, = 0. This result is a consequence of the inf-sup
condition established in Section 6.4.

6.3.2 Local mass conservation

In this context, local mass conservation is a consequence of the discretization of the incom-
pressibility equation. We fix an element E € &, and choose a function ¢ = 1 on E and zero
elsewhere. Equation (6.20) becomes

/v Uh+— Y |Wilne+ ) /Uh n. =0.

eeaE\aQ ¢ ecdENIQ
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Denoting by n g the outward normal to E and using Green’s formula, we have

1
—AEanE+§ > lwu-m+ > lvhwe=a

ecdE\IQ ecdENIQ

or equivalently

> [ {U-ne=0.

ecdE\IQ "Y€

We remark that this equation is comparable to the local mass balance satisfied by the exact

solution
/u -ng =0.
e

e€IE\IQ

6.4 Discrete inf-sup condition

In this section, we prove an inf-sup condition for the spaces X » and M, where X nisa
subspace of X:

X, ={v, € X, :VeecT,UdQ, vl -n, =0}

The proof relies on the Raviart—-Thomas interpolant [88, 59, 89] defined in the following
lemma.

Lemma 6.7. The Raviart-Thomas interpolant w : H' (Q)?> — X, satisfies for all v €
Hl (9)2

VE € &, Vq € P_(E), / gV - (rv—v) =0, (6.22)
E

Ve e ', U3, Vq € Pr_q(e), /q(nv —v)-n, =0, (6.23)

Vee ', UIQ, v, -n, € Py_(e), (6.24)
VE € &, llmv — vl 2 + hell Vv — v) |2y < Che||Vollae, (6.25)
|Tvlle < ClIVllL2 g (6.26)

with a constant C independent of hg and h.

Theorem 6.8. There exists a constant B* > 0, independent of h, such that

b(v, q) o g

nf sup —— > (6.27)
qEMn veX, lvlle ||CI ||L2(Q)

Proof. We shall prove that for any ¢ € M, there exists v in X}, such that

b(v, q) = Billqllz o (6.28)
lvlle < B5llgll 2o (6.29)
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with constants 8 > 0 and g5 > 0 independent of &, g, and v. Clearly, this will imply
(6.27) because

2
b(v, q) o g g 1720 _ *||Q||L2(Q)>ﬂ_ik
lvllelig iz

Hollelglize 0 lolle = B3
Letg € M. Since g € L%(Q) and the spaces Hol(Q)z, L%(Q) satisfy the inf-sup condition
(6.10), there exists v € HO1 (£2)? such that
- - 1
—V.v=gq, Vg = E”anz(Q)' (6.30)

Define the Raviart-Thomas interpolant v, = wv. Then, v;, € X, from (6.23) and (6.24).
We also have from (6.22) and (6.25)

-y /E(v g =— ) fE(v - 9)q = 91172 -

Ee&), Ee&,
Therefore, it follows that
b(vp, (’I) = ”‘I”iZ(Qy

This implies (6.28) with the constant i = 1. Property (6.26) and inequality (6.30) imply
that

vnlle < Cliglizzg)-
This concludes the proof. [
Remark: Define the subspace of Xj:
Vi={ve Xy Vg eM,,b,q)=0}

We say that V), is the space of discretely divergence-free functions. An immediate conse-
quence of Lemma 6.4 is that for a given g in M}, there exists a unique v in X, such that

0
Yw eV, Z/Vv:Vw+ 3 %/[v}[w]zo,
E e

Ec&, ecl, U2
) 1
bw.0) =Nty I¥lle = golalie

6.5 Error estimates

We prove optimal error estimates for the velocity and pressure. First, we need a lemma on
the approximation operator R.

Lemma 6.9.

Yv e Hy(Q)?, Yge M, b[Rv—v,q)=0. (6.31)
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Proof. Let v € HO1 ()% and ¢ € M,,. Then,
b(Rv—v,q):—Z/qV-(Rv—v)+ Z {g}[Rv —v] - n,.
Eeg, U E eel,UaQ v €

The result is then a consequence of (6.4)—(6.6). [
Theorem 6.10. Assume that the exact solution (u, p) belongs to H*1()? x H*(Q). Then,
the solution (Uy, Py) of (6.19), (6.20) satisfies the error estimate

1
lu—Uplle < cn* <|”|Hk+l(sz) + ;|P|Hk(9)) s (6.32)

where C is independent of h and 1.

Proof. Denote x = U, — Ru and £ = P, — p, where p is the L? projection of p. The
errors x and £ satisfy the equations

Vv e Xy, pac(x,v)+bw, &) = pac(u—u,v)+b(, p—p)),
Vg e My, b(x,q) =bu—u,q).

Choosing v = x, ¢ = £ and using (6.31), we obtain

1 -
ae(x,x)=ae(u—Ru,x)+;b(X,P—p), (6.33)

which yields by coercivity of a,

1 -
kllxl|% < ac(u — Ru, x) + ;b(x, p— ).

Then, we need only bound the two terms on the right-hand side. Throughout this chapter,
the generic constant C is independent of the mesh size & and the fluid viscosity p. By
definition, we have

acw—Ru,x) =Y _ /EV(u —Ru):Vx— > [{V(— Rw}n,-[x]

Ec&), eclUIQ V¢

0
te Y f{Vx}ne-[u—Ru]+ 3 %/[u—Ru]-[x]

eclUIQ V¢ ecl,UdQ
=TT+ + T3+ Ty

Using Cauchy—Schwarz’s inequality and the bound (6.7), we have

K
T < oIV XU +C D IV — Rl
EGE;,

< VIR + CH o o),
= 1oVl

=
A

K
= B |||VX I”%Z(Q) + Cl’lk|u|Hk+l(Q).
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Similarly,
K 1 2 )
LRSS e 1 + € Z lelI{V ( — Ru)}n |75 .-
ec,UaQ ecl,UaQ

The term [|{V (u — Ru)}n.|| ;> is bounded using trace inequality (2.2). For instance, if the
edge e belongs to the element E,, we have

IV @ = Rl =< Chig>(I19@ = Rw)lee) + hell V2@ = Rw) ) )-

Now since we do not have an estimate of || V2 (u— Ru)|| .2 (E)» we introduce an approximation
u of u satisfying (2.10), and we use an inverse inequality (3.6):

V2@ — Ru) |2z < IV — @) || 28y + I V(@ — Ru)ll 12
< IV*@ — @)l 25 + Chi' V(@@ — Ru)| 12k

We skip many details (left to the reader), and we obtain

Kk 1 2 2k, 12
T< 1o D X + CH lulh g

eel’,UoQ2 |e|

The third term is simply bounded using (2.5) and (6.7):
K
T3 = E”Wx”liz(g) + Ch2k|u|%.1k+1(g)~

Finally, since V - x € P;_;(E)?, the term involving the pressure reduces to

1 1 K C
SbGp=p = 3 [(p= B = I
K K eerpona e 10 K

Combining all the bounds above and using the triangle inequality

lu —Unle < llu — Rulle + Il xlle,

we obtain the final result. [

Theorem 6.11. Under the assumptions and notation of Theorem 6.10, there is a constant
C independent of h and  such that

lp— Prllrzy < Chk(ﬂ|u|Hk+l(Q) + 1plax@)-

Proof. Let p be the L? projection of p. We can write the error equation as follows:
1 1 -
Vo e Xy, ac(Up—u,v)+ —b, P, — p) = —b(v, p - p). (6.34)
2 2
From the remark in Section 6.4, there exists v € X » such that

- - 1 ~
b, Py = p) = =P = Pllfagy  I0lle < E”Ph — Ple: (6.35)
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and in particular

0
Z[V(Uh—Ru) Vo+ Y |—6/U;1—Ru]~[v]:0.

Ee&y ecl,UIQ

Therefore, (6.34) becomes

1 - 1 -
il Pl = acUy —u,v) — b =P

—Z/V(Ru—u) Vot Y ||/[Ru—u] [v] ——b(vp 7)

Ee&y ecl',UoQ
¥ [V —win w1 +e 3 [ (Vo 0 -l
eel eel’

The terms on the right-hand side can be easily bounded, and we obtain the final result. [

We now state the a priori error estimate for the velocity in the L? norm. The proof uses
the Aubin—Nitsche lift technique as in the proof of Theorem 2.14, and thus it is omitted. The
estimate is optimal for the SIPG method and suboptimal for the I[IPG and NIPG methods.

Theorem 6.12. Assume that Q2 is convex. Then, under the hypotheses of Theorem 6.10,
there exists a constant C independent of h and w such that

_ 1
lu—Ullr2q < CH*H'2 (|u|m+u<m + ;|P|Hk(9)) : (6.36)

where § = 0 for SIPG and § = 0 for IIPG and NIPG.

6.6 Numerical results

We solve (6.19)—(6.20) in the case of a known smooth function. We vary the polynomial
degree k from 1 to 3. The domain = (0, 1)? is subdivided into 2048 triangles. We assume
that the penalty parameter takes the same value for all edges e. Numerical errors for the
velocity and pressure are given in Table 6.1 and Table 6.2, respectively. Rates are computed
from errors obtained on two successive meshes. In the SIPG case, we obtain optimal error
estimates as predicted by the theory. In the NIPG case with positive penalty, we obtain
optimal error estimates for the velocity in the energy norm and the pressure in the L? norm.
We also observe, as for the elliptic problem, optimal convergence rates for the velocity in
the L? norm if the polynomial degree is odd and suboptimal if the polynomial degree is
even. Finally, we add convergence rates for the NIPG 0 method. This method numerically
converges for k > 2.

6.7 Bibliographical remarks

Primal DG methods for Stokes are introduced in [107, 61]. A method using discontinu-
ous divergence-free approximations of the velocity and continuous approximations of the
pressure is described in [11]. Mixed DG methods for Stokes are analyzed and studied in
[34, 100]: an additional unknown, namely the gradient of velocity, is introduced.
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Table 6.1. Numerical errors and convergence rates for Stokes velocity.

Method | k aeo V@ — Ullaoe, Rate lu — Ul Rate
NIPG 1 1 5.8810 x 107 1.0259 | 7.6486 x 107%  2.0013
2 1 1.3406 x 107 2.0041 | 4.7542 x 107%  1.9699
3 1 3.6084 x 107% 29843 | 1.1940 x 1079 3.9685
SIPG 1] 10 4.1955 x 1079 1.0345 | 6.8338 x 107 1.8462
2|10 1.3995 x 107 2.0251 | 3.8299 x 1077  3.0411
3110 7.4763 x 1079 3.4034 | 1.7002 x 10~%  4.4039
PG 1] 10 4.1446 x 1079 1.0159 | 4.8448 x 107  1.8866
2|10 1.2701 x 107 2.0012 | 1.8436 x 107%  2.0620
3110 3.2272 x 107%  3.0023 | 9.2767 x 107  3.9536
NIPG 21 0 1.4465 x 107 2.0093 | 5.8801 x 1079  1.9718
3 0 3.9253 x 107%  2.9767 | 1.3147 x 107%  3.9715

Table 6.2. Numerical errors and convergence rates for Stokes pressure.

Method | & er ||[) — Ph ”LZ(Q) Rate
NIPG 1 1| 9.8746 x 1073 1.0248
2 1| 51239 x 1075 2.2044
3 1| 29978 x 107%  2.9778
SIPG 1|10 | 25143 x 1072 0.9874
2|10 | 57527 x 107> 1.8978
3] 10| 1.7230 x 10 3.3224
PG 1| 10 | 2.3386 x 107 0.9863
2|10 | 47975 x 107> 1.9923
3110 | 1.5089 x 107° 2.9383
NIPG 2| 065898 x 107 2.1872
3] 0 3.6788 x 107%  2.9465

Exercises

6.1. Prove Lemma 6.1.
6.2. Prove Lemma 6.5.

6.3. Let (¢1, ..., ¢n,) be a basis of X, and let (Y, ..., ¥n,) be a basis of M. Let
&’s and n;’s denote the coefficients of the solutions U, and Py, respectively, with
respect to the basis functions ¢;’s and v;’s. Derive the linear system resulting from
(6.19)—(6.20) of the form Ax = b if the unknown vector is

X = (Sl,...,ENu,T]I,..., T’)NP)T.
6.4. Prove Theorem 6.12.



The Navier—Stokes equations differ from the Stokes equations by the addition of a nonlinear
term in the momentum balance. We propose a DG discretization of the nonlinear term based
on an upwind technique. As in the previous chapter, only two-dimensional domains are
considered.

7.1 Preliminaries
7.1.1 Sobolev imbedding

The space L?(2) is an example of the space L (R2):

L"(Q) = {v measurable :f lv]" < oo}
Q

For 1 <r < o0, this space is a Banach space with the norm

1/r
vlizr @ = </ |U|r> .
Q

If Q C R?, the space Hol (£2) is imbedded into L" (£2) for any real number r < oo:
Vv e Hy(Q). vl < ClIVule. (7.1)

A generalization of this Sobolev imbedding to the broken space H' (&) is [61]
172

1 2
—lIv]ll7z, ) (7.2)

Ve H' (&), vllr@ < C [ IVUllhe, + D o

e, U2

where C is a constant independent of 4. When r = 2, we recover Poincaré’s inequality
(3.5).

131
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7.1.2 Holder’s inequality
Let 1 < p, g < oo such that % + % = 1. Then, ifu € LP(R2) and v € L7(L2), the product

uv belongs to L'(Q), and we have

/ ol < el vy ollLoce-
Q

When p = g = 2, we recover Cauchy—Schwarz’s inequality (2.14). Holder’s inequality
implies that for any r > 2

Z(Q
YueL (), YveL=2  |uv|g < ||M||L’(Q)||U||L}T’2(Q)~

7.1.3 Brouwer’s fixed point theorem

Theorem 7.1. Let K denote a nonvoid convex and compact subset of a finite-dimensional
space and let F be a continuous mapping from K into K. Then, F has at least one fixed
point.

A consequence of this theorem is the following lemma (see [59]).

Lemma 7.2. Let H be a finite-dimensional Hilbert space whose scalar product is denoted
by (-, )y and the corresponding norm is || - ||g. Let ¥ be a continuous mapping from H
into H with the following property: there exists M > 0 such that

Yoe H, |vilg=M, ¥w)),v)=>0.
Then, there exists an element vy in H such that
W) =0, Jwllg <M.

Proof. The proof proceeds by contradiction. Suppose W(v) # 0 in the closed sphere
S ={veH:|v|g < M} Then, the mapping

F@) =-MYQ@)/II¥@)|u

is continuous from S into S. Since H is finite-dimensional and S is nonempty convex and
compact, we apply the Brouwer fixed point theorem and obtain the existence of vy € S such
that

vo = =MW (vo) /W (vo)ll -

Thus, we have constructed an element of H such that ||vy||zy = M and
(W(vo), vo)w = =M ||¥(vo)llm <O.

This contradicts the assumption. [
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7.2 Model problem and weak solution

Let  be a bounded polygonal domain in R>. The Navier-Stokes equations for an incom-
pressible fluid confined in €2 are

—uAu+u-Vu+Vp=f in Q, (7.3)
V.u=0 in 2, (7.4)
u=0 on 0%2. (7.5)

As in Section 6.2, the unknown variables are the fluid velocity u and pressure p. The data
consists of the fluid viscosity u > 0 and the body force f. Problem (7.3)—(7.5) differs from
the Stokes equations in the addition of a nonlinear convective term u - Vu in the momentum
equation. If the components of u are u; and u», this term is defined as

v u+ du
u-vu =u)— Uy—.
131 23)62

A weak solution to (7.3)—(7.5) is the pair (u, p) € HO1 ()2 x Lg(Q) satisfying

Yo e Hy(Q)?, wu(Vu,Vo)g+ - Vu,v)g — (V-v, plg = (f,v)e, (7.6)
Vg € L3(Q), (V-u,q)q=0. (7.7)

One can show the existence of a weak solution. Uniqueness of the weak solution is guar-
anteed under a condition on the data f and .
In the rest of the chapter, we mainly focus on the discretization of the nonlinear term.

7.3 DG discretization

Let &, be a regular subdivision of 2. We seek an approximation of velocity and pressure
in the finite-dimensional spaces X; and M), respectively:

={ve LX(Q)*:VE € &, v € (Px(E))?},
=g e LS(Q) :VE € &y, q € Pro1(E)).

We recall the energy norm:

1/2

Vo e H'@ED?  vlle = | D IVollap + Z ||[v el - 8

Ee&), eEF;,UaQ

The DG discretization of the diffusive term — Awu and the pressure term V p is done with the
bilinear forms a. and b defined in Section 6.3. We assume that the penalty parameter 660 is
strictly positive for all edges and that the form a. is coercive. Next, we present an upwind

discretization of the nonlinear term u - Vu.
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7.3.1 Nonlinear convective term

Given a mesh element E and a function v € X, we define the inflow d E” and outflow
0EY boundaries of E with respect to v as

={x €dE:{v)-ng <0}, OE} =0E\OE".

We denote by v™™ the trace of the function v on a side of E coming from the interior of E
and by v the trace of v coming from the exterior of E. The quantity v'™ — v°* is just
another way of writing the jump of v. By convention, if the edge lies on the boundary of
the domain, we have v'™ = v and vt = 0.

The DG discretization of the nonlinear term # - Vu is defined by the form c:

Vw,v,2,0 € X, c(w,viz,0) = /(v vz)- o+ /(v v)z-0 (7.9)
Ec&, EEE

+Z/ v}'”E|(Zim—ZeXt)'0im—% Y [0l nez -0} (7.10)

E€&, eclUIN Y€

The first argument of ¢ appears only in the domain of integration d E¥. The form c is linear
with respect to its three other arguments. Before stating important properties of the form c,
we need a lemma on the term involving w. The proof of the lemma is technical and can be
found in [60].

Lemma 7.3. Denote

bz 0= Y [ ienele -0 @.11)

EEE;,

Then, there is a constant Cy independent of h such that
Uz, 23z, w) — L(v, v; 0, w)‘ = Gollz —vlellwllelzlle + lvle). (7.12)

Lemma 7.4. The form c satisfies the following positivity property:

1 4
h 1/2 2
Yo,z e X', c(v,v;z,2) = 3 E v} e @™ = 217060 00)
Ecé&,

Hllv - 122l 0z - (7.13)

Proof. We perform an integration by parts on a given mesh element E with unit normal
vector ng = (n;);:

/v~Vz-0
E

I I
\ \
QJ ~

=
i“ Salsy
Qb 3\
\-/

S / 3;['

1<i,j<2 1<i,j<2
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av; a0;

1<i,j<2 1<i,j<2 1<i,j<2

=—/(V~v)z~0+/ (v~nE)z'0—/v'V0-z.
E JIE E

Therefore, we can write

c,v;2.0)=— > (v-Vﬂ)-z—%Z/E(Vm)z-G—% > ]z 6}

Eeg, U E E€é&, el U0 Y €
+Z/ v} - ngl@™ =29 - o™
E IEY
65},
+Z[ 29 (™ ng). (7.14)
EEE}, dE

We now rewrite the trace of v on the boundary 9 E as follows:
int 1 int ext
v :{v}+§(v —v™™) on OJE.

Thus, we obtain

Z / Zint . oim(vinl . nE)
EcE, dE
= {‘U} . nEzlnl . olnt + - f (vmt _ vexl) . nEzml . omt
Z /3E 2 Z 9

Ec&, Ee&,
=Z/ ) nez™ 0™+ > [[v]-n{z- 6} (7.15)
Eeg, VIE eelUAN Y ¢

In the last equation we have used the definition of the jump and the normal vector n,.
Combining (7.14) with (7.15), we have

c(v,v;z,O):—Z/(v-VG)-z—%Z/E(V-v)z-0+% Z /[v]-ne{z-O}

geg, U E Ee&, el UIQ V¢
+ Zf (v} np|(@™ — 2 - 6™
fee JoEY
€&
+ 3| (v} ongz™ 0™, (7.16)
EEE}, dE

In the last term in (7.16), we decompose 0 E = dE? U dEY and note that

Z /{‘D} . nEzint '0int — Z |{U} . nE|zext e
E

E€)E®NIQ EcdEnae” E
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This implies that the last two terms of (7.16) are equal to the following quantity:

Z/ l{v} - nplz™ - (O — 0““)4—/ v-nz-0. (7.17)

Eeé&), 9%y

Using (7.16) and (7.17), we obtain another expression for c(v, v; z, ). We now choose
Z = 0 in the resulting expression and in the definition (7.10) and sum the two quantities to
obtain (7.13). 0O

Define the space
Vo={velX,:VgeM,,bv,qg)=0}.
The next result says that the form c is continuous [61].
Lemma 7.5. There is a constant Cy independent of h and w such that
Yoe Vi vw, z,0 € X", c(w,v;2,0) < CilvllelzlelO]. (7.18)

It is easy to see that, when u, z, 0 € Hjj (R2)?, ¢ reduces to

* (u: z,0):/(u-Vz)-0+l/(V~u)z-0. (7.19)
Q 2 Jg

7.3.2 Scheme

The DG variational formulation is as follows: Find (U, P;) € X, x M}, such that

VUEX},, Mae(Uh, ‘U)+C(Uh, Uh;Uhvv)+b(v9Ph)=(f’ v)Qv (720)
Vg e My, bU,q)=0. (121

7.3.3 Consistency

If (u, p) satisfies (7.3)—(7.5), then c(u, u; u,v) = (u - Vu, v)g and one can check that
(u, p) satisfies (7.20)—(7.21).

7.4 Existence and uniqueness of solution

7.4.1 Existence of discrete velocity
Consider the space Vj, equipped with the energy norm || - || ¢ and the corresponding inner-

product (-, -)¢:

®2e=Y (Vo,Vae+ —([v [2])..

E€&), eeF;,Ur)Q
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Define the mapping ¥ : V;, — V;, by
Yo,z €V, (Y(®),2)e = nac(v,z2)+c@,v;v,2) = (f, 2)e.
Then, coercivity of a. and property (7.13) imply
Vo eV, (¥(@),v)e > pklvlz — (f, v)a.

The term (f, v)q is bounded by Cauchy—Schwarz’s inequality and Poincaré’s inequality
(3.5): ;
(fsve = I fllelvieze < Clifllizolvie.

Thus, we obtain ~
(W(v), v)e = (uklvlle = Cll fllzz@)lvlle.

Define the sphere S in V:

C
S = {v eVy:ilvlle = _||f||L2(Q)} .
UK

Then, we have
YVveS, FWw),v)e>0.

From Lemma 7.2, there exists a function U, € V, such that

C
YWUp) =0, Unlle = —Ifll2e-
i

In particular (W (Uj), v)e = Oforall v € V,,, and U}, satisfies (7.20) restricted to the space
V. From the definition of V,, the function U} automatically satisfies (7.21).

7.4.2 Existence of discrete pressure

The existence of P is a consequence of the inf-sup condition (6.27). Using similar notation
as in Section 6.1.6, we define the polar set of Vj,:

Ve ={peX,: YveV, ¢ =0}
We define the mapping B’ : M, — V2 by
Vg € My,Yv e X;,, B'q(v) =b(v,q),
and, using the solution U, found in the preceding section, we define the mapping ¢ € X/, by
Yve X, ¢ =(f,v)e—pnacUsv)—cUp Uy Uy, v).

This linear functional ¢ belongs to V}” since ¢ (v) = O for all v € V. From Lemma 6.4,
there is a unique function P, € M), such that

B'Py = ¢;
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equivalently,
Yve Xy, b, Py)=(f,v)e—puacUpv)—cUy Uy Uy, v).
Thus, the pair (U}, Py) is a solution to (7.20)—(7.21).

7.4.3 A priori bounds

Lemma 7.6. Let (Uj, P,) € X, x My, be a solution to the discrete Navier—Stokes problem.
There are constants C,, C3 independent of h and u such that

plUnlle = Gl fll2 @), (7.22)
1Pullz) < C3(lfllze + 1ULIE). (7.23)

Proof. The bound ||U,|ls < §||f||Lz(Q) is obtained by choosing v = U}, in (7.20) and
by using coercivity of a. and property (7.13). From the remark in Section 6.4, there is a
function v;, € X, such that

1
b, Pi) = =I1Pul}2 i) lloalle < E”Ph”LZ(Q)- (7.24)

Then, from (7.20), we have
I1Pill7 20 = e (Un, v4) + cUp, Uy Uy, v4) = (f , a)e.
Using continuity of a. and property (7.18), we obtain
I1Pill720 = CllUnliellvalle + 1URlIENVR e + 1LF 2@ I0all2@)-

We then conclude from (3.5) and the bounds (7.24) and (7.22). 0O

7.4.4 Uniqueness

Theorem 7.7. Under the condition

2C,(Co + Cy)
> %nfnm), (7.25)

there is a unique solution to (7.20)—(7.21).

Proof. Assume that (U ,11, Phl) and (U2, th) are two solutions to (7.20)—(7.21) and denote
their differences by W;, = U ,ll -U ,21 and &, = Ph1 — PhZ. Then, we have

Yo e X, wac(Wy,v)+cU,,U};U,;,v)—cU;, Us; Uz, v) +b(v, &) =0,
Vg e My, bWy, q)=0.

Choosing v = W, and ¢ = &, in the equations above and using coercivity of a. gives

| Wit +cU}, U UL, Wy) —c(U3, Uz Uz, W) < 0. (7.26)
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We recall the form £ introduced in (7.11), and we denote d(v,z,0) = c(w,v;z,0) —
£(w, v; z,0). We rewrite the nonlinear terms as

cU,,U}; U, W) —c(Us, UL Uz, W) =dUj; Wy, W)
+d(Wy; UL, W) + LU, U U, Wy) — U3, U Uz, W),

From Lemma 7.3, we have
1 71, g7l 2 712, 772 2 1 2
[0U, UL UL W) — €U, U U, W) | < CollWallg (10 Nle + U Nle)-
Using the a priori bound (7.22), we obtain

2CyC,

e, U U, W) — (U3, Uz Uz, W) < I Fll 2 | Wall%.

Similarly, from (7.18) and (7.22), we have
AU} Wi, Wi) +d(Wy; Uy, Wi)| < CLIWLIZAU e + 1T )

2C,C,
= T”f”LZ(Q)”Wh”%‘-

Therefore, (7.26) becomes

2C,(Co +Cy)
(MK — —||f||L2(Q)> [Wyllz <O.

From this, we can easily conclude that W, = 0 if

2C2(Co +Cy)
k> ———— | fllr2)-

Uniqueness of pressure is a consequence of the inf-sup condition (6.27) as proved in
Section 7.4.2. [

7.5 A priori error estimates

We state the convergence result for the method. The proof is left to the reader.
Theorem 7.8. Assume that condition (7.25) holds true. If the exact solution (u, p) belongs

to H*1(Q)? x HX(RQ), there is a constant C independent of h and | such that the numerical
error satisfies

1 1
lu—Ulle < Ch* ((1 + P) |u] i1 ) + ;Iplm(m) ,

1 1 1
lp— Pullz < Ch* ((M + -+ —3> [u| 1) + <1 + —2> |P|Hk(52)> .
woow n
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7.6 Numerical experiments

The nonlinear scheme (7.20)—(7.21) has been linearized by Picard’s iteration method. Given
an initial velocity (U 2 = 0), one computes a sequence (Uj,, P}') satisfying for n > 0

Yo e Xy, pa UM v)+cU, UL UM, v) +b(v, PP = (f, v)a,
Vg € My, bW, q)=0.

The termination criterion for the Picard iterations is

1 ~10
U — Ul 2 < 10717,

7.6.1 Effects of penalty size

We can repeat the numerical convergence studies done in Section 6.6 for the Navier—Stokes
problem. We obtain the same convergence rates, not shown here. We now study the effect
of the penalty parameter o on the accuracy of the solution. We fix a mesh, and we choose
to approximate the velocity by piecewise polynomials of degree two and the pressure by
piecewise polynomials of degree one. We vary the penalty parameter between o0 = 1073
and 00 = 10°. Fig. 7.1 shows the variation of the energy norm of the error in velocity for
NIPG, IIPG, and SIPG. First, for ogo > 100, all three methods yield the same numerical error.
This is explained by the fact that the jump term dominates the flux terms computed on the
edges. As the penalty increases in size, the error also increases. Second, if aeo < 1, the
NIPG method yields comparable accurate solutions even as aeo decreases. This is not the
case for the other two methods. The error obtained with the SIPG method slightly increases
as the penalty value tends to zero. The IIPG solution also loses accuracy, and the method
does not converge after 40 Picard iterations if the penalty value is 1073, Similar conclusions
are made on the effects of the penalty size on the L? norm of the error in the velocity (see

Figure 7.1. Variations of the energy norm of numerical error in velocity with
respect to the penalty value for NIPG (line with squares), SIPG (line with diamonds), and
1IPG (line with circles).
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L2 norm of error i

Figure 7.2. Variations of the L* norm of numerical error in velocity with respect
to the penalty value for NIPG (line with squares), SIPG (line with diamonds), and IIPG
(line with circles).

Figure 7.3. Variations of the L?> norm of numerical error in pressure with respect
to the penalty value for NIPG (line with squares), SIPG (line with diamonds), and IIPG
(line with circles).

Fig. 7.2). The error for the pressure in L? norm behaves the same way for small penalties.
However, for large penalties, Fig. 7.3 shows that the error in the pressure remains small for
the I[IPG method and increases for both the NIPG and SIPG methods.

7.6.2 Step channel problem

We consider the flow in a channel described in Fig. 7.4. The fluid enters the channel through
the left vertical boundary denoted by I'_ and exits through the right vertical boundary I'"..
At both inflow I'_ and outflow I, boundaries, we impose the following parabolic velocity
field:

V(xi,x) e T_UTL,  u(xy, x2) = (x2(1 — x2), 0).
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On the rest of 9€2, the velocity is set to 0. The fluid viscosity is equal to one. The Navier—
Stokes velocity and pressure are approximated by piecewise polynomials of degree two
and one, respectively. The velocity field and the pressure isocontours are given in Fig. 7.5
for NIPG 1 and in Fig. 7.6 for SIPG 10. The total number of degrees of freedom equal
to 30000.

INFLOW OUTFLOW

— = e

Figure 7.4. Step channel problem setting.

Figure 7.5. Pressure isocontours for NIPG 1 (top) and SIPG 10 (bottom).
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Figure 7.6. Streamlines and velocity field for NIPG 1.

7.7 Bibliographical remarks

The analysis of primal DG methods for Navier—Stokes equations can be found in [61,
89, 60]. LDG methods for the Oseen equations (linearized Navier—Stokes) are studied in
[32]. Divergence-free DG solutions are studied in [33]. In [73], the approximation of
velocity is discontinuous and pointwise divergence-free, and the approximation of pressure
is continuous. For the time-dependent Navier—Stokes equations, primal DG methods were
proposed and analyzed in [62, 74].






Chapter 8
Flow in porous media

In this chapter, examples of complex flow and transport phenomena in porous media are
numerically solved by using primal DG methods. We consider the cases of miscible dis-
placement and immiscible two-phase flow, which arise, for instance, in the environmental
problem of subsurface contamination and in the production of oil from petroleum reservoirs.

A petroleum reservoir consists of a porous medium whose pores contain some hy-
drocarbon components, usually referred to as oil. Oil can be extracted by three recovery
processes. In the primary recovery, oil is produced through wells by simple natural decom-
pression. Very little is obtained, as this process ends quickly when the pressure equilibrium
between the oil field and atmosphere is attained. In the second recovery, the wells are divided
into two sets: injection wells and production wells. An inexpensive fluid (water) is injected
into the reservoir to push the oil toward the production wells. Pressure inside the reservoir
is maintained high enough to avoid collapse of the rock and to avoid gas production. In that
case, the flow in the reservoir is a two-phase immiscible flow with no mass transfer between
the phases. This process is described in Section 8.1. Only 40% of the oil is recovered with
the secondary process. After both primary and secondary recovery processes, the capillary
forces, and the interfacial tension between the injected and resident fluids causes some of
the oil to remain in the pores of the reservoir rock. In order to increase oil recovery, the
capillary forces have to be eliminated or reduced. This can be done if the injected fluid is
miscible with the resident fluid. A solvent (polymers) is therefore injected at certain wells
in the petroleum reservoir. The solvent mixes with the oil to form a single phase, and this
mixture flows to other wells where oil is produced. The last process is called tertiary recov-
ery or enhanced recovery and is described by the miscible displacement problem given in
Section 8.2.

8.1 Two-phase flow

We consider pressure-saturation formulations of the incompressible two-phase flow. The
reader can refer to [67, 27, 26] for a thorough treatment of the different models of two-phase
flow.

145
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8.1.1 Model problem

We assume that there are two flowing phases in the porous medium €2: a wetting phase

(such as water) and a nonwetting phase (such as oil). The saturation of a given phase is the

ratio of the void volume filled with the phase to the total of the void volume in the porous

medium. The unknown variables are the phase pressures p,,, p, and the phase saturations

Sw, Sp- The subscript w (resp., ) is used for the wetting phase (resp., nonwetting phase).
The Darcy velocity for each phase is given by

Uy = =2 K(Vpy — peg), a=w,n, (8.1)

where A, is the phase mobility, K is the permeability of the porous medium, p, is the phase
density, and g is the constant gravitational vector. Phase mobilities are defined by
ky,

Ay = , o=w,n, (8.2)
Ha

where (i, is the constant phase viscosity and k,, is the relative permeability of phase «.
Relative permeabilities are nonlinear functions of the phase saturation, usually determined
experimentally. Popular models for the relative permeability are the van Genuchten model
[57] and the Brooks—Corey model [20]. For instance, using the Brooks—Corey formula,
we have

2430 ) 240
k() =507 kin(s) = (1= 5)? (1= 5" ). (8.3)
where s, is the effective saturation defined as
Sw — S
Vsrw < s < 1 — 8p, Sezu'
1- Srw — Srn

The residual saturations s,,,, s, correspond to macroscopic averaging of local surface ten-
sion in the pores. For instance, if the nonwetting phase saturation s, is less than s,,, then
the nonwetting phase fluid cannot be displaced by the wetting phase fluid. The additional
parameter 6 € [0.2, 3.0] in the definition of the relative permeabilities is a result of the
inhomogeneity of the medium. A highly heterogeneous porous medium is characterized by
a large 0. The total velocity and total mobility are the sum of the phase velocities and phase
mobilities, respectively:

U = Uy + Uy, A= Ay + Ay
We define the fractional flow function f,,:

A

fw:Tl-

The permeability K corresponds to an average on the continuum scale of the microscopic
heterogeneities of the medium. It may be discontinuous and may greatly vary in space. We
assume that K is symmetric positive definite. The balance of mass for each phase yields
the following equation:

¢¥+V'ua:qa7 o0 =w,n. (84)
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08 Krw Krn /

capillary pressure

Figure 8.1. Capillary pressure (left) and relative permeabilities (right) curves.

The variable ¢ is the porosity: it is the ratio of the void volume to the total volume. The
function g, is a source/sink term, in general used to model wells located inside the domain.
The system of equations (8.1), (8.4) is closed under the following relationships:

Sw+ 5, =1, (8.5)

Pc = Pn — Puw- (8.6)

Clearly, the definition of saturation yields (8.5). Equation (8.6) introduces the capillary
pressure p., which can be thought of as the macroscopic average of the microscopic forces

due to surface tension. The capillary pressure is a nonlinear function of the saturation and
can be determined experimentally. With the Brooks—Corey model, the capillary pressure is

=

De(Sy) = Pd&; .

The constant pressure p, corresponds to the capillary pressure needed to displace the fluid
from the largest pore. Fig. 8.1 shows the capillary pressure and the relative permeabilities
curves for 6 = 2 and for s,, = s, = 0. Finally, an initial condition and boundary
conditions complete the system. Possible boundary conditions are Dirichlet and Neumann
for the pressure and Dirichlet, Neumann, or mixed for the saturation. For instance, we may
have some of the following conditions on parts of the boundary:

Pw = pwp On Dpyp, (8.7)

Sp =Sop on I'gp, (8.8)

u, -n=0 on [N, (8.9)

u, -n=0 on I, (8.10)

(Splty + Ay fwKVpe) - =spu;-n on gywMm, (8.11)
M fuKVp.-n=0 on [N- (8.12)

From the constitutive relations (8.5) and (8.6), we can reduce the problem to a system of two
equations with two unknowns. There are many possibilities, and we present a few possible
choices.
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Wetting phase pressure-wetting phase saturation formulation

Summing the two equations from (8.4) and using (8.5), we obtain

=V - (MKVpy) =V - (KVp:) =qu~+ gn, (8.13)
as,
¢ 8: + V- fuKVp) + V- (foll:) = qu. (8.14)

Wetting phase pressure-nonwetting phase saturation formulation

Another equivalent formulation is

-V -MKVpy) — V- (AKVpe) =qyw+ qn, (8.15)
95,
—9=" =V KV pu) = qu. (8.16)

Global pressure-nonwetting phase saturation formulation
Define the global pressure by
1—s,
P = Dn _/ pré‘i‘l?c(l — Sur)- (8.17)
L—=spr

Then, an equivalent formulation is

=V - (MKVp) =qu+qn, (8.18)

sy
+ V- -AwKVp — A, fuKVp)=—qy. (8.19)

¢8t

The reader can refer to [26] for an extensive analysis of these mathematical models.

We discretize the partial differential equations in space using the DG method. Thus,
the pressure is approximated by discontinuous polynomials of degree &, and the saturation by
discontinuous polynomials of degree k;. The following two sections describe two different
fully discrete schemes.

8.1.2 A sequential approach

We present a discretization of the model (8.13)—(8.14). The technique we describe in this
section can be applied to any of the models given above. In a sequential approach, the
idea is to decouple the equations by time-lagging the coefficients. Let Nt be a positive
integer and let At = T /Nt denote the time step. Let#' = i At. Ateach time ¢, we compute
DG approximations of Pw(®) and s, (). We assume that 3Q = FowbUNpwn = FawmUTsun
and that boundary conditions (8.7), (8.9), (8.11), and (8.12) hold.

The fully discrete scheme is as follows: Given (P{;,, Sfu) € Dy, (En) x Dy, (&), find
(PiT, SIFY) € Dy, (En) x Dy, (Ey) such that for all (v, z) € Dy, (E) x Dy, (Ex) we have the
following set of equations.
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Pressure equation

Z/m,(s;‘,})vp@“.w— > /{KA,(SQ,)VP,;',“-ne}[u]
E

Ecé&, eel,Ulpup * ¢
. . 0'0 .
+e Y. /{th(s;)w-ne}[f';“w > ||eﬂ f[P;fl][v]
EEF;,UFPWD € EEF/IUFPWD ¢ ¢
= Z[x"-Vv— > [ ]
Eeg, U E eel,UaQ v ¢
O'O .
+ > ﬁ/waere > /(KAT(S;)Vv-n)wa. (8.20)
e€lpwp e ¢ e€lpwp ¢

Saturation equation

¢ ini f - N 41
@ gitigy K (S5) fu (S PL(S)IVSE - V2
/Q ~ 2 |

Ec&,

-Y (s - Y f (K3, (S5) fu(S) PL(SIVSE - me)iz]

eely V¢ eel, V¢
0
i i i i+1 O, i
+e Y / (K500 fuSIPLSIVz mSy 1+ 3 2 / (i 11z]
eel’y eel’y
¢ i i iU i
=/S;E5wz+2/}sl;~vz— > /e(é‘)pone[z]—z eSmU,'"e
Ec&, e€l’,Ulpwp e€lyy
=Y | SR A(S,)VZ P — Y / K1, (S,)Vz - no(P,, — pup), (8.21)
eel’y ¢ eerwa ¢

where U', ¢/, and x' are defined as

U; = =Kiy(S,) VP, = Kin(S,)(PL(S,)VS, + VP,),
X' = K, (S| pL(Si)IVSL,,
¢ = fullUi}.

Because of the discontinuous approximations, there are two values for the functions x’
and ¢’ on an interior edge. These quantities are then replaced by the upwind numerical
fluxes (x)*? and (¢)"?. Upwinding is done with respect to the normal component of the
average of the total velocity U, (see Section 4.2):
w_ | wlg if {U}-n.=0 ol 2
w? = { wlp: it {Uy) m, <0 Ve =0E,NJE,. (8.22)

The approximation S° is defined as the L? projection of the initial saturation s, (t = 0).
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Depending on the choice of € and oeo, we obtain the NIPG, IIPG, and SIPG variations
of the DG methods. One may use different penalty values for the pressure and saturation
equations. By time-lagging the coefficients, we obtain linear equations in P:*! and S'F!.
Equation (8.20) corresponds to the DG method applied to an elliptic problem, and (8.21)
is the DG method applied to a parabolic problem with convection. In realistic two-phase
flow, convection dominates the transport, and thus one has to apply a slope limiter to the
approximation of the saturation at each time step. Without slope limiting, the sequential
approach yields large overshoot and undershoot that blow up at finite time. Besides, since
slope limiting restricts the approximation to piecewise linears, it seems pointless to use high
order of approximation.

8.1.3 A coupled approach

Let us consider the global pressure-phase saturation problem (8.18)—(8.19). We assume that
the global pressure p satisfies the Dirichlet boundary condition of the form (8.7) on I'p and
Neumann boundary conditions (8.9) and (8.10) on I'y. The nonwetting phase saturation
is prescribed on the Dirichlet boundary I'p. For each 1 < i < Nrp, the approximations
(P'. S}) € Dy, (En) x Dy, (&) of the functions (p(-, 1), s, (-, 1)) satisfy the following set
of equations.

Pressure equation

0
Vv € Dy (&), Z/A,(s;;“)KVPiH.vH 3 %/[P”’l][v]
E e

Eeé&, ecl',Ulp
-3 / M(STEHEVP ™ m o] = Y / (A (sap) KV P )y
eel’, V€ eelp ¥ ¢
+e ) /{MS:;*')KW P +e Y [ (u(sap) KV - m) P
ecl’, V¢ eclp V¢
o) i i
=) f ((s:0)KVv - me)pp + ) — / pov + / (™) +ga(" v, (8.23)
eclp V' € eelp lel e Q
Saturation equation
vz € Di (E)), / i(s;‘fl—s,’;)z— Z/,\w(s,i“)Kvpi“ -Vz
Q2 At EES}, E
£y / Jn(ST) £ (SFY PSR VS V2
Eeé&, E
+y / D (STTHKVPH o)zl + ) / (o () KV P m)z
eel’, v € eelp ¢

= S (ST PSR VST - n 2]

EEF/, ¢

=Y [ Culsup) fu (5o0) L) KV SEH! 1)z

eEl"D ¢
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—e ) [ (STHKVZ [P~ Y [ (u(san) K V2 - ne) P

eel‘h ¢ EGFD ¢

+e Y (ST fu ST PSS

ecl, V¢

46 3 [ hasim) fulsio) o) K92 )53

eclp V'€

o i1 o i+
+ Z W/e[s" ][Z]:ZW/esnDz_v/S;QW(t )z

ecl',Ul'p eel’p

e 3 [l KTz mpn 6 Y [ G fulsn) L5 KV )5

eclp ¢ eel’p ¢

(8.24)

The approximation S is chosen as the L? projection of the saturation s, (¢t = 0). Problem
(8.23)—(8.24) is a system of nonlinear equations to be solved at each time step. We either
use a Picard iteration or Newton’s method. The coupled approach is therefore more costly
than the sequential approach. The main advantage of this approach lies in the fact that
even though some overshoot and undershoot phenomena occur, they are small and remain
bounded. No slope limiting technique is needed. In the nondegenerate case, we can analyze
the scheme and show that it converges with optimal rate [49]. Besides, increasing the
degrees of polynomials improves the accuracy of the solution and diminishes the amount
of overshoot/undershoot.

8.1.4 Numerical examples

The Buckley—Leverett problem: This is the two-phase flow problem in 1D and without
capillary pressure effects. In that case, a quasi-analytical solution can be derived. Fig. 8.2

Figure 8.2. Buckley—Leverett problem: exact solution (solid line), DG solution
with ky; = 1 (dashed line), DG solution with k; = 2 (dash-dotted line), and DG solution
with ky = 3 (solid line).
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Figure 8.3. Permeability field and coarse mesh: permeability is 10~'! in white
regions and 1071 elsewhere.
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Figure 8.4. NIPG: wetting phase saturation contours at 35 days: o0 = 0 (left),
oeo = 107 (center), aeo =1 (right).

compares the DG solution obtained with the coupled approach to the quasi-analytical
solution. As the polynomial degree increases, the solution is more accurate. Small overshoot
and undershoot occur, but they remain stable.

Inhomogeneous medium: We consider a square domain (0, 400)? with varying permeability
as shown in Fig. 8.3. The permeability is 10~"'I m? except in several small regions where
it is 10° times smaller (see [45]). The regions with small permeability act as impermeable
zones into which the injected wetting phase does not flow. The simulation is run for 35 days.
The vertical boundaries correspond to I'pyp: adifference in pressure drives the flow from left
to right. The left vertical boundary corresponds to I'swn. The sequential approach (8.20)—
(8.21) is used with slope limiting described in Section 4.3.2. The DG approximations are
piecewise linears for saturation and piecewise quadratics for pressure. At each time step, the
mesh is refined or derefined according to computed error indicators [75]. Fig. 8.4 shows the
wetting phase saturation contours for the NIPG method with various penalty values. There is
very little numerical diffusion for small values of the penalty, namely 6° = 0 or 00 = 1075,
However, if the penalty increases (oeo = 1), then the numerical solution is diffusive and
does not “see” the regions of small permeability values. This sensitivity to the choice of
the penalty is pronounced for highly varying permeability. Fig. 8.5 shows the contours of
the saturation obtained with the SIPG and IIPG methods. Similar conclusions are made.

Five-spot problem: The domain and the coarse mesh are given in Fig. 8.6. Four production
wells are located at each corner of the domain, and one injection well is located in the
center of the domain. Wetting phase pressure is imposed on the well bores. The meshes
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Figure 8.5. Two-dimensional wetting phase saturation contours at 35 days for
er = 107%: IIPG (left) and SIPG (right).
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Figure 8.6. Five-spot problem: domain with coarse mesh.

are adaptively refined and derefined as the front of the wetting phase moves through the
domain. Here, the DG method with the sequential approach is used. Fig. 8.7 shows the
contours of the wetting phase pressure and saturation at a given time.

8.2 Miscible displacement

We consider the displacement of one incompressible fluid by another in a porous medium
Q in R? over a time period (0, T'). The invading and the displaced fluids are referred to as
the solvent and the resident fluid. We further assume that solvent and resident fluid mix in
all proportions forming a single phase, and we neglect the influence of gravity. Miscible
displacement is mathematically modeled by a coupled system of an elliptic equation with
a parabolic equation that is convection dominated. In that sense, the nature of the problem
is similar to the global pressure-phase saturation model of two-phase flow. The classical
equations governing the miscible displacement in 2 over [0, T'] are

1

u(c)
q, in [0,T] x €2, (8.26)

u

KVp in [0,T]x €, (8.25)

—V-u

¢>% +V.(uc—D@)Ve)=¢g in [0,T] x <, (8.27)
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Figure 8.7. Five-spot problem: wetting phase pressure (left) and wetting phase
saturation (right).

where the unknown variables are p, the pressure in the fluid mixture, and c, the fraction
volume (or concentration) of the solvent in the fluid mixture. The permeability K of the
medium measures the resistance of the medium to fluid flow; the viscosity u of the fluid
measures the resistance to flow of the fluid mixture; u represents the Darcy velocity (volume
flowing across a unit cross-section per unit time); the porosity ¢ is the fraction of the volume
of the medium occupied by pores; and D(u) is the coefficient of molecular diffusion and
mechanical dispersion of one fluid into the other. The imposed external total flow rate ¢
is a sum of point sources and sinks, and, in the case of oil recovery, g represents the flow
rates at injection and production wells. The data ¢ is the injected concentration at injection
wells and the resident concentration at production wells. Here, D(u) is a tensor depending
on the velocity:
uu’
D(u) = (a;lu| + Dp)X + (o — Ot;)m,

where D, is the molecular diffusivity, «; and ¢, are the longitudinal and transverse dis-
persivities, respectively, ||u|| represents the magnitude of the velocity vector, and I is the
identity tensor. In 2D, for u = (u,, u,), D(u) can be written as

a; U2 Uy a u? —uu
D(u)=DmI+—[ x ) }L—[ y y] (8.28)
lull | werey lull [ —wxrey  u}

Equation (8.25) is a formulation of Darcy’s law and is referred to as the pressure equation.
Equation (8.27) is the transport equation. The boundary of the domain is characterized in
two ways. First, it is decomposed into a Dirichlet part I'p and a Neumann part 'y such that
'pUI'y =0 and I'p N 'y = @. Second, the boundary is divided into an inflow part 'y,
and an outflow part [y

Mn={xe€dQ:u-n<0}, Tou=0R\T .
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We assume the following boundary conditions for pressure and concentration:

p=pp in (0,T) xI'p, (8.29)
1
KVp-n=0 in (0,T) xI'n, (8.30)
u(c)
(cu — DW)Vc) - n=cpu-n in (0,T) x [y, (8.31)
—DW)Ve-n=0 in (0,T) x Tyy. (8.32)

Finally, the system is completed by an initial condition on c:
c=cy in {0} x Q.

The viscosity of the fluid mixture is assumed to follow the quarter-power mixing law,
commonly applicable to hydrocarbon mixtures [76]:

() = (ep; ™2 + (1 — oy, )™,

where u; (resp., U, ) is the viscosity of the solvent (resp., resident fluid). The stability of
the flow is characterized by the mobility ratio, i.e., the ratio of the viscosity of the resident
fluid to the viscosity of the solvent:

M="te

s
Small instabilities in the flow will grow if the mobility ratio is larger than unity. In that
case, protrusions referred to as viscous fingering develop through the resident fluid. Other
important characteristics are Peclet numbers P,,,, P,;, P, that give the ratios of convective
effects to those of molecular diffusion, longitudinal dispersion, and transversal dispersion,
respectively. If L denotes a representative length, those numbers are defined by

b _ 4L _L L, _L
em—¢Dmv el—alv et—al-

8.2.1 Semidiscrete formulation

We define in this section a semidiscrete problem for (8.26)—(8.32). Let &£, be a mesh as
described in Section 2.3. We first define forms that are linear with respect to their last two
arguments:

ac(c; p,v) = Z/E

Ee&,

+Z"—€0f[][]+ Zf{iv }[]
el Jo TS A VT R

eel',Ul'p ecl',Ul'p

1 K
KVpVu — —~ Vp-n,
MELAAD /{u(w P "}[”]

eel,Ulp ¥ €
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be(u;c,w) = Z / D(u)Vch—/cu-Vw
E E

Eeg,

- Zf{D(u)Vc-ng}[wHeZ (D@)Vw - n}c]

EEF/, ¢ EEF;, ¢
GO
+ Z/C“p{u} -n.[w] + Z [cu ‘now + Z ﬁ/[C][w],
eel’y ¢ e€l oy ¢ el ¢ ¢

where ¢'P is the upwind value of ¢ with respect to {#} (similar definition as (8.22)). We also
define the following functionals that are linear with respect to their last argument:

1 o9
Ll(c;v)=/qv+Z/{—KVv~ne}pD+Z/gv+2—e/ppv,
Y EEFD ¢ M(C) EGFN ¢ EEFD |e| ¢
Ll(u;w):/&]w— Z/cmu-new.
Q

eEFin ¢

The continuous in time DG method is given by the map (P, Cy) : [0, T] — Dy, (&) x
Dy, (&) determined by the relations, for any ¢ in J,

Vv € Dy, (&), ac(Cp(0); Py(1), v) = Li(Ch(2),v),  (8.33)

0C,
Yw € Dy (&), (d)a_th’ w) + b (Uy(1); Cpp, w) = Ly(Uy, w), (8.34)
Q
Yw e D (&),  (Ch(0), w)q = (co, W, (8.35)
where
U =———KVP .
B AT A

There are several possible time discretizations. For instance, as in the two-phase flow prob-
lem, we can solve the pressure and concentration equations together as a coupled nonlinear
system, or we can solve the equations successively by time-lagging the coefficients. The
latter approach is presented in the following section.

8.2.2 A fully discrete approach

Let Nt be a positive integer and let At = T /Nt denote the time step. Let t’i = iAr. At
each time ¢, we compute a DG approximation of p(¢') and c(¢') denoted by P} and C} and
satisfying for all i > 0

Vv e Dy, (&),  ac(Cj(1); P (1), v) = Li(Cj (1), v),
e

Yw € Dy (&), (¢ A7

, w) + b (Uy; CIFYw) = Ly(US, w),
Q

Citl = £(Cith.

The initial concentration C,? is the L? projection of ¢y onto Dy, (E,). Because of the large
convective effects, slope limiters are needed in order to obtain a stable scheme. The slope
limiting operator is denoted by £ (see Section 4.3.2).
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8.2.3 Numerical examples

We present some simulation results obtained with the sequential approach. Both concen-
tration and pressure are approximated by discontinuous piecewise quadratics. We assume
first that the permeability field takes two values. The permeability is 1000 times smaller in
a horizontal band located at the center of the domain. Fig. 8.8 shows the concentration con-
tours for a mobility ratio equal to 100. As expected, the solvent does not penetrate the band
of lower permeability. Next, we consider a randomly generated permeability field, and we
set the mobility ratio equal to 10. Fig. 8.9 shows the contours of pressure and concentration
at a given time. Because of the highly discontinuous permeability (representing the het-
erogeneities of the medium), viscous fingering occurs. As the mobility ratio increases, the
length of the fingers increases. Fig. 8.10 shows the contours of pressure and concentration
computed at the same time as in Fig. 8.9 but for a mobility ratio equal to 100.

Figure 8.9. Mobility ratio 10: pressure contours (left) and concentration contours (right).
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Figure 8.10. Mobility ratio 100: pressure contours (left) and concentration con-
tours (right).

8.3 Bibliographical remarks

Sequential DG methods for incompressible two-phase flow are formulated in [75]. In [69],
the DG method is combined with the mixed finite element method. Coupled DG methods for
incompressible two-phase flow are studied in [51, 48, 49]. DG methods for incompressible
miscible displacement are considered in [103, 102, 93, 92, 52].



Appendix A
- Quadrature rules

Let O be a domain in RY. A quadrature rule is defined by a set of nodes (x;);c; in O and a
set of weights (w;);c; in R. The general form of a quadrature rule is

[ 1~ wra.

o iel

In this chapter, we define quadrature rules for an interval, for the reference triangle, and for
the reference quadrilateral.

A.1 Gauss quadrature rule on intervals

With a change of variable, we can transform any given integral on the interval (a, b) into
an integral on the interval (—1, 1):

b b—a [! b—a a+b
/af(s)ds: 7 /1f( 5 t+ > )dt.
Therefore, we consider only the Gauss quadrature rule on the interval (—1, 1):
1 Oc
[ F)ds ~ > wif(si).
- i=1

The Gauss quadrature rule with Qg nodes is exact for polynomials of degree less than or
equal to2Qg — 1. Table A.1 lists the quadrature nodes and weights for several values of QOg.

A.2 Quadrature rules on the reference triangle

We present numerical quadrature rules [44] for computing |, £ @(x, y)dxdy, where E is the
reference triangle defined in Section 2.5.1. The quadrature rule is

Op
[v% E W;V(Sy i, Syi)-
E i=1

159
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Table A.1. Gauss quadrature nodes and weights on the interval (—1, 1).

Q¢ w; sj

1 2.000000000000 0.000000000000

2 1.000000000000 —0.577350269189
1.000000000000 0.577350269189

3 0.555555555555 —0.774596669241
0.888888888888 0.000000000000
0.555555555555 0.774596669241

4 0.347854845137 —0.861136311594
0.652145154862 —0.33998104358
0.652145154862 0.339981043584
0.347854845137 0.861136311594

Table A.2. Quadrature weights and points for reference triangle.

Op w; Sx,i Syi
1 0.500000000000 0.333333333333  0.333333333333
3 0.166666666666 0.666666666667 0.166666666667
0.166666666666 0.166666666667 0.166666666667
0.166666666666 0.166666666667 0.666666666667
4 —0.281250000000 0.333333333333  (0.333333333333
0.260416666666 0.200000000000  0.200000000000
0.260416666666 0.600000000000  0.200000000000
0.260416666666 0.200000000000  0.600000000000
6 0.1116907948390  0.108103018168 0.445948490915
0.1116907948390  0.445948490915 0.445948490915
0.1116907948390  0.445948490915 0.108103018168
0.0549758718276  0.816847572980 0.091576213509
0.0549758718276  0.091576213509 0.091576213509
0.0549758718276  0.091576213509 0.816847572980
7 0.112500000000 0.333333333333  0.333333333333
0.062969590272 0.101286507323  0.101286507323
0.062969590272 0.797426985353 0.101286507323
0.062969590272 0.101286507323  0.797426985353
0.066197076394 0.470142064105 0.470142064105
0.066197076394 0.059715871789  0.470142064105
0.066197076394 0.470142064105 0.059715871789
12 0.058393137863 0.501426509658 0.249286745170
0.058393137863 0.249286745170 0.249286745170
0.058393137863 0.249286745170  0.501426509658
0.025422453185 0.873821971016  0.063089014491
0.025422453185 0.063089014491 0.063089014491
0.025422453185 0.063089014491 0.873821971016
0.041425537809 0.053145049844 0.310352451033
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Table A.2. Continued

Op w; Sx.i Sy.i
0.041425537809 0.310352451033 0.053145049844
0.041425537809 0.053145049844  0.636502499123
0.041425537809 0.636502499123  0.053145049844
0.041425537809 0.636502499123 0.310352451033
0.041425537809 0.310352451033  0.636502499123

13 —0.074785022233  0.333333333333 (0.333333333333
0.087807628716 0.479308067841 0.260345966079
0.087807628716 0.260345966079 0.260345966079
0.087807628716 0.260345966079 0.479308067841
0.026673617804 0.869739794195 0.065130102902
0.026673617804 0.065130102902 0.065130102902
0.026673617804 0.065130102902 0.869739794195
0.038556880445 0.048690315425 0.312865496004
0.038556880445 0.312865496004 0.048690315425
0.038556880445 0.048690315425 0.638444188569
0.038556880445 0.638444188569 0.048690315425
0.038556880445 0.638444188569 0.312865496004
0.038556880445 0.312865496004 0.638444188569

Let k denote the polynomial degree for which this rule is exact. Table A.2 gives the values

of the quadrature nodes (s, ;, sy,;) and weights w; for several values of k and QOp.

A.3 Quadrature rule on the reference quadrilateral

Let E be the reference quadrilateral: E = (=112 We apply the one-dimensional Gauss
quadrature rule in each direction:

1 1
f / F@ D)dd§ ~
—1J—1

Oc QOc

i=1 j=1

Zzwiwjf(si, 5;).






B.1 A MATLAB implementation for a one-dimensional
problem

The following code solves (1.1)—(1.3) with K = 1.

% p(1)

%
% i nput vari abl es

% nel : nunber of subintervals

% Ss: symmetrization paranmeter equal to 1 for N PG
% 0 for IIPG and -1 for SIPG

% penal : penal ty paraneter

% out put vari abl es

% Agl obal : gl obal stiffness matrix

% rhsgl obal : gl obal right-hand side

% ysol: vector of DG unknowns

% | ocal matrices

Amat = (nel)*[0 0 0;0 4 0;0 O 16/3];
Bmat = (nel)*[penal 1-penal -2+penal;
-ss-penal -1l+ss+penal 2-ss-penal;
2*ss+penal 1-2*ss-penal -2+2*ss+penal];
Cmat = (nel)*[penal -1l+penal -2+penal;
ss+penal -1l+ss+penal -2+ss+penal;
2*ss+penal - 1+2*ss+penal -2+2*ss+penal];
Dmat = (nel)*[-penal -1+penal 2-penal;
-ss-penal -1l+ss+penal 2-ss-penal;
-2*ss-penal -1+2*ss+penal 2-2*ss-penal];
Emat = (nel)*[-penal 1-penal 2-penal;

ss+penal -1l+ss+penal -2+ss+penal ;
-2*ss-penal 1-2*ss-penal 2-2*ss-penal];

163
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FOnmat =(nel)*[penal 2-penal -4+penal;
-2*ss-penal -2+2*ss+penal 4-2*ss-penal;
4*ss+penal 2-4*ss-penal -4+4*ss+penal];
FNmat =(nel)*[ penal -2+penal -4+penal;
2*ss+penal -2+2*ss+penal -4+2*ss+penal ;
4*ss+penal -2+4*ss+penal -4+4*ss+penal];

% di mensi on of |ocal matrices
locdim= 3;
% di mensi on of gl obal matrix
glodim= nel * locdim
%initialize to zero matrix and right-hand side vector
Agl obal = zeros(gl odi mglodim;
rhsgl obal = zeros(glodim1);
% Gauss quadrature wei ghts and points

wg(1l) = 1.0;
wg(2) = 1.0;
sg(1) = -0.577350269189;

sg(2) 0. 577350269189;
% assenbl e gl obal matrix and right-hand side
% first block row
for ii=1:1ocdim
for jj=1:1ocdim
Agl obal (ii,jj)
je = locdimtjj;
Agl obal (ii,je) = Aglobal (ii,je)+Dmat(ii,jj);
end; %]
end; %i
% conmput e right-hand side
rhsgl obal (1) nel *penal ;
rhsgl obal (2) nel *penal *(-1) - ss*2*nel;
rhsgl obal (3) nel *penal +ss*4*nel ;
for ig=1:2
rhsgl obal (1) = rhsgl obal (1)
+ wg(ig)*sourcef((sg(ig)+1l)/(2*nel))/(2*nel);
rhsgl obal (2) = rhsgl obal (2)
+ wg(ig)*sg(ig)*sourcef((sg(ig)+l)/(2*nel))/(2*nel);
rhsgl obal (3) = rhsgl obal (3)
+ wg(ig)*sg(ig)*sg(ig)*sourcef((sg(ig)+1l)/(2*nel))/(2*nel);

Aglobal (ii,jj)+Amat(ii,jj)+Fomat(ii,jj)+Cmat(ii,jj);

end; %g

% intermedi ate bl ock rows
% | oop over elenents
for i=2:(nel-1)
for ii=1:1ocdim
ie = ii+(i-1)*locdim
for jj=1:locdim
je =jj+(i-1)*locdim
Agl obal (ie,je) = Aglobal (ie,je)+Amat (ii,jj)+Bmat(ii,jj)+Cmat(ii,jj);
je =jj+(i-2)*locdim
Agl obal (ie,je) = Aglobal (ie,je)+Emat(ii,jj);
je = jj+(i)*locdim
Agl obal (ie,je) = Aglobal (ie,je)+Dmat(ii,jj);
end; %]
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% conput e right-hand side
for ig=1:2
rhsgl obal (ie) = rhsgl obal (ie)
+wg(ig)*(sg(ig) (ii-1))*sourcef((sg(ig)+2*(i-1)+1.0)/(2*nel))/(2*nel);
end; %g
end; %i
end; %

% | ast bl ock row

for ii=1:1o0cdim

ie = ii+(nel-1)*locdim

for jj=1:1ocdim
je = jj+(nel-1)*locdim
Agl obal (ie,je) = Aglobal (ie,je)+Amat (ii,jj)+FNmat(ii,jj)+Bmat(ii,jj);
je = jj+(nel-2)*locdim
Agl obal (ie,je) = Aglobal (ie,je)+Emat(ii,jj);
end; %]

% conput e right-hand side
for ig=1:2

rhsgl obal (i e) = rhsgl obal (ie)
+wWg(ig)*(sg(ig) (ii-1))*sourcef((sg(ig)+2*(nel-1)+1.0)/(2*nel))/(2*nel);
end; %g
end; %i

% sol ve |inear system
ysol = Agl obal \rhsgl obal ;

return;

% source function for exact solution=(1-x)e"(-x"2)
yval = -(2*xval - 2*(1-2*xval ) +4*xval *(xval - xval "~ 2) ) *exp(-xval *xval ) ;

return;

B.2 Selected C routines for higher dimensional problem

We now present several routines written in C that are needed to solve the Poisson problem:

—Ap=f in Q,
p=0 on 09%.

We consider a two-dimensional domain subdivided into triangles. The data structure is
explained in Section 2.9.1. We assume that the same polynomial degree is used everywhere
and that the code can be easily modified to handle different polynomial degrees for different
elements. In all the routines, the entries in a matrix are actually stored as entries of a long
vector, via the definition of macros at the beginning of the routine. The local matrices are
assumed to have a maximum number of columns equal to 10, but this can be easily changed
in the definition of macros to accommodate polynomial approximation of degree greater
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than three. We first give the routine | ocal mat _vol that computes the local matrix Ag
and the local right-hand side b for each mesh element E.

/1 macros for defining the matrices

#define Aloc(i,j) Aloc[ 10*((j)-1) + (i)-1]

#define xg(i,j) xg[ 2*((j)-21) + (i)-1]

#define der_basis(i,j) der_basis[ 2*((j)-1) + (i)-1]

voi d | ocal mat _vol (

int E /1 in: nunber of elenents
doubl e *Al oc; /1 out: local matrix
doubl e *Fl oc /1 out: local right-hand side
)
/1 local variables
int k; /1 polynom al degree
int N oc; /1 1ocal dinension
int ng; /'l nunber of nunerical quadrature points
int ig,idofs,jdofs
doubl e *wg; /1 quadrature weights
doubl e *xg; /1 1ocal coordinates of quadrature points

doubl e *val _basis;//val ues of basis functions

doubl e *der_basis;//derivatives of basis functions

doubl e source; /1 value of source function

doubl e determ /1 determ nant of Jacobian matrix

doubl e xx[2]; /1 gl obal coordinates of quadrature point
/1l initialize the quadrature weights and points

ng = 6

Xg (doubl e *)mal | oc (sizeof (double)*2*ng)

wg (doubl e *)mal | oc (sizeof (doubl e)*ng)

get _quadrature_triangl e(ng, xg, wg) ;

/1 get polynom al degree
k = nesh_el t[ E]. degree
Nl oc = (k+1)*(k+2)/2

/1 allocate menory for the basis
val _basis = (double *)nmalloc (sizeof(double)*N oc);
der _basis = (double *)mall oc (sizeof(double)*2*N oc);

/!l initialize to zero the local matrix and right-hand side
init_zero(Al oc, Nl oc*N oc);
init_zero(Floc, Nl oc*N oc);

/1 1 oop over the quadrature points
for (ig=1;ig<=ng;ig++) {
/1 conmpute values and derivatives of basis functions and determ nant
el em basi s(k, xg(1,ig),xg(2,iQ9), E, val _basi s, der_basi s, &leternj;
/1 conmpute gl obal coordinates of quadrature point
loc_to_glo_coor(E, xg(1,ig),xg(2,ig),xx)
/1 get source function
source_fct(xx, &ource);
/1 compute the entries of local matrix
for (idofs=1;idofs<=N oc;idofs++) {
for (jdofs=1;jdofs<=N oc;jdofs++) {
Al oc(idofs,jdofs, Nloc) += (der_basis(1,jdofs)*der_basis(1,idofs)
+der _basi s(2, j dof s) *der _basi s(2,idofs))
*deterntwg[ig-1];
Y/ jdofs
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Fl oc[i dofs-1] += source*val _basi s[idofs-1]*deternfwg[ig-1];

Y/ idofs
YIoig

/1 free pointers
free(xg);
free(wg);

free(val _basis);
free(der_basis);

return;

The above routine calls other routines that can be written without difficulty. The
routine get _quadr at ure_tri angl e initializes the arrays Xg and wg so that they
contain the coordinates of the quadrature points and the weights of the quadrature points
given in Table A.2. The routine i ni t _zer o initializes to zero the arrays Al oc and
FI oc. The routine | oc_t o_gl o_coor gives the global coordinates of a point (%, ¥) in
the reference triangle, using the mapping defined by (2.30): XX= Fg(Xg). The routine
sour ce_f ct returns the value of the right-hand side function f in (2.16) evaluated at the
point XX. Finally, the routine el em _basi s computes the values and global derivatives of
the basis functions, as well as the determinant of the Jacobian matrix Bg. This routine is
given below: it calls another routine get _node_coor that returns the coordinates of the
vertices of the triangle E.

/1 macros for defining the matrices
#define dbasis(i,j) dbasis[ 2*((j)-1) + (i)-1]
#define inv_BE(i,j) inv_BE[ 2*((j)-1) + (i)-1]

voi d el em basi s(

int k; /1 in: polynomni al degree
doubl e xhat; /1 in: x-coordinate of point
doubl e yhat; /1 in: y-coordinate of point
int E /1 in: elenment number

doubl e vbasis; // out: value of basis function
doubl e *dbasis; // out: derivative of basis function
doubl e *determ // out: determ nant of Jacobian matrix

)
{
/1 local variables
int i,ii;
doubl e nodecoor [ 6] ; /1 coordinates of vertices of E
doubl e i nv_BE[ 4]; /1 inverse of BE
doubl e *ssn, *ttn; /1 monom al val ues
doubl e *dttn, *dssn; // nonomi al derivatives
doubl e tenp;
/1 get coordinates of vertices of E
/1 nodecoor[0], nodecoor[ 1] are the coordinates of vertex 1
/1 nodecoor[ 2], nodecoor[3] are the coordinates of vertex 2

/1 nodecoor [ 4], nodecoor[5] are the coordinates of vertex 3
get _node_coor ( E, nodecoor) ;

/1 conpute det(BE)
*determ = (nodecoor [ 2] - nodecoor [ 0])*(nodecoor [ 5] - nodecoor[1])
- (nodecoor [ 4] - nodecoor [ 0] ) *(nodecoor [ 3] - nodecoor[1]);
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Il

Il

Il

Il

/1

Il

}

inverse of BE

inv_BE(1,1)

inv_BE(2,2)

inv_BE(1,2)

inv_BE(2,1)
nonom al basi s

ssn = (doubl e *)nal |l oc(sizeof (doubl e)*(k+1));

ttn = (doubl e *)nalloc(sizeof (double)*(k+1));

dssn (doubl e *)mal | oc(si zeof (doubl e) *(k+1));

dttn = (double *)mall oc(sizeof (doubl e)*(k+1));

ssn[0] = 1.0;

ttn[0] = 1.0;

dssn[0] = 0.0;

(nodecoor [ 5] - nodecoor[1])/(*determ;
(nodecoor[ 2] -nodecoor[0] )/ (*determ;

dttn[1]
for (i=2;i<=
ssn[i] =
ttn[i] =
dssn[i]
dttn[i]
}
(i =2;i<=k;
dssn[i]
dttn[i]
}

val ues of basis functions
ii=0;
for (i=0;i<=k;i++) {
for (j=0;j<=i;j++) {
vbasis[ii] = ssn[i-j]*ttn[j];
ii+1;

v+ |

xhat *ssn[i-1];
yhat*ttn[i-1];
xhat *dssn[i-1];
yhat*dttn[i-1];

for i++) {

*= i
_|’

*=

i o=
M
Y

derivatives of basis functions
ii=1;
for (i=0;i<=k;i++) {
for (j=0;j<=i;j++) {
| ocal derivatives
dbasis(1,ii)
dbasis(2,ii)
gl obal derivatives

dssn[i-j]*ttn[j];
ssnli-jl*dttn[j];

(nodecoor[ 4] -nodecoor[0] )/ (*determ;
= -(nodecoor[ 3] -nodecoor[1])/(*determ;

t emp=dbasi s(1,ii)*inv_BE(1, 1) +dbasis(2,ii)*inv_BE(2,1);
dbasi s(2,ii)=dbasis(1,ii)*inv_BE(1, 2)+dbasis(2,ii)*inv_BE(2,2);

dbasi s(1,ii)=tenp;
iio= i+

AL
Y oI

return;
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The next algorithm computes the local stiffness matrices obtained by the integration
over one edge numbered i f ace. We assume that the edge is an interior edge shared by
two triangles. From this routine, it is easy to write the routine for the local stiffness matrix
associated with a boundary edge. The choice of the method is defined by a variable penal
and macros NI PG, SI PG, | | PG

/1 macros

#define N PG (1)

#define SIPG (2)

#define 11 PG (3)

#define Blocll(i,j) Blocll] 10*((j)-1) + (

#define Bloc22(i,j) Bloc22[ 10*((j)-1) + (

#define Blocl2(i,j) Blocl2[ 10*((j)-1) + (

#define Bloc21(i,j) Bloc2l[ 10*((j)-1) + (

#define der_basisl(i,j) der_basisl[ 2*((j)-
#define der_basis2(i,j) der_basis2[ 2*((j)-

voi d | ocal mat _face(
int iface; /1 in: nunber of edges
int penal; /1 in: type of primal nethod
doubl e *Blocll; // out: local matrix
doubl e *Bl oc22; // out: local matrix
doubl e *Blocl2; // out: local matrix
double *Bloc21 // out: local matrix

)
{
/1 local variables
int k; /'l pol ynom al degree
int N oc; /1 local dinmension
int ng; /'l nunber of nunerical quadrature points
int E1, E2; /1 el ements nei ghbors of edge
int ig,idofs,jdofs;
doubl e *wg; /1 quadrature weights
doubl e *xg; /1 quadrature points on segnent

doubl e *val _basisl;//values of basis functions for nei ghbor E1
doubl e *der_basisl;//derivatives of basis functions for neighbor El
doubl e *val _basi s2;//val ues of basis functions for nei ghbor E2
doubl e *der_basi s2;//derivatives of basis functions for neighbor E2
doubl e deternt, detern®;// determ nant of Jacobian natrix

doubl e ss1[2],ss2[2]; // local coordinates of quadrature points
doubl e normal _vec[2];// normal vector to edge pointing fromEl to E2
doubl e area; /1 length of edge

doubl e eps_ns; /1 symmetrization paraneter

doubl e val _penal ;// value of penalty

// initialize the quadrature weights and points
ng 3;
xg (doubl e *)mal | oc (sizeof (double)*ng);
wg (doubl e *)mal | oc (sizeof (doubl e)*ng);
get _quadr at ur e_segnent (ng, xg, wg) ;

/1 get neighbors of edge
El = nmeshface[iface].nei ghbor[0];
E2 = neshface[iface].nei ghbor[1]
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/1 get polynom al degree
k = mesh_el t[ E1] . degree;
Nl oc = (k+1)*(k+2)/2;

/1 define the method
if (penal ==NI PG ({
eps_ns = 1;

}
else if (penal==I1PQ {
eps_ns = 0;

else if (penal ==SI PG {
eps_ns = -1;
}

get _penal ty(&val _penal);

/1 1oop over the quadrature points
for (ig=0;ig<ng;ig++) {

/1 compute |ocal coordinates of quadrature point
| oc_coor _quad(i face, E1, E2, xg[i g], ss1, ss2);

/1 compute nornal vector to E1 and | ength of edge
cal c_normal _face(iface, E1, normal _vec);
cal c_l ength_face(iface, &rea);

/] conmpute values and derivatives of basis functions and deterni nant
el em basi s(k, ss1[ 0], ss1[ 1], E1, val _basi s1, der _basi s1, & et er nl) ;
el em basi s(k, ss2[ 0], ss2[ 1], E2, val _basi s2, der _basi s2, &let er n2) ;

/1 conmpute the entries of local matrix Blocll
for (idofs=1;idofs<=N oc;idofs++) {
for (jdofs=1;jdofs<=N oc;jdofs++) {
Bl oc11(i dofs, jdofs, Nloc) += (der_basis1(1,jdofs)*nornal_vec|[O0]
+der _basi s1(2,j dofs)*normal _vec[1])
*val _basi s1[idofs-1]*area*wg[ig]*(-0.5);
Bl ocl11(i dofs, jdofs, Nloc) += (der_basisl1(1,idofs)*nornal_vec[O0]
+der _basi s1(2,idofs)*normal _vec[1])
*val _basi sl[jdofs-1]*area*wg[i g] *(0.5)
*eps_ns;
Bl oc11(i dofs, jdofs, Nloc) += val _penal *val _basi s1[i dofs-1]
*val _basi s1[jdofs-1]*wg[ig];
}//jdofs
}//idofs

/1 compute the entries of local matrix Bl oc22
for (idofs=1;idofs<=N oc;idofs++) {
for (jdofs=1;jdofs<=N oc;jdofs++) {
Bl oc22(i dof s, j dofs, Nloc) += (der_basis2(1,]dofs)*normal _vec[ 0]
+der _basi s2(2,jdofs)*normal _vec[1])
*val _basi s2[idofs-1] *area*wg[i g]
*(0.5);
Bl oc22(i dofs, jdofs, Nloc) += (der_basis2(1,idofs)*nornmal_vec|[0]
+der _basi s2(2,i dof s)*normal _vec[1])
*val _basi s2[j dof s-1] *area*wg[i g]
*(-0.5)*eps_ns
Bl oc22(i dofs, jdofs, Nloc) += val _penal *val _basi s2[i dof s- 1]
*val _basi s2[j dofs-1]*wg[i 0] ;
}//jdofs
Y/ /idofs
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/1 conmpute the entries of local matrix Blocl2
for (idofs=1;idofs<=N oc;idofs++) {
for (jdofs=1;jdofs<=N oc;jdofs++) {
Bl oc12(i dofs, jdofs, Nloc) += (der_basis2(1,jdofs)*nornal_vec|[0]
+der _basi s2(2,j dof s)*normal _vec[1])
*val _basi sl[idofs-1]*area*wg[i g]
*(-0.5);
Bl oc12(i dof s, jdofs, Nloc) += (der_basis1(1,idofs)*nornal_vec|[O0]
+der _basi s1(2,idofs)*normal _vec[1])
*val _basi s2[j dof s-1] *area*wg[i g]
*(-0.5)*eps_ns;
Bl oc12(i dof s, jdofs, Nloc) -= val _penal *val _basi s1[i dof s-1]
*val _basi s2[j dofs-1]*wg[i g];
}//jdofs
Y/ /idofs

/'l conmpute the entries of local nmatrix Bloc2l
for (idofs=1;idofs<=N oc;idofs++) {
for (jdofs=1;jdofs<=N oc;jdofs++) {
Bl oc21(i dofs, jdofs, Nloc) += (der_basisl1(1,jdofs)*nornal_vec|[O0]
+der _basi s1(2,j dofs)*normal _vec[1])
*val _basi s2[idofs-1] *area*wg[i g]
*(0.5);
Bl oc21(i dofs, jdofs, Noc) += (der_basis2(1,idofs)*nornal_vec|[0]
+der _basi s2( 2, i dof s) *nornal _vec[1])
*val _basi s1[j dofs-1] *area*wg[i g]
*(0.5)*eps_ns;
Bl oc21(i dofs, jdofs, Nloc) -= val _penal *val _basi s2[i dof s- 1]
*val _basi s1[jdofs-1]*wg[ig];
}//jdofs
}//idofs

I oig

/] free pointers
free(xg);

free(wy);
free(val _basisl);

free(der_basisl);
free(val _basis2);
free(der_basis2);

return;

}

The routine | ocal mat _f ace calls the routine get _quadr at ur e_segmnent that ini-
tializes the weights and nodes of the Gauss quadrature rule given in Table A.1. The routine
get _penal ty simply returns the penalty value set by the user. The routine | oc_coor _
guad returns the coordinates of the quadrature point on the edges é; and é, of the reference
triangle that correspond to the quadrature point on the segment [—1, 1]. The edges ¢, and &,
are such that the edge number i f ace is the image of ¢; by the mapping Fg, and the image
of e, by the mapping F,, where E| and E; are the neighbors of edge i f ace. The routines
cal c_normal _face and cal c_| engt h_f ace return the fixed normal vector to the
edge and the length of the edge.
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The routine for assembling local contributions to global matrix and right-hand sides
is provided next.

/1 macros for defining the matrices

#define Aloc(i,j) Aloc[ 10*((j)-1) + (i)
#define Blocll(i,j) Blocll[ 10*((j)-1) +
#define Bloc22(i,j) Bloc22[ 10*((j)-1) +
#define Blocl12(i,j) Blocl2][ 10*((j)-1) +
#define Bloc21(i,j) Bloc2l[ 10*((j)-1) +

voi d gl obal _syst en{

int penal type; /1 in: type of priml nethod
doubl e *Agl obal ; /1 out: global matrix
doubl e *Fgl obal /1 out: global right-hand side
)
{
/1 local variables
int k; /1 polynom al degree
int N oc; /1 local dinmension
int iel; /1 el ement nunber
int iface; /1 edge nunber
int kaux,idofs,jdofs,ie,je;
int N ocnax; /1 maxi mum | ocal di nension
int E1, E2; /] edge nei ghbors
doubl e *Al oc; /1 local matrix for volune
doubl e *Fl oc; /1 local right-hand side

doubl e *Bl ocll, *Bl oc22, *Bl oc12, *Bl oc21;//| ocal matrices for edge

// allocate menory for local matrices and right-hand side
Al oc = (double *)nalloc (sizeof(double)*N ocrmax*N ocmax) ;

Bl oc11 = (double *)mall oc (sizeof (double)*N ocnax*N ocnax) ;
Bl 0c22 = (double *)nmall oc (sizeof (double)*N ocmax*N ocnax) ;
Bl oc12 = (double *)mall oc (sizeof (double)*N ocnmax*N ocnax) ;
Bl oc21 = (double *)malloc (sizeof (double)*N ocmax*N ocnax) ;

Fl oc = (double *)mall oc (sizeof(double)*N ocnax);

/'l assenbl e vol une contributions
kaux=0;
/1 loop over the el enments
for (iel=1;iel<=Nel;iel++) {
// get polynom al degree
k = nmesh_elt[iel].degree;
Nl oc = (k+1)*(k+2)/2;
/1 conpute |ocal volune matrix
| ocal mat _vol (iel, Al oc, Fl oc);
for (idofs=1;idofs<=N oc;idofs++) {
i e = idof s+kaux;
for (jdofs=1;jdofs<=N oc;jdofs++) {
j e = jdof s+kaux;
Agl obal (ie,je) = Aglobal (ie,je) + Al oc(idofs,jdofs);
}//jdofs
Fgl obal [i e-1] += Floc[idofs-1];
}// idofs
kaux = kaux+N oc;
Y1 oiel
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Il
11

11

11

11

11

11

11

11

11

/1

assenbl e edge contri butions
| oop over the edges
for (iface=1l;iface<=Nface;iface++) {

get nei ghbors of iface

El = meshface[iface]. neighbor[0];
E2 = neshface[iface].nei ghbor[1];
get pol ynoni al degree

k = mesh_el t[ E1] . degree;

Nl oc = (k+1)*(k+2)/2;

for interior face only
if (nmeshface[iface].bctype==0) {
conpute local matrices
| ocal mat _face(iface, penal type, Bl oc11, Bl oc22, Bl oc12, Bl oc21)

assenbl e Bl ocll

for (idofs=1;idofs<=N oc;idofs++) {

ie = idofs+(N oc*(El1-1));

for (jdofs=1;jdofs<=N oc;jdofs++) {
je = jdof s+(N oc*(E1-1))
Agl obal (ie,je) = Aglobal (ie,je) + Blocll(idofs,jdofs)
}/1 jdofs

}/ 1 idofs

assenbl e Bl oc22

for (idofs=1;idofs<=N oc;idofs++) {

ie = idofs+(N oc*(E2-1));

for (jdofs=1;jdofs<=N oc;jdofs++) {
je = jdof s+(N oc*(E2-1))
Agl obal (ie,je) = Aglobal (ie,je) + Bloc22(idofs,jdofs)
}/1 jdofs

}/ 1 idofs

assenmbl e Bl oc12
for (idofs=1;idofs<=Noc;idofs++) {
ie = idofs+(N oc*(El-1));
for (jdofs=1;jdofs<=N oc;jdofs++) {
je = jdofs+i (Nl oc*(E2-1))
Agl obal (ie,je) = Aglobal (ie,je) + Blocl2(idofs,jdofs)
}/1 jdofs
}/ 1 idofs

assenbl e Bl oc21

for (idofs=1;idofs<=N oc;idofs++) {

ie = idofs+i (N oc*(E2-1))

for (jdofs=1;jdofs<=N oc;jdofs++) {
je = jdofs+(N oc*(E1l-1))
Agl obal (ie,je) = Aglobal (ie,je) + Bloc2l(idofs,jdofs)
/1 jdofs

}/ 1 idofs

}// interior face only
else { // Dirichlet boundary face

conpute |local matrix
| ocal mat _bdyf ace(i f ace, penal t ype, Bl oc11)
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/1 assenble Blocll
for (idofs=1;idofs<=N oc;idofs++) {
ie = idofs+(N oc*(El-1));
for (jdofs=1;jdofs<=N oc;jdofs++) {
je = jdofs+(N oc*(E1l-1));
Agl obal (ie,je) = Aglobal (ie,je) + Blocll(idofs,jdofs);
}// jdofs
Y/ /1 idofs
}

free(Al oc);
free(Fl oc);
free(Bl ocll);
free(Bl oc22);
free(Bl ocl2);
free(Bl oc2l);

return;



Appendix C
- An approximation result

The stability and analysis of primal DG methods depend strongly on the value of the penalty
parameter. The penalty is either large enough for the SIPG and IIPG methods or strictly
positive for the NIPG method. If the penalty term is removed, the bilinear form of the
NIPG method remains coercive. The resulting method, denoted NIPG 0, is convergent for
polynomial degrees greater than or equal to two in 2D or 3D. The proof of the a priori error
estimates uses the following lemmas.

Lemma C.1. Let E be a triangle or a parallelogram in 2D or a tetrahedron in 3D. Let ng
be the outward normal to the boundary OE. Let K be a constant matrix. Fix one edge (or
face) e of E. Forany f € H*(E), with s > 2, there exists a polynomial g € P,(E) such
that

/KVq~nE=0 for € € 3E \ e, (C.2)
v

. i 1/2—i 1/2
Vi=0,1,2, [[V'glie < Chg” |EI"7IVf - ngllr2e. (C.3)

Proof. We first prove the result for a triangle E with vertices A, A, A3 and edges ¢; =
[A2A3], e2 = [A1A3], e3 = [A A;] with respective unit exterior normal vectors ny, ny, n3.
Let A1, A2, A3 be the barycentric coordinates of A, Ay, and A3 in E. Define the quadratic
polynomial

q = 4()[)L1(1 - )\.1)

From the definition of the barycentric coordinates, we see that « = g(A|»), where A, is
the midpoint of edge e3. Next, we compute the gradient of ¢:

Vg = 4aVa (1 — 24)).

175
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Since each component of V1, is a constant, and since 1 — 24 is a linear function vanishing
at the midpoints of edges e, and ez, we have

/ KVg - -ng =/ KVg-ng =0.
ey €3
It remains to satisfy condition (C.1) by carefully choosing the scalar «:
f Vq ‘RE =40[/ KV)\](I —2)&1) ‘RE Z/ KanE
ey e €]
Equivalently, since A; vanishes on e, we have

40(f KV)L]”EI/ KanE

4

Let |e;| be the length of e and | E| the area of E. We compute

ng |eq|
Vi = ———. C4
1 > 1E| (C4)
Therefore, we can solve for o:
1 |E| / KV
o0=—-—— n
2er? KnE ng &

Hence, using Cauchy—Schwarz’s inequality, we have for some constant C
1
la| < C|/ KVf -npg| <ChgllVf-nglie)-
el

Therefore, we obtain a bound on the L? norm of ¢:
1/2
lgll2@ < Clalla(d =)l < CIEI R IV F - el
Using (C.4), we obtain a bound on the gradient norm of g:

|E|1/2 <C|E|1/2h 1/2

IVl < lelIVAI(1 =242y < C|06| IVf-nrellLze)
and similarly

-3/2
IV2qll2) < CIEI2h PNV - nEgl 2.

Next, we consider a tetrahedron E with vertices A, Ay, Az, A4, Opposite faces ey, e, e3, eu,
and unit exterior normal vectors ny, iy, n3, n4. The argument is similar to the one used for
triangles. Let A, A2, A3, A4 be the barycentric coordinates of A, Ay, A3, and A4 in E.
Consider the polynomial

g =ai(3r —2).

We compute the gradient of ¢:

Vg = aVA(6A; —2).
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Each component of Vg has zero mean value on ey, e3, e4 and (VA;)A; vanishes on e;.
Therefore, « is determined by the condition:

—206/ KV)\.l-I'I]:/ KVf-nl,
41 €l

and since (C.4) is valid in 3D, this holds if
|E| 1 / KV
0= —— -ny.
letl? (Kny.my) ., 1

Hence there exists a constant C such that
la| = CIV S -nellize),
and fori = 0, 1, 2 we obtain
Vgl < CLE R IV S - ngllae,).

In the case of parallelograms, the proof is more technical (see [96]). O

Lemma C.2. Let E be a triangle or a parallelogram in 2D or a tetrahedron in 3D with
diameter hg. Let ng be the outward norm to the boundary 0E. Let K be a constant matrix
and letk > 2. Forany p € H*(E), with s > 2, there exist an approximation p € P;(E)
and a constant C > 0 independent of hg such that

Ve € JE, /KV(ﬁ —p)-ng =0, (C.5)

e

Vi=0,1,2, V(5= plee < CHE" bl g ). (C.6)

Proof. We give the proof for the case of the triangle only. The other cases are treated in a
similar way. Let E be a triangle with edges ey, e;, and e3 and with unit normal vector r;, n,,
and n3, respectively. Let p € H*(Q) fors > 2 and let p! € P;(E) be an approximation of
p satisfying (2.10). Set f = p — p' and use Lemma C.1 to construct a polynomial g, in
P, (E) such that

/ KV(g— f)-nm =0,

qul cRy) = 0,
)
KVg, -n3;=0
e3
Besides, fori =0, 1, 2,
. 11y
IV'qillz2ey < CIEI?hg IVf -nEllr2e)- (o))

Similarly, we construct polynomials ¢, and g3 in P>(E) such that

/KVQB'nBZfKVf'na for §=2,3,
es es



178 Appendix C. An approximation result

/KVC]Q‘”]Z/KVC]2-H3=0,
ey €3

/KVq3~n1:fKVq3-n2:0.

(5]

Letg = q1 +g> + g3 and set p = g + p’. Then p satisfies (C.5), and we derive, for
i=0,1,2,

||Vi(l3 - P)||L2(E) = ||Vi‘1||L2(E) + ||Vi(l71 - P)||L2(E)
< ChE™ M pl ey + IV (D" = Pl

which has the same order of approximation as |V'(p! — p)|;2). 0O
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