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Preface

This book is an introduction to a family of discontinuous Galerkin (DG) methods
applied to some steady-state and time-dependent model problems. A special effort was
made to have the material self-contained as much as possible. The book is well suited to
numerical analysts interested in DG methods but also to applied mathematicians who study
CFD or porous media flow. Practical implementation issues are discussed, which can be of
interest to engineers. The material can be used in a graduate level course on the numerical
solution of partial differential equations. Chapter 1 is introductory and can be used in a
scientific computing class for senior undergraduate students. Prerequisites are calculus and
linear algebra.

In this book, we mainly focus on the class of primal DG methods, namely variations of
interior penalty methods. In the text, these methods are referred to as the symmetric interior
penalty Galerkin (SIPG), incomplete interior penalty Galerkin (IIPG), and nonsymmetric
interior penalty Galerkin (NIPG) methods. The book is divided into three parts: Part I
focuses on the application of DG to second order elliptic problems in one dimension first
and then in higher dimensions. In Part II, the time-dependent parabolic problems (without
and with convection) are presented. Finally, Part III covers some applications of DG to
solid mechanics (linear elasticity), to fluid dynamics (Stokes and Navier–Stokes), and to
porous media flow (two-phase and miscible displacement).

We try to discuss both theoretical and computational aspects of the DG methods.
In particular, for the elliptic equations, a code written in MATLAB® for one-dimensional
problems is provided in Appendix B.1. The text contains algorithms for the implementation
of DG methods in two or three dimensions. Corresponding routines written in C are provided
in Appendix B.2 as well.

One objective of this book is to teach the reader the basic tools for analyzing DG
methods. Proofs of stability and convergence of the method are given with many details.
Another objective is to teach the reader the coding issues of DG methods: data structure,
construction of local matrices, and assembling of the global matrix. Several computational
examples are provided. Finally, by presenting specific applications of DG to important
engineering problems, we hope to convince the reader that the DG method is a competitive
approach for solving his/her own scientific problem.

The first DG methods were introduced for hyperbolic problems, which we do not
cover in this book. The treatment of DG methods for conservation laws can itself be the
object of an entire book. Other important topics not discussed in this book include solvers
and preconditioning.

xxi
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This book stems from a collection of notes that I used in several graduate classes
while I was teaching at the University of Pittsburgh. I would like to thank all the students
for their feedback and comments. Some of the work presented in this book was funded by
the National Science Foundation. I am grateful for their support.

B.M. Rivière
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Chapter 1

One-dimensional problem

In this chapter, we define the primal DG methods for solving a two-point boundary value
problem in one dimension.

1.1 Model problem
Let us consider the following two-point boundary value problem on the unit interval:

∀x ∈ (0, 1), −(K(x)p′(x))′ = f (x), (1.1)

p(0) = 1, (1.2)

p(1) = 0, (1.3)

where K ∈ C1(0, 1) and f ∈ C0(0, 1). We also assume that there are two constants K0 and
K1 such that

∀x ∈ (0, 1), 0 < K0 ≤ K(x) ≤ K1.

We say that p is a solution of (1.1)–(1.3) if p ∈ C2(0, 1) and p satisfies the equa-
tions (1.1)–(1.3) pointwise.

1.2 A class of DG methods
Let 0 = x0 < x1 < · · · < xN = 1 be a partition Eh of (0, 1), denote In = (xn, xn+1), and
define

hn = xn+1 − xn, hn−1,n = max(hn−1, hn), h = max
0≤n≤N−1

hn.

Denote by Dk(Eh) the space of piecewise discontinuous polynomials of degree k:

Dk(Eh) = {v : v|In ∈ Pk(In) ∀j = 0, . . . , N − 1},
where Pk(In) is the space of polynomials of degree k on the interval In. Let us denote
v(x+

n ) = lim
ε→0
ε>0

v(xn + ε) and v(x−
n ) = lim

ε→0
ε>0

v(xn − ε). Then we can define the jump and

3
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4 Chapter 1. One-dimensional problem

average of v at the endpoints of In:

[v(xn)] = v(x−
n )− v(x+

n ), {v(xn)} = 1

2
(v(x−

n )+ v(x+
n )) ∀n = 1, . . . , N − 1.

By convention, we also extend the definition of jump and average at the endpoints of the
unit interval:

[v(x0)] = −v(x+
0 ), {v(x0)} = v(x+

0 ), [v(xN)] = v(x−
N), {v(xN)} = v(x−

N).

Next, we introduce jump terms of the solution and its derivative. Those terms are also
referred to as penalty terms:

J0(v,w) =
N∑
n=0

σ 0

hn−1,n
[v(xn)][w(xn)], J1(v,w) =

N−1∑
n=1

σ 1

hn−1,n
[v′(xn)][w′(xn)],

where σ 0 and σ 1 are two real nonnegative numbers. We note that J0 penalizes the jump
in the function v (or w), whereas J1 penalizes the jump in the derivative of the function
v (or w).

Let v be a function in Dk(Eh). Let us multiply (1.1) by v and let us integrate by parts
on each interval In:∫ xn+1

xn

K(x)p′(x)v′(x)dx −K(xn+1)p
′(xn+1)v(x

−
n+1)+K(xn)p

′(xn)v(x+
n )

=
∫ xn+1

xn

f (x)v(x)dx, n = 0, . . . , N − 1.

By adding all N equations above, we obtain

N−1∑
n=0

∫ xn+1

xn

K(x)p′(x)v′(x)dx −
N∑
n=0

[K(xn)p′(xn)v(xn)] =
∫ 1

0
f (x)v(x)dx.

It is easy to check that for 1 ≤ n ≤ N − 1

[K(xn)p′(xn)v(xn)] = {K(xn)p′(xn)}[v(xn)] + {v(xn)}[K(xn)p′(xn)]. (1.4)

By applying (1.4) and by noting that the exact solution p satisfies [K(xn)p′(xn)] = 0 for
all 1 ≤ n ≤ N − 1, we obtain

N−1∑
n=0

∫ xn+1

xn

K(x)p′(x)v′(x)dx −
N∑
n=0

{K(xn)p′(xn)}[v(xn)] =
∫ 1

0
f (x)v(x)dx.

We now note that the exact solution p is also continuous, i.e., [p(xn)] = 0. Therefore, we
see that if p is a solution of (1.1)–(1.3), then p satisfies

N−1∑
n=0

∫ xn+1

xn

K(x)p′(x)v′(x)dx −
N∑
n=0

{K(xn)p′(xn)}[v(xn)] + ε

N∑
n=0

{K(xn)v′(xn)}[p(xn)]

=
∫ 1

0
f (x)v(x)dx − εK(x0)v

′(x0)p(x0)+ εK(xN)v
′(xN)p(xN)

=
∫ 1

0
f (x)v(x)dx − εK(x0)v

′(x0).
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1.2. A class of DG methods 5

Here, ε can be any real number, as the third term in the equation above is intrinsically zero.
However, we restrict ourselves to the case ε ∈ {−1, 0,−1}.

Definition 1.1. Given a real vector space V , the function a : V × V → R is called a
bilinear form if a is linear with respect to each of its arguments. In other words, for all
α ∈ R, v, v1, v2, w,w1, w2 ∈ V , we have

a(v1 + v2, w) = a(v1, w)+ a(v2, w),

a(αv,w) = αa(v,w),

a(v,w1 + w2) = a(v,w1)+ a(v,w2),

a(v, αw) = αa(v,w).

We now define the DG bilinear form aε : Dk(Eh)× Dk(Eh) → R:

aε(w, v) =
N−1∑
n=0

∫ xn+1

xn

K(x)w′(x)v′(x)dx −
N∑
n=0

{K(xn)w′(xn)}[v(xn)]

+ε
N∑
n=0

{K(xn)v′(xn)}[w(xn)] + J0(w, v)+ J1(w, v).

The DG bilinear form aε has the following properties:

• For ε = −1, the form is symmetric, i.e.,

∀v,w, a−1(v,w) = a−1(w, v),

and we have

a−1(v, v) =
N−1∑
n=0

∫ xn+1

xn

K(x)(v′(x))2dx − 2
N∑
n=0

{K(xn)v′(xn)}[v(xn)]

+ J0(v, v)+ J1(v, v).

• For ε ∈ {0,+1}, the form is nonsymmetric, and we have

a+1(v, v) =
N−1∑
n=0

∫ xn+1

xn

K(x)(v′(x))2dx + J0(v, v)+ J1(v, v) ≥ 0, (1.5)

a0(v, v) =
N−1∑
n=0

∫ xn+1

xn

K(x)(v′(x))2dx −
N∑
n=0

{K(xn)v′(xn)}[v(xn)]

+ J0(v, v)+ J1(v, v).

A class of DG methods for solving the boundary value problem (1.1)–(1.3) is as follows:
Find PDG ∈ Dk(Eh) such that

∀v ∈ Dk(Eh), aε(P
DG, v) = L(v), (1.6)
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6 Chapter 1. One-dimensional problem

where L : Dk(Eh) → R is the linear form

L(v) =
∫ 1

0
f (x)v(x)dx − εK(x0)v

′(x0)+ σ 0

h0,1
v(x0).

Remark: Problem (1.6) is an example of a finite-dimensional variational formulation. This
concept is discussed in detail in the next chapter.
Remark: Depending on the choices of the parameters ε, σ 0, σ 1, we obtain several variations
of DG methods that have appeared in the literature at different times.

• If ε = −1, σ 1 = 0, and σ 0 is bounded below by a large enough constant, the resulting
method is called the symmetric interior penalty Galerkin (SIPG) method, introduced
in the late 1970s by Wheeler [109] and Arnold [1].

• If ε = −1 and σ 0 = σ 1 = 0, the resulting method is called the global element
method, introduced in 1979 by Delves and Hall [43]. However, the matrix associated
with the bilinear form is indefinite, as the real parts of the eigenvalues are not all
positive and thus the method is not stable.

• If ε = +1, σ 1 = 0, and σ 0 = 1, the resulting method is called the nonsymmetric
interior penalty Galerkin (NIPG) method, introduced in 1999 by Rivière, Wheeler,
and Girault [95].

• If ε = +1 and σ 0 = σ 1 = 0, the resulting method was introduced by Oden, Babus̆ka,
and Baumann in 1998 [84]. Throughout these notes, we will refer to this method as
the NIPG 0 method, since it corresponds to the particular case of NIPG with σ 0 = 0.

• If ε = 0, we obtain the incomplete interior penalty Galerkin (IIPG) method introduced
by Dawson, Sun, and Wheeler [42] in 2004.

Remark: What if ε = 0 and σ 0 = σ 1 = 0? Then the method is not convergent and not
stable. One cannot even prove uniqueness and existence of the discrete solution.
Remark: It could be useful in practice to allow the penalty parameters to vary with each
node. For instance a large value σ 0

n yields a numerical solution with a small jump at the
node xn.

1.3 Existence and uniqueness of the DG solution
Since the problem is finite-dimensional, existence of a solution is equivalent to uniqueness.
Let us assume that P 1 and P 2 are two solutions and let us define θ = P 1 − P 2. Since both
P 1 and P 2 satisfy (1.6), we have

∀v ∈ Dk(Eh), aε(θ, v) = 0.

Choosing in particular v = θ gives

aε(θ, θ) = 0.
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In the case of NIPG with σ 0 > 0, (1.5) yields

∀n ≥ 0,
∫ xn+1

xn

K(x)(θ ′(x))2dx = 0,
σ 0

hn−1,n
[θ(xn)]2 = 0.

SinceK is strictly positive, the first equation implies that the function θ is equal to a constant
kn on each interval In. The second equation implies that all kn’s are equal to the same zero
constant.

What should we do in the case of SIPG, IIPG, and NIPG 0? The proof is not as simple
and is given in Chapter 2. In particular, some conditions on the penalty parameters need to
be imposed in order to obtain uniqueness (hence existence) of the solution.

1.4 Linear system
In this section, we derive the linear system obtained from the DG scheme in the simpler case
where K is the unit constant and σ 1 = 0. We also consider the case where discontinuous
piecewise quadratic polynomials are used, namely k = 2. Let us choose for local basis
functions of P2(In) the monomial basis functions, translated from the interval (−1, 1):

P2(In) = span{φn0 , φn1 , φn2 }
with

φn0 (x) = 1, φn1 (x) = 2
x − xn+1/2

xn+1 − xn
, φn2 (x) = 4

(x − xn+1/2)
2

(xn+1 − xn)2
,

and xn+1/2 = 1
2 (xn + xn+1) is the midpoint of the interval In. To further simplify the

computation, let us assume that there is a positive integer N such that

xn = x0 + nh, h = 1

N
.

Thus, the local basis functions and their derivatives are simply

φn0 (x) = 1, φn1 (x) = 2

h
(x − (n+ 1/2)h), φn2 (x) = 4

h2
(x − (n+ 1/2)h)2, (1.7)

φn0
′(x) = 0, φn1

′(x) = 2

h
, φn2

′(x) = 8

h2
(x − (n+ 1/2)h). (1.8)

The global basis functions {�n
i } for the space D2(Eh) are obtained from the local basis

functions by extending them by zero:

�n
i (x) =

{
φni (x), x ∈ In,

0, x /∈ In.
We can then expand the DG solution as

∀x ∈ (0, 1), PDG(x) =
N−1∑
m=0

2∑
j=0

αmj �
j
m(x), (1.9)
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8 Chapter 1. One-dimensional problem

where the coefficients αmj are unknown real numbers to be solved for. Plugging this form
of PDG into the scheme (1.6), we have

∀0 ≤ n ≤ N − 1, ∀0 ≤ i ≤ 2,
N−1∑
m=0

2∑
j=0

αmj aε(�
j
m,�

i
n) = L(�i

n).

We obtain a linear system of the form Aα = b, where α is the vector with components αmj ,

A is the matrix with entries aε(�
j
m,�

i
n), and b is the vector with components L(�i

n).

1.4.1 Computing the matrix A

Because of the local support of the global basis functions, the entries of the global matrix
A can be obtained by first computing and assembling local matrices.

In what follows, we first describe how to compute the local matrices. We will regroup
the terms defining aε into three groups: the terms involving integrals over In, the terms
involving the interior nodes xn, and those involving the boundary nodes x0, xN .

First, we consider the term corresponding to the integrals over the intervals In. On
each element In, the DG solution PDG is a quadratic polynomial, and we can write

∀x ∈ In, PDG(x) = αn0φ
n
0 (x)+ αn1φ

n
1 (x)+ αn2φ

n
2 (x). (1.10)

Thus, using the expansion above and choosing v = φni for i = 0, 1, 2, we obtain

∀i = 0, 1, 2,
∫
In

(PDG)′(x)(φni )
′(x)dx =

2∑
j=0

αnj

∫
In

(φnj )
′(x)(φni )

′(x)dx.

This linear system can be rewritten as Anα
n, where

αn =
⎛⎝ αn0
αn1
αn2

⎞⎠ , (An)ij =
∫
In

(φni )
′(x)(φnj )

′(x)dx.

One can easily compute An:

An = 1

h

⎛⎝ 0 0 0
0 4 0
0 0 16

3

⎞⎠ .
Second, we consider the terms involving the interior nodes xn. By expanding the

average and jump terms, we can write

−{(PDG)′(xn)}[v(xn)] + ε{v′(xn)}[PDG(xn)] + σ 0

h
[PDG(xn)][v(xn)]

= bn + cn + dn + en,
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where the terms are defined below:

bn = 1

2
(PDG)′(x+

n )v(x
+
n )− ε

2
PDG(x+

n )v
′(x+

n )+ σ 0

h
PDG(x+

n )v(x
+
n ),

cn = −1

2
(PDG)′(x−

n )v(x
−
n )+ ε

2
PDG(x−

n )v
′(x−

n )+ σ 0

h
PDG(x−

n )v(x
−
n ),

dn = −1

2
(PDG)′(x+

n )v(x
−
n )− ε

2
PDG(x+

n )v
′(x−

n )− σ 0

h
PDG(x+

n )v(x
−
n ),

en = 1

2
(PDG)′(x−

n )v(x
+
n )+ ε

2
PDG(x−

n )v
′(x+

n )− σ 0

h
PDG(x−

n )v(x
+
n ).

Again, with the expansion (1.10) and with the choice v = φni , the four terms defined above
will yield the local matrices Bn,Cn,Dn, and En, respectively. For instance, the entries of
Bn and Dn are given by

(Bn)ij = 1

2
(φnj )

′(x+
n )φ

n
i (x

+
n )− ε

2
φnj (x

+
n )(φ

n
i )

′(x+
n )+ σ 0

h
φnj (x

+
n )φ

n
i (x

+
n ),

(Dn)ij = −1

2
(φnj )

′(x+
n )φ

n−1
i (x−

n )− ε

2
φnj (x

+
n )(φ

n−1
i )′(x−

n )− σ 0

h
φnj (x

+
n )φ

n−1
i (x−

n ).

Carefully examining the terms, we see that Bn (resp., Cn) corresponds to the interactions
of the local basis functions of the interval In (resp., In−1) with themselves, whereas the
matrices Dn and En couple the intervals In and In−1. One can easily compute the following
four 3 × 3 matrices, using the definitions (1.7) and (1.8):

Bn = 1

h

⎛⎝ σ 0 1 − σ 0 −2 + σ 0

−ε − σ 0 −1 + ε + σ 0 2 − ε − σ 0

2ε + σ 0 1 − 2ε − σ 0 −2 + 2ε + σ 0

⎞⎠,
Cn = 1

h

⎛⎝ σ 0 −1 + σ 0 −2 + σ 0

ε + σ 0 −1 + ε + σ 0 −2 + ε + σ 0

2ε + σ 0 −1 + 2ε + σ 0 −2 + 2ε + σ 0

⎞⎠,
Dn = 1

h

⎛⎝ −σ 0 −1 + σ 0 2 − σ 0

−ε − σ 0 −1 + ε + σ 0 2 − ε − σ 0

−2ε − σ 0 −1 + 2ε + σ 0 2 − 2ε − σ 0

⎞⎠,
En = 1

h

⎛⎝ −σ 0 1 − σ 0 2 − σ 0

ε + σ 0 −1 + ε + σ 0 −2 + ε + σ 0

−2ε − σ 0 1 − 2ε − σ 0 2 − 2ε − σ 0

⎞⎠.
Finally, we compute the local matrices arising from the boundary nodes x0 and xN :

f0 = (PDG)′(x0)v(x0)− εv′(x0)P
DG(x0)+ σ 0

h
PDG(x0)v(x0),

fN = −(PDG)′(xN)v(xN)+ εv′(xN)PDG(xN)+ σ 0

h
PDG(xN)v(xN).
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10 Chapter 1. One-dimensional problem

These two terms above yield the matrices F 0 and FN :

F 0 = 1

h

⎛⎝ σ 0 2 − σ 0 −4 + σ 0

−2ε − σ 0 −2 + 2ε + σ 0 4 − 2ε − σ 0

4ε + σ 0 2 − 4ε − σ 0 −4 + 4ε + σ 0

⎞⎠,
FN = 1

h

⎛⎝ σ 0 −2 + σ 0 −4 + σ 0

2ε + σ 0 −2 + 2ε + σ 0 −4 + 2ε + σ 0

4ε + σ 0 −2 + 4ε + σ 0 −4 + 4ε + σ 0

⎞⎠ .
These local matrices are independent of the interval In. In the general case where the size
of the intervals varies, the local matrices vary over all intervals. Once the local matrices
have been computed, they are assembled into the global matrix. The assembling depends
on the order of the unknowns αni . Assuming that the unknowns are listed in the following
order,

(α0
0, α

0
1, α

0
2, α

1
0, α

1
1, α

1
2, α

2
0, α

2
1, α

2
2, . . . , α

N−1
0 , αN−1

1 , αN−1
2 ),

we obtain a global matrix that is block tridiagonal:⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

M0 D1

E1 M D2

. . . . . . . . .

. . . . . . . . .

EN−2 M DN−1

EN−1 MN

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

where

M = An + Bn + Cn+1, M0 = A0 + F 0 + C1, MN = AN−1 + FN + BN−1.

Remark: Since the penalty parameter is constant, the local matrices are independent of the
subintervals. Thus, they can be defined before assembling the global matrix. Appendix B.1
contains a MATLAB® code that computes the global matrix.

1.4.2 Computing the right-hand side b

Each component of b is obtained by computing

L(�i
n) =

∫ 1

0
f (x)�i

n(x)dx − εK(x0)(�
i
n)

′(x0)+ σ 0

h
�i
n(x0).

Because of the local support of �i
n, the first term is reduced to∫ 1

0
f (x)�n

i (x)dx =
∫ xn+1

xn

f (x)φni (x)dx.

After a change of variable, we obtain∫ 1

0
f (x)�n

i (x)dx = h

2

∫ 1

−1
f

(
h

2
t + (n+ 1/2)h

)
t idt.
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Because the integral cannot be computed exactly for most functions f , we rather compute an
approximation by using a quadrature rule [6]. In particular, we choose the Gauss quadrature
rule defined by a set of weights (wj )1≤j≤QG and a set of nodes (sj )1≤j≤QG :∫ 1

−1
v(t)dt ≈

QG∑
j=1

wjv(sj ). (1.11)

One can show that if v is a polynomial of degree 2QG − 1, the Gauss quadrature rule is
exact; i.e., the sign ≈ in (1.11) becomes an equality sign. Appendix A gives the sets of
weights and nodes for different values of QG. We therefore have∫ 1

0
f (x)�n

i (x)dx ≈ h

2

QG∑
j=1

wjf

(
h

2
sj + (n+ 1/2)h

)
sij .

We write the components of the vector b in an order consistent with the ordering of the
unknowns αni :

(b0
0, b

0
1, b

0
2, b

1
0, b

1
1, b

1
2, b

2
0, b

2
1, b

2
2, . . . , b

N−1
0 , bN−1

1 , bN−1
2 ),

where the first three components are

b0
0 = h

2

QG∑
j=1

wjf

(
h

2
sj + h

2

)
+ σ 0

h
,

b0
1 = h

2

QG∑
j=1

wjf

(
h

2
sj + h

2

)
sj − εK(x0)

2

h
− σ 0

h
,

b0
2 = h

2

QG∑
j=1

wjf

(
h

2
sj + h

2

)
s2
j + εK(x0)

4

h
+ σ 0

h
,

and the last 3(N − 1) components are

∀1 ≤ n ≤ N − 1, ∀0 ≤ i ≤ 2, bni = h

2

QG∑
j=1

wjf

(
h

2
sj + (n+ 1/2)h

)
sij .

We remark that the first three components of b differ from the rest because of the nonzero
Dirichlet boundary condition at x0. The MATLAB code given in Appendix B.1 shows how
to build b and also how to solve for α.

1.4.3 Imposing boundary conditions strongly

So far, we have imposed the boundary conditions (1.2), (1.3) weakly, through the addition
of the terms −εv′(x0)p(x0)+ σ 0

h
v(x0)p(x0). One can, however, impose them strongly by

restricting the approximation space to

D0
k(Eh) = {v ∈ Dk(Eh) : v(0) = 0, v(1) = 0}
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12 Chapter 1. One-dimensional problem

and by writing

PDG = PDG
0 + P1

with P1 being a continuous piecewise polynomial of degree k satisfying P1(0) = 1 and
P1(1) = 0 and with PDG

0 ∈ D0
k(Eh) a solution of the modified DG scheme:

∀v ∈ D0
k(Eh),

N−1∑
n=0

∫ xn+1

xn

K(x)(PDG
0 )′(x)v′(x)dx −

N−1∑
n=1

{K(xn)(PDG
0 )′(xn)}[v(xn)]

+ε
N−1∑
n=1

{K(xn)v′(xn)}[PDG
0 (xn)] +

N−1∑
n=1

σ 0

h
[v(xn)][PDG

0 (xn)]

=
∫ 1

0
f (x)v(x)dx −

N−1∑
n=0

∫ xn+1

xn

K(x)P ′
1(x)v

′(x).

In that case, the global matrix is still block tridiagonal, but the blocks M0 and MN are of
size 2×2, the blocks E1 and DN−1 of size 3×2, and the blocks EN−1 and D1 of size 2×3.

1.5 Convergence of the DG method
One can show that if the exact solution is smooth enough, the numerical error decreases as
one increases the number of intervals, i.e., as one decreases the mesh size h. We define the
numerical error obtained on the mesh Eh by

eh = p − PDG.

Definition 1.2. Given a space V , the function ‖ · ‖ : V → R is called a norm if for all
v,w ∈ V and t ∈ R, we have

(i) ‖v‖ ≥ 0,

(ii)‖v‖ = 0 ⇔ v = 0,

(iii)‖tv‖ = |t |‖v‖,
(iv)‖v + w‖ ≤ ‖v‖ + ‖w‖.

The function ‖ · ‖ is called a seminorm if only properties (i), (iii), and (iv) are satisfied.

Define the energy norm of the error by

‖eh‖E =
(
N−1∑
n=0

∫ xn+1

xn

K(x)(e′h(x))
2dx + J0(eh, eh)

)1/2

(1.12)

and the L2 norm of the error by

‖eh‖L2(0,1) =
(∫ 1

0
(eh(x))

2dx

)1/2

.
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1.6. Numerical experiments 13

Table 1.1. Convergence rates of primal DG method for uniform meshes in one dimension.

Method β1 β2

NIPG σ 0 ≥ 0 k k + 1 if k odd
k if k even

SIPG σ 0 > σ 0∗ k k + 1

IIPG σ 0 > σ 0∗ k k + 1 if k odd
k if k even

Table 1.2. Convergence rates of primal DG method for nonuniform meshes in one
dimension.

Method β1 β2

NIPG σ 0 ≥ 0 k k

SIPG σ 0 > σ 0∗ k k + 1

IIPG σ 0 > σ 0∗ k k

One can show that ‖eh‖E = Chβ1 and ‖eh‖L2(0,1) = Chβ2 , whereC is a constant independent
ofh (see Chapter 2). The convergence rate of the method in the energy norm (resp.,L2 norm)
is then defined to be the power β1 (resp., β2). Assuming that the solution is smooth, the mesh
is uniform (hn = h for all n), and discontinuous piecewise polynomials of degree k are used,
the convergence rates are summarized in Table 1.1. These rates can be proved theoretically,
and they are obtained numerically for h sufficiently small by applying the formulas

β1 = 1

ln(2)
ln

( ‖eh‖E
‖eh/2‖E

)
, β2 = 1

ln(2)
ln

( ‖eh‖L2(0,1)

‖eh/2‖L2(0,1)

)
. (1.13)

If the meshes are nonuniform, the rates are suboptimal in L2 norm for the NIPG and IIPG
methods (see Table 1.2). The MATLAB code given in Appendix B.1 computes both the
energy norm and the L2 norm of the error.

1.6 Numerical experiments
In the case where the solution is given by the expression

p(x) = (1 − x)e−x
2
,

convergence results are obtained for both energy norm and L2 norm of the error. We vary
the parameter ε in {−1, 0, 1}, the penalty values σ 0, and the polynomial approximations
from linear to quartic. We first consider uniform meshes of size h. The convergence rates
are given in Tables 1.3–1.6 for k = 1, 2, and 3, respectively, and for different penalty values.
We note that for k = 1, the choice σ 0 = 0 yields indefinite matrices, and thus the system
cannot be solved.
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14 Chapter 1. One-dimensional problem

Table 1.3. Numerical errors and convergence rates for piecewise linear approximation.

Method h ‖eh‖E β1 ‖eh‖L2(0,1) β2

NIPG σ 0 = 1 1/2 2.5300 × 10−1 7.3161 × 10−2

1/4 1.1630 × 10−1 1.1211 1.9453 × 10−2 1.9110
1/8 5.4024 × 10−2 1.1067 4.9477 × 10−3 1.9752

1/16 2.5720 × 10−2 1.0706 1.2416 × 10−3 1.9945
1/32 1.2498 × 10−2 1.0411 3.1061 × 10−4 1.9990

SIPG σ 0 = 2 1/2 5.8471 × 10−1 8.9892 × 10−2

1/4 2.0222 × 10−1 1.5317 1.7327 × 10−2 2.3751
1/8 8.5447 × 10−2 1.2428 3.5659 × 10−3 2.2806

1/16 3.5828 × 10−2 1.2539 7.3340 × 10−4 2.2816
1/32 1.5448 × 10−2 1.2136 1.5613 × 10−4 2.2318

IIPG σ 0 = 1 1/2 3.4091 × 10−1 9.2456 × 10−2

1/4 1.2112 × 10−1 1.4929 2.5039 × 10−2 1.8845
1/8 5.1662 × 10−2 1.2292 6.5011 × 10−3 1.9454

1/16 2.4615 × 10−2 1.0695 1.6553 × 10−3 1.9735
1/32 1.2155 × 10−2 1.0179 4.1755 × 10−4 1.9871

Table 1.4. Numerical errors and convergence rates for piecewise quadratic ap-
proximation.

Method h ‖eh‖E β1 ‖eh‖L2(0,1) β2

NIPG σ 0 = 0 1/2 9.3544 × 10−2 2.0713 × 10−2

1/4 2.5299 × 10−2 1.8865 7.9581 × 10−3 1.3800
1/8 6.6182 × 10−3 1.9345 2.4210 × 10−3 1.7168

1/16 1.6804 × 10−3 1.9775 6.4211 × 10−4 1.9147
1/32 4.2196 × 10−4 1.9936 1.6305 × 10−4 1.9774

NIPG σ 0 = 1 1/2 7.0690 × 10−2 1.5754 × 10−2

1/4 1.7289 × 10−2 2.0315 5.0566 × 10−3 1.6395
1/8 4.2388 × 10−3 2.0281 1.3419 × 10−3 1.9138

1/16 1.0472 × 10−3 2.0171 3.3533 × 10−4 2.0006
1/32 2.6026 × 10−4 2.0085 8.3121 × 10−5 2.0123

SIPG σ 0 = 2 1/2 1.7472 × 10−1 1.6963 × 10−2

1/4 5.7965 × 10−2 1.5917 2.8754 × 10−3 2.5605
1/8 9.8399 × 10−3 2.5584 2.5109 × 10−4 3.5174

1/16 2.2901 × 10−3 2.1032 2.9131 × 10−5 3.1075
1/32 5.6312 × 10−4 2.0238 3.5624 × 10−6 3.0316

IIPG σ 0 = 1 1/2 1.3032 × 10−1 3.9401 × 10−2

1/4 2.5275 × 10−2 2.3663 7.7062 × 10−3 2.3541
1/8 5.6861 × 10−3 2.1522 1.6145 × 10−3 2.2548

1/16 1.3649 × 10−3 2.0586 3.6500 × 10−4 2.1451
1/32 3.3563 × 10−4 2.0238 8.6547 × 10−5 2.0763
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Table 1.5. Numerical errors and convergence rates for piecewise cubic approximation.

Method h ‖eh‖E β1 ‖eh‖L2(0,1) β2

NIPG σ 0 = 0 1/2 5.6180 × 10−3 1.2627 × 10−3

1/4 6.4343 × 10−4 3.1262 6.7644 × 10−5 4.2224
1/8 7.5240 × 10−5 3.0962 3.8391 × 10−6 4.1391

1/16 9.0807 × 10−6 3.0506 2.2809 × 10−7 4.0730
1/32 1.1151 × 10−6 3.0255 1.3892 × 10−8 4.0373

NIPG σ 0 = 1 1/2 5.2783 × 10−3 1.0881 × 10−3

1/4 6.2018 × 10−4 3.0893 5.8542 × 10−5 4.2162
1/8 7.3930 × 10−5 3.0683 3.3513 × 10−6 4.1266

1/16 9.0061 × 10−6 3.0373 1.9968 × 10−7 4.0689
1/32 1.1107 × 10−6 3.0193 1.2170 × 10−8 4.0362

SIPG σ 0 = 1 1/2 6.4024 × 10−3 4.4484 × 10−4

1/4 6.8810 × 10−4 3.2179 2.1387 × 10−5 4.3784
1/8 7.7514 × 10−5 3.1501 1.1225 × 10−6 4.2519

1/16 9.2066 × 10−6 3.0737 6.3845 × 10−8 4.1360
1/32 1.1225 × 10−6 3.0359 3.7981 × 10−9 4.0712

IIPG σ 0 = 1 1/2 7.3848 × 10−3 4.3616 × 10−3

1/4 6.5496 × 10−4 3.4950 2.2715 × 10−4 4.2631
1/8 7.3054 × 10−5 3.1643 1.3096 × 10−5 4.1164

1/16 8.8549 × 10−6 3.0444 7.9424 × 10−7 4.0434
1/32 1.0983 × 10−6 3.0111 4.9047 × 10−8 4.0173

We now consider a nonuniform mesh constructed as follows. The unit interval is
first divided into N intervals of length 1/N . Each subinterval is then divided into three
nonuniform subintervals of length 1/(7N), 1/(2N), and 5/(14N), respectively. Numerical
errors and convergence rates are shown in Table 1.7. The rates are suboptimal in the L2

norm for the NIPG and IIPG methods and for polynomials of degree one or two.

1.7 Bibliographical remarks
Stability and convergence of the NIPG method with zero penalty were obtained by Babus̆ka,
Baumann, and Oden [8] in one dimension. The analysis of the NIPG method with or
without penalty was proved by Rivière, Wheeler, and Girault [96, 95] in any dimensions.
The analysis of the IIPG method is almost identical to the analysis of the SIPG method,
which can be obtained from Wheeler’s work [109]. Using a standard lift argument, one
can show suboptimal error estimates in the L2 norm for both NIPG and IIPG on general
meshes. In the case of uniform meshes in one dimension, Larsson and Niklasson [77] proved
optimal convergence rates for polynomial degrees of even parity. The work of Cockburn,
Gunzman, and Rivière [31] shows that for some nonuniform meshes, numerical rates remain
suboptimal with a loss of one power of h.
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16 Chapter 1. One-dimensional problem

Table 1.6. Numerical errors and convergence rates for piecewise quartic approximation.

Method h ‖eh‖E β1 ‖eh‖L2(0,1) β2

NIPG σ 0 = 0 1/2 7.4885 × 10−4 1.1286 × 10−4

1/4 5.0944 × 10−5 3.8776 8.7699 × 10−6 3.6859
1/8 3.3003 × 10−6 3.9482 5.9422 × 10−7 3.8834

1/16 2.0841 × 10−7 3.9850 3.7975 × 10−8 3.9678
1/32 1.3061 × 10−8 3.9960 2.3870 × 10−9 3.9917

NIPG σ 0 = 1 1/2 7.2760 × 10−4 1.0604 × 10−4

1/4 4.8061 × 10−5 3.9202 7.8791 × 10−6 3.7504
1/8 3.0614 × 10−6 3.9726 5.2009 × 10−7 3.9212

1/16 1.9200 × 10−7 3.9949 3.2856 × 10−8 3.9845
1/32 1.2001 × 10−8 3.9998 2.0550 × 10−9 3.9989

SIPG σ 0 = 1 1/2 7.8419 × 10−4 3.7197 × 10−5

1/4 5.5204 × 10−5 3.8283 1.3837 × 10−6 4.7485
1/8 3.6525 × 10−6 3.9178 4.6745 × 10−8 4.8875

1/16 2.3277 × 10−7 3.9719 1.4983 × 10−9 4.9634
1/32 1.4642 × 10−8 3.9907 4.7192 × 10−11 4.9886

IIPG σ 0 = 1 1/2 1.4898 × 10−3 8.3173 × 10−4

1/4 6.7918 × 10−5 4.4552 4.2646 × 10−5 4.2856
1/8 3.6617 × 10−6 4.2132 2.2486 × 10−6 4.2452

1/16 2.1688 × 10−7 4.0775 1.2739 × 10−7 4.1416
1/32 1.3289 × 10−8 4.0286 7.5627 × 10−9 4.0742

Table 1.7. Numerical errors and convergence rates on nonuniform meshes.

Method N k ‖eh‖E Rate ‖eh‖L2(0,1) Rate

NIPG σ 0 = 1 256 1 6.4397 × 10−4 4.5206 × 10−6

512 1 3.2190 × 10−4 1.000 2.1943 × 10−6 1.043
256 2 6.6800 × 10−7 1.5482 × 10−7

512 2 1.6700 × 10−7 2.000 3.8701 × 10−8 2.000

SIPG σ 0 = 1 256 1 7.0270 × 10−4 2.9266 × 10−7

512 1 3.4453 × 10−4 1.028 7.0062 × 10−8 2.062
256 2 4.8454 × 10−6 1.8525 × 10−9

512 2 1.2112 × 10−6 2.000 2.3166 × 10−10 3.000

IIPG σ 0 = 1 256 1 6.3022 × 10−4 6.4539 × 10−7

512 1 3.1511 × 10−4 1.000 1.6133 × 10−7 2.000
256 2 7.8261 × 10−7 1.7002 × 10−7

512 2 1.9567 × 10−7 2.000 4.2490 × 10−8 2.000
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Exercises
1.1. Show that the energy norm || · ||E defined by (1.12) is indeed a norm for the space

Xh:
Xh = {v : v|In ∈ C1(In), n = 0, . . . , N − 1}.

1.2. Derive the local matrices An,Bn,Cn,Dn, and En for polynomial degree k = 4.

1.3. Derive all the local matrices and the global matrix in the case of nonzero σ 1 and for
polynomial degree k = 2.

1.4. Modify the code given in Appendix B.1 so that the energy norm of the error is
computed. Run the code for the following exact solutions: (a) p(x) = (1 − x)3,
(b) p(x) = (1 − x) cos x. Plot the numerical solution. By varying the number of
intervals, compute the numerical convergence rates for both the energy norm and the
L2 norm of the error. Choose σ 0 = 1 and ε = 1.

1.5. Define the DG method for solving (1.1) withK = 1 and with the following boundary
conditions:

p(0) = 1,

p′(1) = 0.

Modify the code given in Appendix B.1 and run it for the exact solution: p(x) =
(1 − x)2ex . Compute numerical errors obtained for the number of intervals N =
4, 8, 16, 32. Choose ε = −1 and vary σ 0 = 0.1, 1, 10.

1.6. Implement the DG method in the case where the boundary condition p(1) = 0 is
imposed strongly, as discussed in Section 1.4.3. Compute numerical convergence
rates for theL2 norm of the error for the exact solution p(x) = (1−x)e−x . Compare
the results obtained with NIPG, SIPG, and IIPG for σ 0 = 1, k = 2.
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Chapter 2

Higher dimensional
problem

This chapter deals with the formulation and analysis of the primal DG methods NIPG, SIPG,
and IIPG in two and three dimensions for a general elliptic equation. The chapter also
includes a brief description of the local discontinuous Galerkin (LDG) method that is based
on a mixed formulation of the elliptic equation.

2.1 Preliminaries

2.1.1 Vector notation

The gradient of a scalar function v : Rd → R is a vector and the divergence of a vector
function w : Rd → Rd is a scalar:

∇v =
(
∂v

∂xi

)
1≤i≤d

, ∇ · w =
d∑
i=1

∂wi

∂xi
.

The dot product between two vectors u and v is

u · v =
d∑
i=1

uivi .

2.1.2 Sobolev spaces

Throughout the book, 
 denotes a bounded polygonal domain in Rd . The vector space
L2(
) is the space of square-integrable functions:

L2(
) =
{
vmeasurable :

∫



v2 < ∞
}
.

Without going into too many details, we can say that the measure considered here is the
Lebesgue measure and that the elements of L2(
) are actually classes of functions: two
functions v1 and v2 belong to the same class if and only if they differ on a set of measure

19
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20 Chapter 2. Higher dimensional problem

zero. We say that v1 = v2 almost everywhere (a.e. for short). The reader can refer to [97]
for an introduction to Lebesgue measure.

Definition 2.1. Let V be a vector space. A symmetric bilinear form a : V × V → R is an
inner product if a(v, v) ≥ 0 for all v ∈ V and a(v, v) = 0 if and only if v = 0. The space
V is a normed space for the norm ‖ · ‖V = (a(·, ·))1/2. Furthermore, the space V equipped
with an inner product is a Hilbert space if it is complete, i.e., if every Cauchy sequence is
convergent. A sequence (vn)n is said to be a Cauchy sequence if for all δ > 0 there is a
natural integer n0 such that for all n,m > n0, we have ‖vn − vm‖V ≤ δ. The dual space of
V , denoted by V ′, is the space of continuous linear mappings from V to R.

The space L2(
) is a Hilbert space with respect to the following inner product and
norm:

(u, v)
 =
∫



uv, ‖v‖L2(
) =
(∫




v2

)1/2

.

We extend naturally these definitions to vector functions u = (ui)1≤i≤d and v = (vi)1≤i≤d :

(u, v)
 =
∫



u · v, ‖v‖L2(
) =
(

d∑
i=1

‖vi‖2
L2(
)

)1/2

.

The space L∞(
) is the space of bounded functions:

L∞(
) = {v : ‖v‖L∞(
) < ∞}
with

‖v‖L∞(
) = ess sup{|v(x)| : x ∈ 
}.

Definition 2.2. The support of a continuous function v defined on Rd is the closure of the
set of points at which the function is not equal to zero. If it is bounded and included in the
interior of the domain 
, then v is said to have compact support in 
.

Let D(
) denote the space of C∞ functions with compact support in
. The dual space
D′(
) is called the space of distributions. For any multi-index α = (α1, . . . , αd) ∈ Nd and
|α| = ∑d

i=1 αi , the distributional derivative Dαv ∈ D′(
) is defined by

∀φ ∈ D(
), Dαv(φ) = (−1)|α|
∫



v(x)
∂ |α|φ

∂x
α1
1 · · · ∂xαdd

.

For instance, we have

∀φ ∈ D(
), ∂v

∂x1
(φ) = −

∫



v
∂φ

∂x1
.

We introduce the Sobolev space

H 1(
) =
{
v ∈ L2(
) : ∂v

∂xi
∈ L2(
), i = 1, . . . , d

}
.
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It can be shown that if v belongs to L2(
), then v can be identified with a distribution, still
denoted by v, in the following sense:

∀φ ∈ D(
), v(φ) =
∫



vφ.

Therefore, for v ∈ H 1(
), we can write

∀φ ∈ D(
), ∂v

∂xi
(φ) =

∫



∂v

∂xi
φ = −

∫



v
∂φ

∂xi
.

We will write for short

H 1(
) = {v ∈ L2(
) : ∇v ∈ (L2(
))d}.
Similarly, we introduce Hs(
) for integer s:

Hs(
) = {v ∈ L2(
) : ∀0 ≤ |α| ≤ s,Dαv ∈ L2(
)}.
In particular, in two dimensions, we have

H 2(
) =
{
v ∈ H 1(
) : ∂

2v

∂x2
1

,
∂2v

∂x1∂x2
,
∂2v

∂x2
2

∈ L2(
)

}
,

and we write for short

H 2(
) = {v ∈ L2(
) : ∇2v ∈ (L2(
))d×d}.
For v ∈ Hs(
), we can write for |α| ≤ s:

∀φ ∈ D(
), Dαv(φ) =
∫



Dαv φ = (−1)|α|
∫



v
∂ |α|φ

∂x
α1
1 · · · ∂xαdd

.

If v is smooth enough, we recover the usual derivatives:

Dαv = ∂ |α|v
∂x

α1
1 · · · ∂xαdd

.

The Sobolev norm associated with Hs(
) is

‖v‖Hs(
) =
⎛⎝ ∑

0≤|α|≤s
‖Dαv‖2

L2(
)

⎞⎠1/2

.

The Sobolev seminorm associated with Hs(
) is

|v|Hs(
) = ‖∇sv‖L2(
) =
⎛⎝∑

|α|=s
‖Dαv‖2

L2(
)

⎞⎠1/2

.

Let us now define the Sobolev spaces with fractional indices. The space Hs+1/2(
)

with s integer is obtained by interpolating between the spaces Hs(
) and Hs+1(
). The
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K-interpolation method [14] is used: Given v ∈ Hs(
), we define the following splitting:

v = v1 + v2,

where v1 ∈ Hs(
) and v2 ∈ Hs+1(
). Then, for a given real number t , we define the
kernel

K(v, t) =
(

inf
v1+v2=v

(‖v1‖2
Hs(
) + t2‖v2‖2

Hs+1(
))

)1/2

.

Definition 2.3. A space V equipped with the norm || · ||V is said to be the completion of a
subset W if, for any element v ∈ V and any δ > 0, there exists w ∈ W such that

||v − w||V ≤ δ.

The space Hs+1/2(
) is then defined as the completion of all functions in Hs+1(
)

with respect to the following norm:

‖v‖Hs+1/2(
) =
(∫ ∞

0
t−2K2(v, t)dt

)1/2

.

Then, we have the properties

Hs+1(
) ⊂ Hs+1/2(
) ⊂ Hs(
),

∀v ∈ Hs+1(
), ‖v‖Hs+1/2(
) ≤ C(
)‖v‖1/2
Hs(
)‖v‖1/2

Hs+1(
)
,

where C(
) is a positive constant that depends on the domain 
.
An important result is the imbedding theorem that relates the Sobolev spaces to the

standard spaces of Cr (
) functions.

Theorem 2.4. For 
 ⊂ Rd , we have

Hs(
) ⊂ Cr (
) if
1

2
<
s − r

d
.

To be more precise, the theorem says that under certain conditions depending on s
and d , if v ∈ Hs(
), then there is a continuous representative in the equivalence class of
v. The conditions are given below:

Hs(
) ⊂ C0(
) if

⎧⎨⎩
s > 1

2 for d = 1,
s > 1 for d = 2,
s > 3

2 for d = 3.

2.1.3 Trace theorems

Using distributional derivatives, we can formulate partial differential equations in the dis-
tributional sense. The notion of traces [81] is used to define the restriction of a Sobolev
function along the boundary of the domain. This is important for properly defining boundary
conditions.

Theorem 2.5. Let 
 be a bounded domain with polygonal boundary ∂
 and outward
normal vector n. There exist trace operators γ0 : Hs(
) → Hs−1/2(∂
) for s > 1/2 and
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γ1 : Hs(�) → Hs−3/2(∂�) for s > 3/2 that are extensions of the boundary values and
boundary normal derivatives, respectively. The operators γj are surjective. Furthermore,
if v ∈ C1(�̄), then

γ0v = v|∂�, γ1v = ∇v · n|∂�.

As a consequence, if v ∈ H 1(�), then its trace γ0v belongs to H 1/2(∂�), the inter-
polated space between L2(∂�) and H 1(∂�). In that case, γ1v may not be defined.

The subspace ofHs(�), s > 1/2, consisting of functions whose traces vanish on the
boundary is denoted by

Hs
0 (�) = {v ∈ Hs(�) : γ0v = 0 on ∂�}.

We recall some important trace inequalities that are frequently used in the analysis of
the DG methods. Let E be a bounded polygonal domain with diameter hE :

hE = sup
x,y∈E

‖x − y‖,

where ‖x‖ is the Euclidean norm (‖x‖ = (x · x)1/2). Let |E| denote the length of E in
one dimension (1D), the area of E in two dimensions (2D), and the volume of E in three
dimensions (3D). Similarly, we will use the length or area |e| for an edge or a face of E.
Then, there is a constant C independent of hE and v such that for any v ∈ Hs(E)

s ≥ 1 ∀e ⊂ ∂E, ‖γ0v‖L2(e) ≤ C|e|1/2|E|−1/2(‖v‖L2(E) + hE‖∇v‖L2(E)), (2.1)

s ≥ 2 ∀e ⊂ ∂E, ‖γ1v‖L2(e) ≤ C|e|1/2|E|−1/2(‖∇v‖L2(E) + hE‖∇2v‖L2(E)). (2.2)

In the rest of the text, we will abuse the notation and replace the traces γ0v and γ1v by v
and ∇v · n, respectively.

Note that if v is a polynomial, we can take advantage of equivalence of norms in
finite-dimensional spaces. Denote by Pk(E) the space of polynomials of degree less than
or equal to k:

Pk(E) = span{xi11 x
i2
2 · · · xidd : i1 + i2 + · · · + id ≤ k, x ∈ E}.

The trace inequalities now become

∀v ∈ Pk(E), ∀e ⊂ ∂E, ‖v‖L2(e) ≤ C̃t |e|1/2|E|−1/2‖v‖L2(E), (2.3)

∀v ∈ Pk(E), ∀e ⊂ ∂E, ‖v‖L2(e) ≤ Cth
−1/2
E ‖v‖L2(E), (2.4)

∀v ∈ Pk(E), ∀e ⊂ ∂E, ‖∇v · n‖L2(e) ≤ C̃t |e|1/2|E|−1/2‖∇v‖L2(E), (2.5)

∀v ∈ Pk(E), ∀e ⊂ ∂E, ‖∇v · n‖L2(e) ≤ Cth
−1/2
E ‖∇v‖L2(E). (2.6)

Here, the constants C̃t , Ct are independent of hE, v but depend on the polynomial degree
k. In the case where E is an interval, a triangle, or a tetrahedron, one can obtain an exact
expression for the constant Ct as a function of the polynomial degree [108]:

d = 1 ∀v ∈ Pk(E), ∀t ∈ ∂E, |v(t)| ≤ k + 1√|E| ‖v‖L2(E), (2.7)
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d = 2 ∀v ∈ Pk(E), ‖v‖L2(e) ≤
√
(k + 1)(k + 2)

2

|e|
|E| ‖v‖L2(E), (2.8)

d = 3 ∀v ∈ Pk(E), ‖v‖L2(e) ≤
√
(k + 1)(k + 3)

3

|e|
|E| ‖v‖L2(E). (2.9)

2.1.4 Approximation properties

In this section, we state approximation results in the space of polynomials of degree k (see
[9, 96]).

Theorem 2.6. Let E be a triangle or parallelogram in 2D or a tetrahedron or hexahedron
in 3D. Let v ∈ Hs(E) for s ≥ 1. Let k ≥ 0 be an integer. There exist a constant C
independent of v and hE and a function ṽ ∈ Pk(E) such that

∀0 ≤ q ≤ s, ‖v − ṽ‖Hq(E) ≤ Ch
min(k+1,s)−q
E |v|Hs(E). (2.10)

As a consequence, if 
 is subdivided into triangles or tetrahedra, one can construct a
global approximation ṽ that is continuous over the domain
 and satisfies the same approx-
imation result (2.10). If 
 is subdivided into parallelograms or hexahedra, the same result
holds if the space Pk(E) is replaced by the space Qk(E), namely the space of polynomials
of degree less than or equal to k in each space direction.

The next result yields an approximation that conserves the average of the normal flux
on each edge.

Theorem 2.7. Let E be a triangle or parallelogram in 2D or a tetrahedron in 3D. Denote
by nE the outward normal to E. Let v ∈ Hs(E) for s ≥ 2. Let K be a symmetric
positive definite matrix with constant entries. There exists an approximation ṽ ∈ Pk(E) of
v satisfying ∫

e

K∇(ṽ − v) · nE = 0 ∀ e ∈ ∂E
and the optimal error bounds

∀i = 0, 1, 2, ‖∇ i (ṽ − v)‖L2(E) ≤ Ch
min(k+1,s)−i
E |v|Hs(E), (2.11)

where C is independent of hE .

If the matrix K is a function of space, the previous result is still valid for small enough
hE . The proof of this theorem for a triangle or a tetrahedron is given in Appendix C.

2.1.5 Green’s theorem

Given E a bounded domain and nE the outward normal vector to ∂E, we have for all
v ∈ H 2(E) and w ∈ H 1(E)

−
∫
E

w
v =
∫
E

∇v · ∇w −
∫
∂E

∇v · nEw, (2.12)
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where 
w = ∇ · ∇w = ∑d
i=1

∂2w

∂x2
i

. A more generalized Green’s theorem is

−
∫
E

w∇ · F∇v =
∫
E

F∇v · ∇w −
∫
∂E

F∇v · nEw, (2.13)

where F is a matrix-valued function.

2.1.6 Cauchy–Schwarz’s and Young’s inequalities

The following two inequalities are used at several places in this text.
Cauchy–Schwarz’s inequality:

∀f, g ∈ L2(
), |(f, g)
| ≤ ‖f ‖L2(
)‖g‖L2(
). (2.14)

Young’s inequality:

∀ε > 0, ∀a, b ∈ R, ab ≤ ε

2
a2 + 1

2ε
b2. (2.15)

2.2 Model problem

Let 
 be a polygonal domain in Rd , d = 2 or 3. The sides of the boundary ∂
 of the
domain are grouped into two disjoint sets �D and �N. Let n be the unit normal vector to
the boundary exterior to 
. For f given in L2(
), gD given in H

1
2 (�D), and gN given in

L2(�N), we consider the following elliptic problem:

−∇ · (K∇p)+ αp = f in 
, (2.16)

p = gD on �D, (2.17)

K∇p · n = gN on �N. (2.18)

The coefficient K is a matrix-valued function K = (kij )1≤i,j≤d that is symmetric (kij = kji)
positive definite and bounded below and above uniformly; i.e., there exist two positive
constants K0 and K1 such that

∀x ∈ Rd , K0x · x ≤ Kx · x ≤ K1x · x. (2.19)

The other coefficient α is a nonnegative scalar function. The second equation (2.17) is
called a Dirichlet boundary condition. The value of the solution is prescribed on �D. The
third equation (2.18) is called a Neumann boundary condition. The normal derivative or
flux is prescribed on �N.

The problem (2.16)–(2.18) has a solution p ∈ C2(
̄), called strong solution under
additional smoothness on the data f, gD, gN,K , and α. The equations are then satisfied
pointwisely. With the definition of weak derivatives, we can rewrite the partial differential
equation into a weak form and define a weak solution.
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2.2.1 Weak solution

For simplicity, assume that ∂
 = �D. From the trace theorem, there is an extension of
gD ∈ H 1/2(∂
) in 
. Let pD ∈ H 1(
) be the extension:

pD = gD on ∂
.

The variational formulation (or weak formulation) of problem (2.16)–(2.18) is as follows:
Find p = pD + w with w ∈ H 1

0 (
) such that

∀v ∈ H 1
0 (
),

∫



(K∇w · ∇v + αwv) =
∫



f v −
∫



(K∇pD · ∇v + αpDv). (2.20)

The solution p is called the weak solution to problem (2.16)–(2.18). Existence and unique-
ness of w is a consequence of the Lax–Milgram theorem given below [79].

Theorem 2.8. Let V be a real Hilbert space. Let a : V ×V → R be a bilinear form that is
(i) continuous: |a(u, v)| ≤ C1‖u‖V ‖v‖V ,
(ii) coercive: C2‖u‖2

V ≤ a(u, u), with positive constants C1 and C2.
Let L : V → R be a continuous linear functional. Then, there exists a unique u ∈ V

satisfying
∀v ∈ V, a(u, v) = L(v).

Moreover, the solution u is bounded by the data

‖u‖V ≤ 1

C2
‖L‖.

If ∂
 = �N and α = 0, the weak solution is unique up to an additive constant,
provided the compatibility condition

∫


f + ∫

∂

gN = 0 is satisfied. Indeed, this condition

is obtained by integrating (2.16) over 
 and by using Green’s theorem.

2.2.2 Numerical solution

There are several methods available for solving problem (2.16)–(2.18). We mention here
two basic ones: finite difference method and finite element method.

The finite difference method approximates the partial derivatives by finite differences.
Let the domain be subdivided into uniform squares with vertices Aij (xi, yj ) for 1 ≤ i,

j ≤ M . This grid is characterized by the length of the side of a square denoted by h (see
Fig. 2.1). We have

∂2p

∂x2
(Aij ) ≈ p(xi−1, yj )− 2p(xi,j )+ p(xi+1, yj )

h2
,

∂2p

∂y2
(Aij ) ≈ p(xi, yj−1)− 2p(xi,j )+ p(xi, yj+1)

h2
.

The finite difference solution is a set of values Pij approximating p(xi, yj ). For instance,
the finite difference method applied to the Poisson equation −
p = f is

∀i, j, −Pi−1,j − 2Pij + Pi+1,j

h2
− Pi,j−1 − 2Pi,j + Pi,j+1

h2
= f (xi, yj ).
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A ij

h

h

y

x
i

j

Figure 2.1. Finite difference grid.

After taking account of the boundary conditions, we obtain a linear system with unknowns
Pij . This method is easy to implement. However, the accuracy is limited, as the method is
of low order and the method is not well suited to complicated geometries.

The finite element method uses the variational formulation of the partial differential
equation. Let
 be partitioned into elements (for instance triangles or rectangles in 2D) that
form a mesh. LetXh be the finite-dimensional subspace ofH 1

0 (
), consisting of continuous
piecewise polynomials of degree k on each element. Based on (2.20), the finite element
method is to find Ph = p̃D +Wh with Wh ∈ Xh such that

∀v ∈ Xh,
∫



(K∇Wh · ∇v + αWhv) =
∫



f v −
∫



(K∇p̃D · ∇v + αp̃Dv). (2.21)

The function p̃D ∈ Xh is an interpolant of the extension pD. Finite element methods were
first introduced by engineers in the 1950s. The mathematical theory was developed in the
late 1960s for steady-state problems. We refer the reader to [28, 17] for a general treatment
of the theory. Compared to the finite difference methods, finite element methods offer
several attractive features: their accuracy depends on the polynomial degree k; they can
handle complicated geometries by the use of unstructured grids. However, these methods are
not locally mass conservative (see Section 2.7.3), which means that in nonlinear reactive
transport problems, finite difference methods still prevailed. Another issue is the rather
complicated use of local mesh refinement.

DG methods also use a variational formulation of the problem. In that sense, DG
and finite element methods share many properties, and we can abuse the terminology by
saying that the DG method is a particular type of finite element method. In addition to the
high order of accuracy and the use of unstructured meshes, DG methods are locally mass
conservative, and they easily handle local mesh refinement. A more detailed comparison of
the finite element method with DG is given in Section 2.12.

2.3 Broken Sobolev spaces
Broken Sobolev spaces are natural spaces to work with the DG methods. These spaces
depend strongly on the partition of the domain. Let
 be a polygonal domain subdivided into
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elementsE, whereE is a triangle or a quadrilateral in 2D, or a tetrahedron or hexahedron in
3D. For simplicity, we assume that the intersection of two elements is either empty, a vertex,
an edge, or a face. Such a mesh is called a conforming mesh. The resulting subdivision (or
mesh) is denoted by Eh, and h is the maximum element diameter. We also assume that the
subdivision is regular [28]. This means that if hE denotes the diameter ofE and ρE denotes
the maximum diameter of a ball inscribed in E, there is a constant ρ > 0 such that

∀E ∈ Eh, hE

ρE
≤ ρ.

We introduce the broken Sobolev space for any real number s,

Hs(Eh) = {v ∈ L2(
) : ∀E ∈ Eh, v|E ∈ Hs(E)},
equipped with the broken Sobolev norm:

|||v|||Hs(Eh) =
⎛⎝∑
E∈Eh

‖v‖2
Hs(E)

⎞⎠1/2

.

In particular, we will use the broken gradient seminorm:

|||∇v|||H 0(Eh) =
⎛⎝∑
E∈Eh

‖∇v‖2
L2(E)

⎞⎠1/2

.

Clearly, we have

Hs(
) ⊂ Hs(Eh) and Hs+1(Eh) ⊂ Hs(Eh).
In Sections 3.1.4, 5.1.2, and 7.1.1, the classical Poincaré inequality, Korn’s inequality, and
a Sobolev imbedding are generalized for the broken Sobolev space.

2.3.1 Jumps and averages

We denote by �h the set of interior edges (or faces) of the subdivision Eh. With each edge
(or face) e, we associate a unit normal vector ne. If e is on the boundary ∂
, then ne is
taken to be the unit outward vector normal to ∂
.

If v belongs toH 1(Eh), the trace of v along any side of one elementE is well defined.
If two elementsEe1 andEe2 are neighbors and share one common side e, there are two traces
of v along e. We can add or subtract those values, and we obtain an average and a jump for
v. We assume that the normal vector ne is oriented from Ee1 to Ee2:

{v} = 1

2
(v|Ee1 )+ 1

2
(v|Ee2 ), [v] = (v|Ee1 )− (w|Ee2 ) ∀e = ∂Ee1 ∩ ∂Ee2.

As in the one-dimensional case, by convention, we extend the definition of jump and average
to sides that belong to the boundary ∂
:

{v} = [v] = (v|Ee1 ) ∀e = ∂Ee1 ∩ ∂
.
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2.4 Variational formulation
In what follows, we assume that s > 3/2. We introduce two bilinear forms J σ0,β0

0 , J
σ1,β1
1 :

Hs(Eh) × Hs(Eh) → R that penalize the jump of the function values and the jump of the
normal derivatives values:

J
σ0,β0
0 (v,w) =

∑
e∈�h∪�D

σ 0
e

|e|β0

∫
e

[v][w],

J
σ1,β1
1 (v,w) =

∑
e∈�h

σ 1
e

|e|β1

∫
e

[K∇v · ne][K∇w · ne].

The parameters σ 0
e and σ 1

e are called penalty parameters. They are nonnegative real num-
bers. The powers β0 and β1 are positive numbers that depend on the dimension d. All
parameters will be specified later. We recall that the notation |e| simply means the length
of e in 2D and the area of e in 3D. We clearly have

∀e ⊂ ∂E, |e| ≤ hd−1
E ≤ hd−1. (2.22)

We now define the DG bilinear forms aε : Hs(Eh)×Hs(Eh) → R:

aε(v,w) =
∑
E∈Eh

∫
E

K∇v · ∇w +
∫



αvw

−
∑

e∈�h∪�D

∫
e

{K∇v · ne} [w] + ε
∑

e∈�h∪�D

∫
e

{K∇w · ne} [v]

+J σ0,β0
0 (v,w)+ J

σ1,β1
1 (v,w). (2.23)

The bilinear form aε contains another parameter ε that may take the value −1, 0, or 1. As
in Section 1.2, we have the following symmetry property: aε is symmetric if ε = −1 and
it is nonsymmetric otherwise.

We also define the following linear form:

L(v) =
∫



f v + ε
∑
e∈�D

∫
e

(
K∇v · ne + σ 0

e

|e|β0
v

)
gD +

∑
e∈�N

∫
e

vgN.

Cauchy–Schwarz’s inequality and trace inequalities imply that all integral terms in the forms
defined above make sense if the functions belong to Hs(Eh) for any s > 3/2.

The general DG variational formulation of problem (2.16)–(2.18) is as follows: Find
p in Hs(Eh), s > 3/2, such that

∀v ∈ Hs(Eh), aε(p, v) = L(v). (2.24)

Remark: We note that the problem (2.24) is independent of the choice of the normal ne.
Indeed, let e be one edge (or face) shared by two elements Ei and Ej . Let nij be the unit
normal vector pointing from Ei to Ej . If ne coincides with nij , we have

{K∇v · ne}[w] = {K∇v · nij }(w|Ei − w|Ej ).
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If ne has the opposite direction to nij , the jump [w] has a different sign and

{K∇v · ne}[w] = {K∇v · (−nij )}(w|Ej − w|Ei ),
which gives the same expression as above.

2.4.1 Consistency

The next proposition establishes the equivalence between the model problem and the vari-
ational formulation.

Proposition 2.9. Let s > 3/2. Assume that the weak solution p of problem (2.16)–
(2.18) belongs to Hs(Eh); then p satisfies the variational problem (2.24). Conversely, if
p ∈ H 1(
) ∩Hs(Eh) satisfies (2.24), then p is the solution of problem (2.16)–(2.18).

Proof. First, we prove that if the solution p of (2.16)–(2.18) belongs toHs(
), then it also
solves (2.24). For this, let v be an element in Hs(Eh). We multiply (2.16) by v, integrate
on one element E, and use Green’s theorem (2.13):∫

E

(K∇p · ∇v + αpv)−
∫
∂E

K∇p · nEv =
∫
E

f v.

We recall that nE is the outward normal to E. We sum over all elements, switch to the
normal vectors ne, and observe that∑

E∈Eh

∫
∂E

K∇p · nEv =
∑
e∈�h

∫
e

[K∇p · nev] +
∑
e∈∂


∫
e

K∇p · nev. (2.25)

By regularity of the solution p, we have

K∇p · ne = {K∇p · ne} a.e.

Therefore, we obtain the resulting equation∑
E∈Eh

∫
E

(K∇p · ∇v + αpv)−
∑
e∈�h

∫
e

{K∇p · ne}[v] −
∫
∂


(K∇p · ne)v =
∫



f v.

Using the Neumann boundary condition (2.18), we get∑
E∈Eh

∫
E

(K∇p · ∇v + αpv)−
∑
e∈�h

∫
e

{K∇p · ne}[v]

−
∑
e∈�D

∫
e

(K∇p · ne)v =
∫



f v +
∑
e∈�N

∫
e

gNv.

We add ε
∑

e∈�D

∫
e
(K∇v · ne)p and

∑
e∈�D

σ 0
e

|e|β0

∫
e
pv to both sides and use the Dirichlet

boundary condition (2.17):∑
E∈Eh

∫
E

(K∇p · ∇v + αpv)−
∑
e∈�h

∫
e

{K∇p · ne}[v] −
∑
e∈�D

∫
e

(K∇p · ne)v
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+ε
∑
e∈�D

∫
e

(K∇v · ne)p +
∑
e∈�D

σ 0
e

|e|β0

∫
e

pv =
∫



f v + ε
∑
e∈�D

∫
e

(K∇v · ne)gD

+
∑
e∈�N

∫
e

gNv +
∑
e∈�D

σ 0
e

|e|β0

∫
e

gDv.

Finally, we note that the jumps [p] = [K∇p · ne] are zero a.e. on the interior edges (or
faces). Then, we clearly have (2.24).

Conversely, take v ∈ D(E). Then (2.24) reduces to∑
E∈Eh

∫
E

K∇p · ∇v +
∫



αpv =
∫



f v,

which immediately yields in the distributional sense, for all E ∈ Eh,

−∇ · K∇p + αp = f in E. (2.26)

Next, let e be an interior edge (or face) and let E1
e and E2

e be the two elements adjacent to
e. Take v ∈ H 2

0 (E
1
e ∪ E2

e ) and extend it by zero over the rest of the domain. On one hand,
if we multiply (2.26) by v and use Green’s theorem (2.13), we have∫

E1
e∪E2

e

K∇p · ∇v +
∫
E1
e∪E2

e

αpv −
∫
e

[K∇p · ne]v =
∫
E1
e∪E2

e

f v. (2.27)

On the other hand, since [v] = 0, (2.24) reduces to∫
E1
e∪E2

e

K∇p∇v +
∫
E1
e∪E2

e

αpv =
∫
E1
e∪E2

e

f v.

Hence, we have

∀v ∈ H 2
0 (E

1
e ∪ E2

e ),

∫
e

[K∇p · ne]v = 0.

This implies that [K∇p · ne]|e = 0 in L2(e). Since this holds for all e, it implies that
∇ · K∇p ∈ L2(
), and hence we have globally

−∇ · K∇p + αp = f in 
. (2.28)

To recover the Dirichlet boundary conditions, we multiply (2.28) by a function v inH 2(
)∩
H 1

0 (
), apply Green’s theorem (2.13), and compare with (2.24):

−
∑
e∈�D

∫
e

(K∇v · ne)(p − gD) = 0.

This being true for all v ∈ H 2(
) ∩ H 1
0 (
), we have p = gD on �D. Finally, choosing

v ∈ H 2(
), v|�D = 0, we find

−
∑
e∈�N

∫
e

(K∇p · ne)v = −
∑
e∈�N

∫
e

gv,

and this gives the other boundary condition. We clearly have (2.18).
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32 Chapter 2. Higher dimensional problem

2.5 Finite element spaces
We will consider finite-dimensional subspaces of the broken Sobolev space Hs(Eh) for
s > 3/2. Let k be a positive integer. The finite element subspace is taken to be

Dk(Eh) = {v ∈ L2(
) : ∀E ∈ Eh, v|E ∈ Pk(E)}, (2.29)

where Pk(E) denotes the space of polynomials of total degree less than or equal to k. We
will refer to the functions in Dk(Eh) as test functions. We note that the test functions are
discontinuous along the edges (or faces) of the mesh.

As is done in the classical finite element method, each mesh element E (also called
physical element) is mapped to a reference element Ê, and all computations are done
on the reference element. The following section introduces triangular, quadrilateral, and
tetrahedral reference elements.

2.5.1 Reference elements versus physical elements

When implementing the DG method, one has to compute integrals over volumes (such as
triangles or quadrilaterals in 2D, tetrahedra or hexahedra in 3D) and faces (such as edges in
2D, triangles or quadrilaterals in 3D). It would be too costly to compute the integrals over
each physical element in the mesh. A more economical and effective approach is to use a
change of variables to obtain an integral on a fixed element, called the reference element
[28, 101].

Reference triangular element: It consists of a triangle Ê with vertices Â1(0, 0), Â2(1, 0),
and Â3(0, 1) (see Fig. 2.2). For a given physical element E, there is an affine map FE from
the reference element onto E. If E has vertices Ai(xi, yi) for i = 1, 2, 3, then the map FE
is defined by

FE

(
x̂

ŷ

)
=
(
x

y

)
, x =

3∑
i=1

xiφ̂i(x̂, ŷ), y =
3∑
i=1

yiφ̂i(x̂, ŷ),

where

φ̂1(x̂, ŷ) = 1 − x̂ − ŷ,

φ̂2(x̂, ŷ) = x̂,

φ̂3(x̂, ŷ) = ŷ.

We can rewrite the mapping(
x

y

)
= FE

(
x̂

ŷ

)
= BE

(
x̂

ŷ

)
+ bE, (2.30)

where BE is a 2 × 2 matrix and bE a vector. It is easy to show that

BE =
(
x2 − x1 x3 − x1

y2 − y1 y3 − y1

)
, bE =

(
x1

y1

)
.
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Figure 2.2. Reference triangular element Ê and physical element E.

The determinant of BE appears in the computation of the integrals. If |E| denotes the area
of E, then we have

det(BE) = 2|E|. (2.31)

Thus BE is invertible and the matrix norm (induced by the Euclidean norm) of BE and B−1
E

is bounded as follows:

‖BE‖ ≡ sup
(x̂,ŷ)∈Ê

‖BE

(
x̂
ŷ

)‖
‖( x̂ŷ )‖ ≤ hE

ρ̂
, ‖B−1

E ‖ ≤ ĥ

ρE
.

Here, ĥ denotes the diameter of Ê and ρ̂ denotes the diameter of the largest circle inscribed
in Ê. Similarly, ρE denotes the diameter of the largest circle inscribed in E.

The mapping FE corresponds to a change of variable. We denote

v̂ = v ◦ FE.
In other words, v̂(x̂, ŷ) = v(x, y). We also denote by ∇̂v̂ the gradient of v̂ with respect to
x̂ and ŷ:

∇̂v̂ =
(

∂v̂
∂x̂

∂v̂
∂ŷ

)
.

We can prove that
∇̂v̂ = BT

E∇v ◦ FE, (2.32)

where BT
E is the transpose of the matrix BE (i.e., (BT

E)ij = (BE)ji).

Reference quadrilateral element: It consists of the square Ê with vertices Â1(−1,−1),
Â2(1,−1), Â3(1, 1), and Â4(−1, 1) (see Fig. 2.3). If E has vertices Ai(xi, yi) for i =
1, . . . , 4, the transformation map FE : Ê → E is defined by

FE

(
x̂

ŷ

)
=
(
x

y

)
, x =

4∑
i=1

xiφ̂i(x̂, ŷ), y =
4∑
i=1

yiφ̂i(x̂, ŷ), (2.33)



mainbook
2008/5/30
page 34

�

�

�

�

�

�

�

�

34 Chapter 2. Higher dimensional problem

E
^

A
1

^ A
2

^

A
3

^

A
1

A
2

A
3F

EA
4

^

E

A
4

Figure 2.3. Reference quadrilateral element Ê and physical element E.

where

φ̂1(x̂, ŷ) = 1

4
(1 − x̂)(1 − ŷ),

φ̂2(x̂, ŷ) = 1

4
(1 + x̂)(1 − ŷ),

φ̂3(x̂, ŷ) = 1

4
(1 + x̂)(1 + ŷ),

φ̂4(x̂, ŷ) = 1

4
(1 − x̂)(1 + ŷ).

The mapping FE is affine if the physical element E is a parallelogram. In the general case,
we define BE to be the Jacobian matrix of FE :

BE =
(

∂x
∂x̂

∂x
∂ŷ

∂y

∂x̂

∂y

∂ŷ

)
.

It is sufficient to have the determinant of BE nonvanishing in order to have an invertible
map FE . This condition is satisfied if E is convex.

Reference tetrahedral element: It consists of the tetrahedron Ê with vertices Â1(0, 0, 0),
Â2(1, 0, 0), Â3(0, 1, 0), and Â4(0, 0, 1). There is an affine map FE : Ê → E, defined from
the coordinates of the vertices Ai(xi, yi):

FE

⎛⎝ x̂

ŷ

ẑ

⎞⎠ =
⎛⎝ x

y

z

⎞⎠ ,
x =

4∑
i=1

xiφ̂i(x̂, ŷ, ẑ), y =
4∑
i=1

yiφ̂i(x̂, ŷ, ẑ), z =
4∑
i=1

ziφ̂i(x̂, ŷ, ẑ),

where

φ̂1(x̂, ŷ, ẑ) = 1 − x̂ − ŷ − ẑ,

φ̂2(x̂, ŷ, ẑ) = x̂,
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φ̂3(x̂, ŷ, ẑ) = ŷ,

φ̂4(x̂, ŷ, ẑ) = ẑ.

All properties for the reference triangle are valid for the reference tetrahedron.

Remark on choice of finite element spaces: We recall that the DG finite element space
Dk(Eh) is the space of discontinuous polynomials defined on the physical elements and not
on the reference element. In practice, in the case of triangles, parallelograms in 2D, and
tetrahedra or parallelepipeds, we could and should choose instead

D̃k(Eh) = {v ∈ L2(
) : ∀E ∈ Eh, v ◦ FE ∈ Pk(Ê)}.
On such elements, the approximation results for Dk(Eh) and D̃k(Eh) are the same (see
Section 2.1.4). However, in the case of general quadrilaterals, the space Pk(Ê) does not
have optimal approximation properties (see [2]), whereas the space Pk(E) has optimal
approximation properties (see [58]).

Therefore, for general quadrilateral meshes, we can either choose Pk(E) and do the
computations on the physical elements, or we can choose to increase the discrete space and
use the space Qk(Ê), where Qk denotes the space of polynomials of degree less than k in
each space direction. The space Qk is a tensor product space, and its dimension is strictly
greater than the dimension of Pk for k ≥ 1. Therefore, the computational costs increase.

2.5.2 Basis functions

Because of the lack of continuity constraints between mesh elements for the test functions,
the basis functions of Dk(Eh) have a support contained in one element. We write

Dk(Eh) = span{φEi : 1 ≤ i ≤ Nloc, E ∈ Eh}
with

φEi (x) =
{
φ̂i ◦ FE(x), x ∈ E,

0, x /∈ E. (2.34)

The local basis functions (φ̂i)1≤i≤Nloc are defined on the reference element. We propose to
simply use the monomial functions. For instance, in 2D, we have

φ̂i(x̂, ŷ) = x̂I ŷJ , I + J = i, 0 ≤ i ≤ k.

This yields the local dimension

Nloc = (k + 1)(k + 2)

2
.

For instance, we have the following:

• Piecewise linears:

φ̂0(x̂, ŷ) = 1, φ̂1(x̂, ŷ) = x̂, φ̂2(x̂, ŷ) = ŷ.



mainbook
2008/5/30
page 36

�

�

�

�

�

�

�

�

36 Chapter 2. Higher dimensional problem

• Piecewise quadratics:

φ̂0(x̂, ŷ) = 1, φ̂1(x̂, ŷ) = x̂, φ̂2(x̂, ŷ) = ŷ,

φ̂3(x̂, ŷ) = x̂2, φ̂4(x̂, ŷ) = x̂ŷ, φ̂5(x̂, ŷ) = ŷ2.

Similarly, in 3D, we define

φ̂i(x̂, ŷ, ẑ) = x̂I ŷJ ẑK, I + J +K = i, 0 ≤ i ≤ k.

This yields the local dimension

Nloc = (k + 1)(k + 2)(k + 3)

6
.

The flexibility of DG methods allows us to easily change basis functions. For instance, we
could use Legendre polynomials or some other polynomials satisfying a desired orthogo-
nality property.

2.5.3 Numerical quadrature

One-dimensional case: An integral over a segment is computed by first mapping the
physical edge to the segment (−1, 1), which is the reference element in 1D. Then, the
integral is approximated by using a numerical quadrature rule on the interval (−1, 1) such
as the Gauss quadrature rule (1.11) defined in Section 1.4.2 and in Appendix A.

Two-dimensional case: The integral of a function v̂ defined on the reference element Ê
can be computed by using a quadrature rule [44]:

∫
Ê

v̂ ≈
QD∑
j=1

wj v̂(sx,j , sy,j ).

Appendix A contains the sets of weights wj and nodes (sx,j , sy,j ) ∈ Ê for different values
of QD. For instance, Table 2.1 gives a rule with 6 quadrature points that is exact for
polynomials of total degree less than 4. Since DG methods easily allow for high order
approximation, it is important to have high order quadrature rules.

Let E be a triangle or a tetrahedron. The mapping FE : Ê → E is affine, and we
have ∫

E

v =
∫
Ê

v ◦ FE det(BE) = 2|E|
∫
Ê

v̂.

This integral is then approximated by

∫
E

v ≈ 2|E|
QD∑
j=1

wj v̂(sx,j , sy,j ).
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Table 2.1. Weights and points for quadrature rule on reference triangle.

wj sx,j sy,j

0.11169079483901 0.445948490915965 0.445948490915965
0.11169079483901 0.108103018168070 0.445948490915965
0.11169079483901 0.445948490915965 0.108103018168070
0.05497587182766 0.091576213509771 0.091576213509771
0.05497587182766 0.816847572980459 0.091576213509771
0.05497587182766 0.091576213509771 0.816847572980459

If the integrand involves a vector function w and the gradient of v, we have∫
E

∇v · w = 2|E|
∫
Ê

(BT
E)

−1∇̂v̂ · ŵ

≈ 2|E|
QD∑
j=1

wj(B
T
E)

−1∇̂v̂(sx,j , sy,j ) · ŵ(sx,j , sy,j ).

Similarly, if the integrand involves the gradient of both v and w, we have∫
E

∇v · ∇w ≈ 2|E|
QD∑
j=1

wj(B
T
E)

−1∇̂v̂(sx,j , sy,j ) · (BT
E)

−1∇̂ŵ(sx,j , sy,j ).

2.6 DG scheme
The general DG finite element method is as follows: Find Ph in Dk(Eh) such that

∀ v ∈ Dk(Eh), aε(Ph, v) = L(v). (2.35)

The same terminology defined for the one-dimensional case (see Section 1.2) applies here.

• If ε = −1, the method is called symmetric interior penalty Galerkin (SIPG). We will
see that this method converges if the penalty parameter σ 0

e is large enough.

• If ε = +1, the method is called nonsymmetric interior penalty Galerkin (NIPG).
We will see that this method converges for any nonnegative values of the penalty
parameter σ 0

e . This class of methods also encompasses the case where σ 0
e = 0, which

has appeared in the literature as the OBB method [84].

• If ε = 0, the method is called incomplete interior penalty Galerkin (IIPG). We will
see that this method converges under the same condition as for the SIPG; namely the
penalty parameter σ 0

e should be large enough.

• The J σ1,β1
1 term is an extra stabilization term. The analysis of the method is indepen-

dent of this term, and, from now on, we will assume for simplicity that σ 1
e = 0 for all e.
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2.7 Properties

2.7.1 Coercivity of bilinear forms

Definition 2.10. A bilinear form a defined on a normed linear space V with norm ‖ · ‖V is
coercive if there is a positive constant κ such that

∀v ∈ V, κ‖v‖2
V ≤ a(v, v).

For the DG bilinear form, we have

aε(v, v) =
∑
E∈Eh

∫
E

K(∇v)2 +
∫



αv2

+ (ε − 1)
∑

e∈�h∪�D

∫
e

{K∇v · ne} [v] + J
σ0,β0
0 (v, v).

Define the energy norm on Dk(Eh):

‖v‖E =
⎛⎝∑
E∈Eh

∫
E

K∇v · ∇v +
∫



αv2 + J
σ0,β0
0 (v, v)

⎞⎠1/2

. (2.36)

It is easy to check that it is indeed a norm if σ e0 > 0 for all e. We remark that we immediately
have the coercivity property satisfied for ε = 1. The coercivity constant is κ = 1. Indeed,

∀v ∈ Dk(Eh), ‖v‖2
E = aε(v, v).

In the case where ε = −1 or ε = 0, we obtain using Cauchy–Schwarz’s inequality an upper
bound of the term

∑
e∈�h∪�D

∫
e
{K∇v · ne} [v]:∑

e∈�h∪�D

∫
e

{K∇v · ne}[v] ≤
∑

e∈�h∪�D

‖{K∇v · ne}‖L2(e)‖[v]‖L2(e)

≤
∑

e∈�h∪�D

‖{K∇v · ne}‖L2(e)

(
1

|e|β0

)1/2−1/2

‖[v]‖L2(e).

Next, we consider the average of the fluxes for an interior edge e shared by the elementsEe1
and Ee2:

‖{K∇v · ne}‖L2(e) ≤ 1

2
‖(K∇v · ne)|Ee1 ‖L2(e) + 1

2
‖(K∇v · ne)|Ee2 ‖L2(e).

Using the property (2.19) of K and the trace inequality (2.6), we have

‖{K∇v · ne}‖L2(e) ≤ K1

2
‖(∇v · ne)|Ee1 ‖L2(e) + K1

2
‖(∇v · ne)|Ee2 ‖L2(e)

≤ CtK1

2
h

−1/2
Ee1

‖∇v‖L2(Ee1)
+ CtK1

2
h

−1/2
Ee2

‖∇v‖L2(Ee2)
.
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So we have using (2.22)∫
e

{K∇v · ne}[v] ≤ CtK1

2
|e|β0/2

(
h

−1/2
Ee1

‖∇v‖L2(Ee1)

+h−1/2
Ee2

‖∇v‖L2(Ee2)

)(
1

|e|β0

)1/2

‖[v]‖L2(e)

≤ CtK1

2

(
h
β0
2 (d−1)− 1

2
Ee1

+ h
β0
2 (d−1)− 1

2
Ee2

)(
‖∇v|||2L2(Ee1)

+‖∇v|||2L2(Ee2)

)1/2( 1

|e|β0

)1/2

‖[v]‖L2(e)

≤ CtK1

(
‖∇v|||2L2(Ee1)

+ ‖∇v|||2L2(Ee2)

)1/2( 1

|e|β0

)1/2

‖[v]‖L2(e)

if β0 satisfies the condition β0(d − 1) ≥ 1 and if we assume, without loss of generality, that
h ≤ 1. A similar bound is obtained if e is a boundary edge. Let n0 denote the maximum
number of neighbors an element can have, i.e., for a conforming mesh, n0 = 3 for a triangle
and n0 = 4 for a quadrilateral or tetrahedron:

∑
e∈�h∪�D

∫
e

{K∇v · ne} [v] ≤ CtK1

( ∑
e∈�h∪�D

1

|e|β0
‖[v]‖2

L2(e)

)1/2

×
(∑
e∈�h

‖∇v‖2
L2(Ee1)

+ ‖∇v‖2
L2(Ee2)

+
∑
e∈�D

‖∇v‖2
0,Ee1

)

≤ CtK1
√
n0

( ∑
e∈�h∪�D

1

|e|β0
‖[v]‖2

L2(e)

)1/2
⎛⎝∑
E∈Eh

‖∇v‖2
L2(E)

⎞⎠1/2

.

Using Young’s inequality, we have for δ > 0

∑
e∈�h∪�D

∫
e

{K∇v · ne} [v] ≤ δ

2

∑
E∈Eh

‖K1/2∇v‖2
L2(E) +

C2
t K

2
1n0

2δK0

∑
e∈�h∪�D

1

|e|β0
‖[v]‖2

L2(e).

Thus, we obtain a lower bound for aε(v, v):

aε(v, v) ≥
(

1 − δ

2
|1 − ε|

) ∑
E∈Eh

‖K1/2∇v‖2
L2(E) +

∑
e∈�h∪�D

σ 0
e − C2

t K
2
1n0

2δK0
|1 − ε|

|e|β0
‖[v]‖2

L2(e).

Choosing, for instance, δ = 1 if ε = 0 and δ = 1/2 if ε = −1 and choosing σ 0
e large

enough (for example, σ 0
e ≥ (C2

t K
2
1n0/K0) if ε = 0 and σ 0

e ≥ (2C2
t K

2
1n0/K0) if ε = −1),

then we have the coercivity result with κ = 1/2:

aε(v, v) ≥ κ‖v‖2
E . (2.37)
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Summarizing the results above, we have

• a+1 is coercive;

• a−1 and a0 are coercive if β0(d − 1) ≥ 1 and if σ 0
e is bounded below by a constant

σ ∗
e that depends only on K0,K1, and the constant in the trace inequality (2.6).

Remark: As expected, the threshold value for the penalty parameter is twice as large for
the SIPG method as for the IIPG method. A more precise value of σ ∗

e can be obtained if one
uses the trace inequalities (2.7)–(2.9) rather than (2.6). For instance, on a triangular mesh,
for a given triangle E, if θE denotes the smallest angle in E, if KE

0 ,K
E
1 denote the lower

and upper bound of K on E, and if kE denotes the polynomial degree of the approximation
on E, the limiting value of the penalty depends on the local quantities θE,KE

0 ,K
E
1 , and kE

as follows:

∀e ∈ �h, σ ∗
e = 3(K

E1
e

1 )2

2K
E1
e

0

(kE
1
e )(kE

1
e + 1)|e|β0−1 cot θE

1
e

+3(K
(E2

e )

1 )2

2K
E2
e

0

(kE
2
e )(kE

2
e + 1)|e|β0−1 cot θE

2
e , (2.38)

∀e ∈ �D, σ ∗
e = 6(K

E1
e

1 )2

K
E1
e

0

(kE
1
e )(kE

1
e + 1) cot θE

1
e |e|β0−1. (2.39)

Similarly, in the three-dimensional case, with a tetrahedral mesh, the limiting value depends
also on local quantities such as the dihedral angle θE in the tetrahedron E that yields the
smallest value for sin θ over all dihedral angles θ of E:

∀e ∈ �h, σ ∗
e = 3

2

(K
E1
e

1 )2

K
E1
e

0

kE
1
e (kE

1
e + 2)h |e|β0−1 cot θE1

e

+3

2

(K
E2
e

1 )2

K
E2
e

0

kE
2
e (kE

2
e + 2)h |e|β0−1 cot θE2

e
, (2.40)

∀e ∈ �D, σ ∗
e = 6

(K
E1
e

1 )2

K
E1
e

0

kE
1
e (kE

1
e + 2)h |e|β0−1 cot θE1

e
. (2.41)

If σe ≥ σ ∗
e , then the SIPG and IIPG methods are stable and convergent. The proof of these

results can be found in [50].

2.7.2 Continuity of bilinear form

Definition 2.11. A bilinear form a defined on a linear space V equipped with norm ‖ · ‖V
is continuous if there is a positive constant M such that

∀v,w ∈ V, a(v,w) ≤ M‖v‖V ‖w‖V .
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If σ 0
e > 0 for all e, then one can show that the bilinear form aε is continuous on

Dk(Eh) equipped with the energy norm ‖ · ‖E :

∀v ∈ Dk(Eh), aε(v,w) ≤ M‖v‖E‖w‖E .

However, the bilinear form is not continuous in general on the broken space H 2(Eh) with
respect to the energy norm.

2.7.3 Local mass conservation

One interesting property that naturally comes with the primal DG methods is the conserva-
tion of mass on each mesh element. Because of the lack of continuity constraints between
the elements, we can choose a test function v ∈ Dk(Eh) that is equal to a different constant
on each element. If we fix an element E that belongs to the interior of the domain and if
we choose v equal to the constant 1 on E and the constant 0 elsewhere, the method (2.35)
reduces to ∫

E

αPh −
∑
e∈∂E

∫
e

{K∇Ph · ne}[v] +
∑
e∈∂E

σ 0
e

|e|β0

∫
e

[Ph][v] =
∫
E

f.

This is equivalent to∫
E

(αPh − f )+
∑
e∈∂E

σ 0
e

|e|β0

∫
e

(Ph|E − Ph|N (e;E)) =
∫
∂E

{K∇Ph · nE},

where N (e;E) denotes the element in Eh that is a neighbor ofE through the edge e. Thus, we
have obtained a balance equation valid on the elementE. A similar equation can be derived
if the element E shares at least one face with the boundary of the domain. If we assume
that the quantity Ph represents a mass density, then the term

∫
E
(αPh − f ) corresponds to

the mass that is created or destroyed inside E and the term
∫
∂E

{K∇Ph · nE} corresponds
to the flux of mass passing through the boundary ∂E. The additional term involving the
penalty parameter is a pure numerical mass that is zero if the penalty value is zero. In
general, this artificial mass can be exactly computed and can be subtracted if needed.

Local mass conservation is important in particular in coupled flow and transport
problems arising in porous media. For instance, Darcy flow can be characterized with the
elliptic problem (2.16) with α = 0, and the flow velocity u = −K∇p is approximated by
Uh = −K∇Ph. Then, the reactive transport of a chemical species of concentration c can
be modeled by the following partial differential equation:

∂c

∂t
− ∇ · (D∇c − uc) = r(c).

In this case, if the penalty is zero, local mass conservation means∫
∂E

{Uh} · nE =
∫
E

f.

If the numerical approximation of the velocity is not locally conservative, the numerical
solution of the transport equation becomes unstable after a few time steps. Chapter 4
describes the transport problem in more detail.
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2.7.4 Existence and uniqueness of DG solution

Lemma 2.12. Assume that (i), (ii), or (iii) holds true:
(i) in the NIPG case, k ≥ 1 and either α > 0 or σ 0

e > 0 for all e;
(ii) in the SIPG or IIPG case, k ≥ 1 and σ 0

e is bounded below by a large constant for
all e;

(iii) in the NIPG case, k ≥ 2 and σ 0
e = 0 for all e and α = 0.

Then, the DG solution Ph exists and is unique.

Proof. Since (2.35) is a linear problem in finite dimension, existence is equivalent to
uniqueness. We assume that there are two solutions P 1

h and P 2
h . The difference wh =

P 1
h − P 2

h satisfies
aε(wh,wh) = 0.

By the coercivity result (2.37), we have

‖wh‖E = 0.

Clearly in both cases (i) and (ii), this implies that wh = 0 since ‖ · ‖E is a norm. The case
(iii) is not as easy. Indeed, we can conclude only that wh is piecewise constant on each
element E ∈ Eh. In order to prove that wh is globally constant in 
, we need to construct a
test function v on a given elementE such that the quantity

∫
e
K∇v ·ne is given on one edge

(or face) ofE and vanishes on the other edges (or faces). If K is constant in eachE, one can
construct such a test function on a triangle, parallelogram, or tetrahedron (see Lemma C.1).
If K is not constant in each E, one needs to assume in addition that h is small enough.

2.8 Error analysis
In this section, we assume that the exact solution p belongs to Hs(Eh) for some s > 3/2,
and we prove that the DG solution converges to the exact solution. We will first derive a
priori error estimates in the energy norm.

2.8.1 Error estimates in the energy norm

By the triangle inequality, we have

‖p − Ph‖E ≤ ‖p − p̃‖E + ‖Ph − p̃‖E

for a function p̃ ∈ Dk(Eh) that approximates the exact solution p as in Theorem 2.6. Then,
it suffices to bound ‖Ph − p̃‖E . By consistency (see Section 2.4.1), the error satisfies the
orthogonality equation

∀v ∈ Dk(Eh), aε(Ph − p, v) = 0. (2.42)

Denoting χ = Ph − p̃ and adding and subtracting p̃ in each term yields

aε(χ, v) = aε(p − p̃, v).
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Choosing the test function v = χ and using the coercivity result (2.37) gives

κ‖χ‖2
E ≤

∣∣∣∣ ∑
E∈Eh

∫
E

(K∇(p − p̃)∇χ + α(p − p̃)χ)−
∑

e∈�h∪�D

∫
e

{K∇(p − p̃) · ne}[χ ]

+ε
∑

e∈�h∪�D

∫
e

{K∇χ · ne}[p − p̃] + J
σ0,β0
0 (p − p̃, χ)

∣∣∣∣
≤ |T1 + · · · + T4|.

Using the bound (2.19), Cauchy–Schwarz’s inequality, and Young’s inequality, we have

|T1| ≤ K
1/2
1

(∑
E

‖K1/2∇χ‖2
L2(E)

)1/2 (∑
E

‖∇(p − p̃)‖2
L2(E)

)1/2

+‖α‖1/2
L∞(
)‖α

1
2χ‖L2(
)‖p − p̃‖L2(
)

≤ 3

2κ
(K1 + ‖α‖L∞(
))|||p − p̃|||2H 1(Eh) +

κ

6
‖χ‖2

E .

Let C denote a generic constant independent of h that takes different values at different
places. From the approximation result (2.10), we obtain

T1 ≤ Ch2 min(k+1,s)−2|||p|||2Hs(Eh) +
κ

6
‖χ‖2

E .

Let us now bound T3: this term disappears if the method is IIPG (ε = 0) or if p̃ is chosen to
be a continuous interpolant (such as the classical Lagrange interpolant) and either |�D| = 0
or gD is a polynomial of degree k (hence, one can choose p̃ = gD on �D). However, in the
general case (for example, if p̃ is not continuous), we can still control this term by using trace
inequalities and approximation results. First, we have by Cauchy–Schwarz’s inequality

|T3| ≤
∑

e∈�h∪�D

‖{K∇χ · ne}‖L2(e)‖[p − p̃]‖L2(e).

Now if the edge (or face) is interior, e = ∂E1
e ∩ ∂E2

e , we can apply the trace inequality (2.1)
for each neighboring element:

‖[p − p̃]‖L2(e) ≤ ‖(p − p̃)|E1
e
‖L2(e) + ‖(p − p̃)|E2

e
‖L2(e)

≤ C|e|1/2|E1
e |−1/2(‖p − p̃‖L2(E1

e )
+ hE1

e
‖∇(p − p̃)‖L2(E1

e )
)

+C|e|1/2|E2
e |−1/2(‖p − p̃‖L2(E2

e )
+ hE2

e
‖∇(p − p̃)‖L2(E2

e )
).

Using the trace inequality (2.5) in finite-dimensional spaces, we have

‖{K∇χ · ne}‖L2(e) ≤ 1

2
‖(K∇χ · ne)|E1

e
‖L2(e) + 1

2
‖(K∇χ · ne)|E2

e
‖L2(e)

≤ K1

2
C̃t |e|1/2|E1

e |−1/2||∇χ‖L2(E1
e )

+ K1

2
C̃t |e|1/2|E2

e |−1/2||∇χ‖L2(E2
e )
.
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Combining the two bounds above, we obtain

∀e ∈ �h, ‖{K∇χ · ne}‖L2(e)‖[p − p̃]‖L2(e)

≤ C|e||E1
e |−1(‖p − p̃‖L2(E1

e )
+ hE1

e
‖∇(p − p̃)‖L2(E1

e )
)||∇χ ||L2(E1

e )

+C(|e||E2
e |−1/2)|E1

e |−1/2(‖p − p̃‖L2(E1
e )

+ hE1
e
‖∇(p − p̃)‖L2(E1

e )
)||∇χ ||L2(E2

e )

+C|e||E2
e |−1(‖p − p̃‖L2(E2

e )
+ hE2

e
‖∇(p − p̃)‖L2(E2

e )
)||∇χ ||L2(E2

e )

+C(|e||E1
e |−1/2)|E2

e |−1/2(‖p − p̃‖L2(E2
e )

+ hE2
e
‖∇(p − p̃)‖L2(E2

e )
)||∇χ ||L2(E1

e )
.

Using the approximation results (2.10) and the fact that for i = 1, 2, the product |e||Eie|−1/2

is bounded by a constant C in 2D and bounded by Ch1/2
Eie

in 3D, we have

∀e ∈ �h, ‖{K∇χ · ne}‖L2(e)‖[p − p̃]‖L2(e)

≤ Chmin(k+1,s)−1(|p|Hs(E1
e )

+ |p|Hs(E2
e )
)(‖∇χ‖L2(E1

e )
+ ‖∇χ‖L2(E2

e )
).

Assume now that the edge (or face) e is on the Dirichlet boundary �D and belongs to the
element E1

e . Following a similar argument as above, we have

‖K∇χ · ne‖L2(e)‖p − p̃‖L2(e) ≤ Chmin(k+1,s)−1|p|Hs(E1
e )
‖∇χ‖L2(E1

e )
.

Therefore, the term T3 is bounded by

T3 ≤ Ch2 min(k+1,s)−2|||p|||2Hs(Eh) +
κ

6
‖χ‖2

E .

The term T4 is zero if σ 0
e = 0 for all e or if p̃ is continuous and either |�D| = 0 or gD is

a continuous piecewise polynomial of degree k. Otherwise, using the fact that |e| ≤ hd−1,
the term T4 is simply bounded using Cauchy–Schwarz’s and Young’s inequalities:

|T4| ≤ 3

2κ
J
σ0,β0
0 (p − p̃, p − p̃)+ κ

6
J
σ0,β0
0 (χ, χ)

≤ κ

6
‖χ‖2

E + Ch2 min(k+1,s)−1−β0(d−1)|||p|||2Hs(Eh).

Thus, T4 is optimal if the condition β0(d−1) ≤ 1 is satisfied. Under the assumptions given
above, we obtain

κ

2
‖χ‖2

E ≤ Ch2 min(k+1,s)−2|||p|||2Hs(Eh) + |T2|.
In order to conclude, it remains to bound the term T2. On one hand, this term is relatively
easy to bound if all penalty values are nonzero. On the other hand, if some penalty values
are zero, the bound of T2 requires an additional property on the approximation p̃ and a
restriction of the polynomial degree k ≥ 2. Thus, we distinguish two cases. First, let us
assume that σ 0

e > 0 for all e; then we can write∣∣∣∣ ∫
e

{K∇(p− p̃) · ne}[χ ]
∣∣∣∣ ≤

( |e|β0

σ 0
e

) 1
2

‖{K∇(p− p̃) · ne}‖L2(e)

(
σ 0
e

|e|β0

) 1
2

‖[χ ]‖L2(e),∣∣∣∣ ∑
e∈�h∪�D

{K∇(p − p̃) · ne}[χ ]
∣∣∣∣ ≤ κ

6
J
σ0,β0
0 (χ, χ)+ C

∑
e∈�h∪�D

|e|β0

σ 0
e

‖{K∇(p − p̃) · ne}‖2
L2(e).
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Using the trace inequality (2.2) and the approximation result (2.10), we have

|T2| ≤ κ

6
‖χ‖2

E + Ch2 min(k+1,s)−3+β0(d−1)|||p|||2Hs(Eh).

Thus, if β0(d − 1) ≥ 1, we have

|T2| ≤ κ

6
‖χ‖2

E + Ch2 min(k+1,s)−2|||p|||2Hs(Eh), (2.43)

and the final error estimate is

κ

3
‖χ‖2

E ≤ Ch2 min(k+1,s)−2|||p|||2Hs(Eh). (2.44)

In the second case, let us assume that σ 0
e = 0 for some e. Then, for each element E, we use

the approximation p̃ ∈ Pk(E) defined in Theorem 2.7. Since this approximation is defined
locally on each E, we have

∀E ∈ Eh, ∀e ∈ ∂E,
∫
e

{K∇(p − p̃) · ne} = 0.

We then rewrite the term T2 for any real number ce:

T2 =
∑

e∈�h∪�D

∫
e

{K∇(p − p̃) · ne}([χ ] − ce)

≤
∑

e∈�h∪�D

‖{K∇(p − p̃) · ne}‖L2(e)‖[χ ] − ce‖L2(e).

If e is an interior edge (or face) and is shared by E1
e and E2

e , we choose

ce = c1 − c2, ci = 1

|Eie|
∫
Eie

χ, i = 1, 2,

and we observe that

[χ ] − ce = χ |E1
e
− χ |E2

e
− (c1 − c2) = (χ |E1

e
− c1)− (χ |E2

e
− c2).

Thus, we have by the trace inequality (2.1):

‖[χ ] − ce‖L2(e) ≤ ‖χ |E1 − c1‖L2(e) + ‖χ |E2 − c2‖L2(e)

≤ Ch
−1/2
E1
e
(‖χ − c1‖L2(E1

e )
+ hE1

e
‖∇χ‖L2(E1

e )
)

+ Ch
−1/2
E2
e
(‖χ − c2‖L2(E2

e )
+ h

1/2
E2
e
‖∇χ‖L2(E2

e )
).

Next, by definition of the constant ci , we have∫
Eie

(χ |Eie − ci) = 0, i = 1, 2.
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Thus, we have

‖[χ ] − ce‖L2(e) ≤ Ch
1/2
E1
e
‖∇χ‖L2(E1

e )
+ Ch

1/2
E1
e
‖∇χ‖L2(E2

e )
.

Indeed, we have used the following result: If a function φ belongs to H 1(E) such that∫
E
φ = 0, then there is a constant C independent of hE such that

‖φ‖L2(E) ≤ ChE‖∇φ‖L2(E).

Note that if the face e belongs to the boundary �h ∩ ∂E1
e , then we choose ce = 1

|E1
e |
∫
E1
e
χ ,

and we obtain similarly

‖χ − ce‖L2(e) ≤ Ch
1/2
E1
e
‖∇χ‖L2(E1

e )
.

The other factor in the term T2 is bounded using trace inequality (2.2) and approximation
result (2.10):

∀e ∈ �h, ‖{K∇(p − p̃) · ne}‖L2(e) ≤ Chmin(k+1,s)−3/2(|p|Hs(E1
e )

+ |p|Hs(E2
e )
),

∀e ∈ �D, ‖K∇(p − p̃) · ne‖L2(e) ≤ Chmin(k+1,s)−3/2|p|Hs(E1
e )
.

Combining the bounds above gives an inequality identical to (2.43), and thus the bound
(2.44) is obtained. We saw that the derivation of the error estimates requires a constraint
on the power β0, under a certain condition. Before summarizing the results, we state that
condition.

Condition A: The approximation p̃ of the exact solution p can be chosen to be continuous.
In addition, either the Dirichlet data gD is a continuous piecewise polynomial of degree k,
or the whole boundary is a Neumann boundary (∂
 = �N).

Theorem 2.13. Assume that the exact solution to (2.16)–(2.18) belongs to Hs(Eh) for
s > 3/2. Assume also that the penalty parameter σ 0

e is large enough for the SIPG and IIPG
methods and that k ≥ 2 for the NIPG method with zero penalty. Then, there is a constant
C independent of h such that the following optimal a priori error estimate holds:

‖p − Ph‖E ≤ Chmin(k+1,s)−1|||p|||Hs(Eh).

This estimate is valid if Condition A holds true and if β0 ≥ (d − 1)−1. Otherwise, if
Condition A fails, this estimate is valid if β0 = (d − 1)−1.

2.8.2 Error estimates in the L2 norm

Next, we prove an error estimate in the L2 norm. We will apply the Aubin–Nitsche lift
technique used in the analysis of the classical finite element method to the DG method. This
technique works well if the scheme is symmetric. This is the case for the SIPG method. We
will see below that optimal estimates cannot be derived for IIPG and NIPG. For simplicity,
we assume that the entire boundary is a Dirichlet boundary, i.e., ∂
 = �D. We assume that
the domain is convex and that the solution to the dual problem

−∇ · (K∇φ)+ αφ = p − Ph in 
,

φ = 0 on ∂
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belongs to H 2(
) with continuous dependence on p − Ph:

‖φ‖H 2(
) ≤ C‖p − Ph‖L2(
). (2.45)

Then, we have

‖Ph − p‖2
L2(
) =

∫



(Ph − p)2 =
∫



(−∇ · (K∇φ)+ αφ)(Ph − p).

Denoting θ = Ph − p and integrating by parts on each element yields

‖θ‖2
L2(
) =

∑
E∈Eh

∫
E

(K∇φ · ∇θ + αφθ)−
∑
E∈Eh

∫
∂E

(K∇φ · nE)θ.

The last term can be rewritten as in (2.25). Since φ ∈ H 2(
), we have

‖θ‖2
L2(
) =

∑
E∈Eh

∫
E

(K∇φ∇θ + αφθ)−
∑

e∈�h∪∂


∫
e

{K∇φ · ne}[θ ].

We now subtract the orthogonality equation (2.42) from the equation above:

∀v ∈ Dk(Eh), ‖θ‖2
L2(
) =

∑
E∈Eh

∫
E

(K∇(φ − v)∇θ + α(φ − v)θ)

−ε
∑

e∈�h∪∂


∫
e

{K∇v · ne}[θ ] −
∑

e∈�h∪∂


∫
e

{K∇φ · ne}[θ ]

+
∑

e∈�h∪∂


∫
e

{K∇θ · ne}[v] − J
σ0,β0
0 (θ, v)

= A1 + · · · + A5. (2.46)

We choose v = φ̃, a continuous interpolant of φ of degree k. We assume that such an
interpolant exists. In that case, we note that φ̃ = φ = 0 on the boundary ∂
. The last two
terms on the right-hand side of (2.46), namely A4 and A5, vanish. The first term is easily
bounded using Cauchy–Schwarz’s inequality and the approximation result (2.10):

A1 ≤ Ch‖φ‖H 2(
)‖θ‖E .

Therefore, we obtain

‖θ‖2
L2(
) ≤ Ch‖φ‖H 2(
)‖θ‖E + S,

where

S =
∣∣∣∣∣∣
∑

e∈�h∪∂


∫
e

{K∇(φ + εφ̃) · ne}[θ ]
∣∣∣∣∣∣ .
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If the method employed is the SIPG method, the term (φ + εφ̃) = (φ − φ̃) is the approxi-
mation error. A bound of S can be derived by taking advantage of the penalty parameter:

S ≤
∑

e∈�h∪�D

( |e|β0

σ 0
e

) 1
2 − 1

2

‖{K∇(φ − φ̃) · ne}‖L2(e)‖[θ ]‖L2(e)

≤ J
σ0,β0
0 (θ, θ)

1
2

( ∑
e∈�h∪�D

|e|β0

σ 0
e

‖{K∇(φ − φ̃) · ne}‖2
L2(e)

) 1
2

≤ Ch
β0
2 (d−1)+ 1

2 ‖φ‖H 2(
)‖θ‖E .

Therefore, using the bound (2.45), we obtain

‖θ‖2
L2(
) ≤ C(h+ h

β0
2 (d−1)+ 1

2 )‖θ‖L2(
)‖θ‖E .

With Theorem 2.13 and under the condition β0(d − 1) ≥ 1, this implies

‖θ‖L2(
) ≤ Chmin(k+1,s)|||p|||Hs(Eh). (2.47)

If the method employed is the IIPG method or the NIPG method with nonzero penalty, one
can recover an additional power of hwith the term S if a stricter constraint is imposed on the
parameter β0. Indeed, using Cauchy–Schwarz’s inequality and the trace inequality (2.2),
we obtain if ε = 0 or ε = 1

S ≤ 2J σ0,β0
0 (θ, θ)

1
2

⎛⎝ ∑
e∈�h∪∂


|e|β0

σ 0
e

‖{K∇φ · ne}‖2
L2(e)

⎞⎠
1
2

≤ Ch
β0
2 (d−1)− 1

2 ‖φ‖H 2(
)‖θ‖E .

Therefore, under the assumptions of Theorem 2.13 and if β0(d − 1) ≥ 3, we obtain the
optimal error estimate (2.47). One can check that a similar result holds true in the NIPG
case with nonzero penalty. We say that the DG method is superpenalized if β0 > (d−1)−1.

The only case that we did not consider is the case of the NIPG method with σ 0
e = 0

for all e. One can prove a suboptimal error estimate, namely

‖θ‖L2(
) = O(hmin(k+1,s)−1).

We summarize the results below.

Theorem 2.14. Assume that Theorem 2.13 holds. There is a constant C independent of h
such that

‖p − Ph‖L2(
) ≤ Chmin(k+1,s)|||p|||Hs(Eh).

This estimate is valid for the SIPG method unconditionally and for the NIPG and IIPG
methods under Condition A and the superpenalization β0 ≥ 3(d − 1)−1. If Condition A is
not satisfied, then the numerical error for both the NIPG and IIPG methods satisfies the
following suboptimal error estimate:

‖p − Ph‖L2(
) ≤ Chmin(k+1,s)−1|||p|||Hs(Eh).
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Remark: In the standard penalization β0 = (d − 1)−1, we know how to prove suboptimal
error estimates for both the IIPG and NIPG methods. It has been observed numerically
on uniform meshes that convergence rates are optimal if the polynomial degree is odd
and suboptimal if the polynomial degree is even (see Section 2.10). This is an interesting
question that remains to be theoretically solved. For general meshes one can construct an
example for which the numerical rates are suboptimal even if the polynomial degree is odd.

Remark: In this section, we have considered convergence of the h-version of the DG
method. The polynomial degree is kept fixed, and the mesh is successively refined. In the
hp-version, both mesh size and polynomial degrees can be changed and error estimates can
be derived (see, for instance, [96, 72]). They are suboptimal with respect to the polynomial
degree.

Remark: In the case of meshes containing quadrilaterals in 2D and hexahedra in 3D,
Condition A can be satisfied if we use the space of piecewise polynomials of degree k in
each direction given by

D̃k(Eh) = {v ∈ L2(
) : ∀E ∈ Eh, v|E ∈ Qk(E)}.
Indeed, one can construct a continuous interpolant of p in the space D̃k(Eh). The benefit of
using D̃k(Eh) rather than Dk(Eh) is that optimal L2 error estimates are obtained if superpe-
nalization is used. The drawback is that the method is more expensive as the total number
of degrees of freedom increases. Therefore, if one does not want superpenalization (it is
known that increasing the power β0 worsens the condition number of the global matrix),
then one should use Dk(Eh) for all meshes.

2.9 Implementing the DG method
There is more than one way to write a DG code. Our preferred choice is to use a parent-
child data structure. This allows for an easy implementation of local mesh refinement
and derefinement. In this section, we first present the data structure and then discuss the
construction of the local and global matrices. For simplicity, we will assume that K is
piecewise constant.

2.9.1 Data structure

A parent-child data structure uses a list of elements, faces, and vertices. It is understood that
for two-dimensional problems, an edge is called a face. We assume that a given element has
MF faces and that each interior face belongs to two elements. If an element is refined, it has
at mostMC children. We also denote byMV the number of vertices of one face. Attributes of
the elements and faces are given in Table 2.2. Those attributes contain the information that
is being stored. One can choose to either store more information or recompute information
when needed. There is a delicate balance between the amount of storage and the amount
of computation that will yield a minimum simulation time. In the programming language
C, we can take advantage of the structure data type to store the attributes. For instance,
for a triangular mesh, we give below the definition of the structures element, face, and
vertex and arrays of those particular data types.
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Table 2.2. Attributes of elements and faces for the data structure.

Object Attributes Definition
face array of MF components: global number of faces
parent integer: global number of parents

element child array of MC components: global number of children
degree integer: polynomial degree
reftype integer: −1 for inactive (not refined) element

0 for active (refined) element
soldofs array of Nloc components: local degrees of freedom
vertex array of MV components: global number of vertices
neighbor array of 2 components: global number of elements

sharing the face
face reftype integer: −1 for inactive (not refined) face

0 for active (refined) face
bctype integer: 0 for interior face

1 for Dirichlet face
2 for Neumann face

vertex coor array: coordinates of the vertex

typedef struct {
int face[3];
int parent;
int child[4];
int degree;
int reftype;
double *soldofs;

} element;

typedef struct {
int vertex[2];
int neighbor[2];
int reftype;
int bctype;

} face;

typedef struct {
double coor[2];

} vertex;

element meshelt[100];
face meshface[300];
vertex meshvertex[300];
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Figure 2.4. Example of a refinement/derefinement strategy for a triangular element.

Figure 2.5. Example of a nonconforming mesh.

If the mesh uses quadrilateral elements, it suffices to increase the size of the attribute face
to four entries. Fig. 2.4 shows an example of refinement/derefinement of a triangle. In this
case, the element has MF = 3 faces and MC = 4 children, and each face has MV = 2
vertices. The children of the element E1 are the elements E11, E12, E13, and E14. New
faces corresponding to the refinement of the faces e1, e2, e3 are created. For example, the
children of face e1 are the faces e11 and e12. Once the element and faces are refined, they
become “inactive.” The inverse process, also called derefinement, changes the “inactive”
state of the parents to “active” and vice versa for the children. Note that the parents of the
elements in the coarsest mesh do not exist and by default can be set to zero. With the DG
method, it is possible to refine a few elements in the mesh as many times as possible without
worrying about refining their neighbors. The resulting mesh is called nonconforming. An
example of a nonconforming mesh is given in Fig. 2.5.

2.9.2 Local matrices and right-hand sides

There are two types of local matrices depending on the domain of integration. First, we
compute the matrix AE resulting from the volume integral over a fixed elementE. We recall
(see Section 2.5.2) that the local basis functions φi,E are obtained from mapping monomial
functions φ̂i from the reference element Ê onto the element E:

φi,E = φ̂i ◦ F−1
E .
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Then, we have

∀1 ≤ i, j ≤ Nloc, (AE)i,j =
∫
E

(K∇φi,E · ∇φj,E + αφi,Eφj,E).

Applying a change of variable with the mapping FE (see (2.30) and (2.32)), we can compute
the integral on the reference element:

(AE)i,j = 2|E|
∫
Ê

(K(BT
E)

−1∇̂φ̂i · (BT
E)

−1∇̂φ̂j + (α ◦ FE)φ̂i φ̂j ).

The volume contributions to the local right-hand side bE are

(bE)i =
∫
E

f φi,E.

We now compute the local matrices corresponding to the integrals over a fixed face e. If e
is an interior face, let us denote by E1

e and E2
e the elements that share the face such that the

normal vector ne points from E1
e to E2

e . The terms involving integrals on e in the bilinear
form aε are recalled below:

T = −
∫
e

{K∇Ph · ne} [v] + ε

∫
e

{K∇v · ne} [Ph] + σ 0
e

|e|β0

∫
e

[Ph][v].

Denoting by Ph,i and vi the restrictions of Ph and v to the element Ei and expanding the
averages and jumps, we obtain

T = m11
e +m22

e +m12
e +m21

e ,

where the term m11
e (resp., m22

e ) corresponds to the interactions of the local basis of the
neighboring element E1

e (resp., E2
e ) with itself and the termm12

e (resp.,m21
e ) corresponds to

the interactions of the local basis of the neighboring elementE1
e (resp.,E2

e ) with the element
E2
e (resp., E1

e ). More precisely, we have the expressions

m11
e = −1

2

∫
e

K∇Ph,1 · nev1 + ε

2

∫
e

K∇v1 · nePh,1 + σ 0
e

|e|β0

∫
e

Ph,1v1,

m22
e = 1

2

∫
e

K∇Ph,2 · nev2 − ε

2

∫
e

K∇v2 · nePh,2 + σ 0
e

|e|β0

∫
e

Ph,2v2,

m12
e = −1

2

∫
e

K∇Ph,2 · nev1 − ε

2

∫
e

K∇v1 · nePh,2 − σ 0
e

|e|β0

∫
e

Ph,2v1,

m21
e = −1

2

∫
e

K∇Ph,1 · nev2 + ε

2

∫
e

K∇v2 · nePh,1 − σ 0
e

|e|β0

∫
e

Ph,1v2.

These four terms will yield four matrices of sizeNloc ×Nloc, namely M11
e ,M

22
e ,M

12
e ,M

21
e ,

whose entries are defined below:

(M11
e )ij = −1

2

∫
e

K∇φj,E1
e
· neφi,E1

e
+ ε

2

∫
e

K∇φi,E1
e
· neφj,E1

e
+ σ 0

e

|e|β0

∫
e

φj,E1
e
φi,E1

e
,

(M22
e )ij = 1

2

∫
e

K∇φj,E2
e
· neφi,E2

e
− ε

2

∫
e

K∇φi,E2
e
· neφj,E2

e
+ σ 0

e

|e|β0

∫
e

φj,E2
e
φi,E2

e
,



mainboo
2008/5/30
page 53

�

�

�

�

�

�

�

�

2.9. Implementing the DG method 53

(M12
e )ij = −1

2

∫
e

K∇φj,E2
e
· neφi,E1

e
− ε

2

∫
e

K∇φi,E1
e
· neφj,E2

e
− σ 0

e

|e|β0

∫
e

φj,E2
e
φi,E1

e
,

(M21
e )ij = −1

2

∫
e

K∇φj,E1
e
· neφi,E2

e
+ ε

2

∫
e

K∇φi,E2
e
· neφj,E1

e
− σ 0

e

|e|β0

∫
e

φj,E1
e
φi,E2

e
.

Next, if e is a boundary face, let us also denote by E1
e the element to which it belongs. If a

Dirichlet boundary condition is applied on e, the following local matrix M11
e is created:

(M11
e )ij = −

∫
e

K∇φj,E1
e
· neφi,E1

e
+ ε

∫
e

K∇φi,E1
e
· neφj,E1

e
+ σ 0

e

|e|β0

∫
e

φj,E1
e
φi,E1

e
,

and the local right-hand side be is

(be)i = ε

∫
e

(
K∇φi,E1

e
· ne + σ 0

e

|e|β0
φi,E1

e

)
gD.

If the edge e is a Neumann boundary edge, no local matrix is created, but the following
local right-hand side is defined:

(be)i =
∫
e

φi,E1
e
gN.

As usual, all integrals on the physical face are transformed into integrals on the reference
element in the space Rd−1.

We now present the algorithm for computing the local matrices and the local right-hand
sides.

Algorithm 2.1.
Computing local contributions from element E

initialize AE = 0
initialize the quadrature weights w and points s

loop over quadrature points: for k = 1 to NG do
compute Jacobian matrix BE

for i = 1 to Nloc do
compute values of basis function φi,E(s(k))
compute derivatives of basis functions ∇φi,E(s(k))

end
compute global coordinates x of quadrature point s(k)

compute source function f (x)
for i = 1 to Nloc do

for j = 1 to Nloc do
AE(i, j) = AE(i, j)+ w(k) det(BE)∇φi,E(s(k)) · ∇φj,E(s(k))

end
bE(i) = bE(i)+ w(k) det(bE)f (x)φi,E(s(k))

end
end
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The next algorithm computes the local stiffness matrices obtained by the integration
over one interior edge shared by two elements. We recall that the choice of the method is
defined by the parameters ε and σ 0

e .

Algorithm 2.2.
Computing local contributions from edge e

initialize M11
e = M22

e = M12
e = M21

e = 0
initialize parameters ε and σ 0

e

initialize the quadrature weights w and points s

compute edge length |e|
compute normal vector ne
get face neighbors E1

e and E2
e

loop over quadrature points: for k = 1 to NG do
compute Jacobian matrices ME1

e
and ME2

e

for i = 1 to Nloc do
compute values of basis functions φi,E1

e
(s(k)) and φi,E2

e
(s(k))

compute derivatives of basis functions ∇φi,E1
e
(s(k)) and ∇φi,E2

e
(s(k))

end
compute M11

k contributions:
for i = 1 to Nloc do

for j = 1 to Nloc do
M11

e (i, j) = M11
e (i, j)− 0.5w(k)|e|φi,E1

e
(s(k))(∇φj,E1

e
(s(k)) · ne)

M11
e (i, j) = M11

e (i, j)+ 0.5εw(k)|e|φj,E1
e
(s(k))(∇φi,E1

e
(s(k)) · ne)

M11
e (i, j) = M11

e (i, j)+ σ 0
e w(k)φi,E1

e
(s(k))φj,E1

e
(s(k))

end
end

compute M22
k contributions:

for i = 1 to Nloc do
for j = 1 to Nloc do

M22
e (i, j) = M22

e (i, j)+ 0.5w(k)|e|φi,E2
e
(s(k))(∇φj,E2

e
(s(k)) · ne)

M22
e (i, j) = M22

e (i, j)− 0.5εw(k)|e|φj,E2
e
(s(k))(∇φi,E2

e
(s(k)) · ne)

M22
e (i, j) = M22

e (i, j)+ σ 0
e w(k)φi,E2

e
(s(k))φj,E2

e
(s(k))

end
end

compute M12
k contributions:

for i = 1 to Nloc do
for j = 1 to Nloc do

M12
e (i, j) = M12

e (i, j)− 0.5w(k)|e|φi,E1
e
(s(k))(∇φj,E2

e
(s(k)) · ne)

M12
e (i, j) = M12

e (i, j)− 0.5εw(k)|e|φj,E2
e
(s(k))(∇φi,E1

e
(s(k)) · ne)

M12
e (i, j) = M12

e (i, j)− σ 0
e w(k)φi,E1

e
(s(k))φj,E2

e
(s(k))

end
end

compute M21
k contributions:

for i = 1 to Nloc do
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for j = 1 to Nloc do
M21

e (i, j) = M21
e (i, j)+ 0.5w(k)|e|φi,E2

e
(s(k))(∇φj,E1

e
(s(k)) · ne)

M21
e (i, j) = M21

e (i, j)+ 0.5εw(k)|e|φj,E1
e
(s(k))(∇φi,E2

e
(s(k)) · ne)

M21
e (i, j) = M21

e (i, j)− σ 0
e w(k)φi,E1

e
(s(k))φj,E1

e
(s(k))

end
end

end

The corresponding C routines are given in Appendix B.2.

2.9.3 Global matrix and right-hand side

Assembling of the global matrix Aglobal is done in two steps. First, the local matrices AE

are added to the block diagonal entries of Aglobal. We can assume that the mesh elements
are numbered from 1 to Nel. We denote the global right-hand side by bglobal. The local
contributions bE can be added to bglobal in the same algorithm.

Algorithm 2.3.
Volume contributions
initialize k = 0
loop over the elements: for k = 1 to Nel do

compute local volume matrix AEk

compute local right-hand side bEk
for i = 1 to Nel do

ie = i + k

bglobal(ie) = bglobal(ie)+ bEk (i)

for j = 1 to Nloc do
je = j + k

Aglobal(ie, je) = Aglobal(ie, je)+ AEk (i, j)

end
k = k +Nloc

end
end

Second, we assemble the local matrices M ij
e for 1 ≤ i, j ≤ 2. We can assume that

the edges are numbered from 1 to Nface. The numbers of the neighboring elements of the
face k are Ek1 and Ek2 .

Algorithm 2.4.
Face contributions
loop over the edges: for k = 1 to Nface do

get face neighbors E1
k and E2

k

if face is an interior face do
compute local matrices M11

k ,M
22
k ,M

12
k ,M

21
k
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assemble M11
k contributions:

for i = 1 to Nloc do
ie = i + (E1

k − 1)Nloc

for j = 1 to Nloc do
je = j + (E1

k − 1)Nloc

Aglobal(ie, je) = Aglobal(ie, je)+ M11
k (i, j)

end
end

assemble M22
k contributions:

for i = 1 to Nloc do
ie = i + (E2

k − 1)Nloc

for j = 1 to Nloc do
je = j + (E2

k − 1)Nloc

Aglobal(ie, je) = Aglobal(ie, je)+ M22
k (i, j)

end
end

assemble M12
k contributions:

for i = 1 to Nloc do
ie = i + (E1

k − 1)Nloc

for j = 1 to Nloc do
je = j + (E2

k − 1)Nloc

Aglobal(ie, je) = Aglobal(ie, je)+ M12
k (i, j)

end
end

assemble M21
k contributions:

for i = 1 to Nloc do
ie = i + (E2

k − 1)Nloc

for j = 1 to Nloc do
je = j + (E1

k − 1)Nloc

Aglobal(ie, je) = Aglobal(ie, je)+ M11
k (i, j)

end
end

end
else if face is a boundary face do
compute local matrix M11

k

assemble M11
k contributions:

for i = 1 to Nloc do
ie = i + (E1

k − 1)Nloc

for j = 1 to Nloc do
je = j + (E1

k − 1)Nloc

Aglobal(ie, je) = Aglobal(ie, je)+ M11
k (i, j)

end
end

end
end

The corresponding C routines are given in Appendix B.2.
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2.10 Numerical experiments
We solve on the unit square the model problem (2.16)–(2.18) with K = I, α = 0, and
Dirichlet boundary condition (�D = ∂
). We present numerical convergence rates for
both smooth and unsmooth exact solutions and for all primal DG methods. We vary the
polynomial degree from k = 1, 2, 3. We denote the numerical error by

eh = p − Ph.

We compute the seminorm |||∇eh|||H 0(Eh), which is bounded above by the energy norm, and
the L2 norm ‖eh‖L2(
). The penalty parameter σ 0

e is equal to a constant σ for all interior
edges. For the boundary edges, the penalty parameter is equal to 2σ for both IIPG and SIPG
and equal to σ for NIPG.

2.10.1 Smooth solution

Let the exact solution be

∀(x, y) ∈ (0, 1)2, p(x, y) = e−x−y
2
.

Table 2.3 contains the numerical errors |||∇eh|||H 0(Eh) and ‖eh‖L2(
) obtained on a fine tri-
angular mesh. Convergence rates are computed as in (1.13). We choose β0 = 1. The
rates correspond to the theoretical rates: they are all optimal in the gradient broken norm
|||∇eh|||H 0(Eh) = O(hk). The L2 rates are optimal for the SIPG method: ‖eh‖L2(
) =
O(hk+1). For NIPG or IIPG, they are suboptimal if the polynomial degree is even.

Next, we use superpenalization and choose β0 = 3. We consider a different smooth
solution such that its Dirichlet value is a polynomial of degree k. The exact solution is
given by

∀(x, y) ∈ (0, 1)2, p(x, y) = x(x − 1)y(y − 1)e−x
2−y2

.

Table 2.3. Numerical errors and convergence rates for smooth function without
superpenalization.

Method k σ |||∇eh|||H 0(Eh) Rate ‖eh‖L2(
) Rate

NIPG 1 1 8.4846 × 10−3 1.0123 8.9099 × 10−5 2.0083
2 1 7.6614 × 10−5 2.0011 1.8632 × 10−6 2.0186
3 1 4.1740 × 10−7 3.0157 3.3112 × 10−9 4.0153

NIPG 2 0 8.3851 × 10−5 2.0035 1.7316 × 10−6 2.0307
3 0 4.9857 × 10−7 3.0103 3.8794 × 10−9 4.0036

SIPG 1 6 8.9986 × 10−3 1.0007 3.9981 × 10−5 1.9717
2 18 7.3139 × 10−5 2.0009 1.5827 × 10−7 2.9942
3 36 3.8845 × 10−7 3.0044 1.4746 × 10−9 3.9879

IIPG 1 6 8.9885 × 10−3 0.9996 3.2571 × 10−5 1.9994
2 18 7.1979 × 10−5 2.0014 2.7825 × 10−7 2.4695
3 36 3.8427 × 10−7 3.0023 1.5009 × 10−9 3.9921
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Table 2.4. Numerical errors and convergence rates for smooth function with
superpenalization.

Method k σ |||∇eh|||H 0(Eh) Rate ‖eh‖L2(
) Rate

NIPG 1 1 5.1010 × 10−3 0.9872 6.1576 × 10−5 1.9537
2 1 9.8300 × 10−5 1.9707 3.7058 × 10−7 3.1578
3 1 8.5460 × 10−7 2.9787 4.6797 × 10−9 4.0106

IIPG 1 6 5.1107 × 10−3 0.9959 6.2081 × 10−5 1.9893
2 18 9.8839 × 10−5 1.9951 3.5405 × 10−7 3.0000
3 36 8.6042 × 10−7 3.0135 4.6953 × 10−9 4.0230

Therefore, Condition A is satisfied. Table 2.4 shows the numerical errors and conver-
gence rates for NIPG and IIPG. The rates are optimal for the L2 norm, as predicted by the
theory.

2.10.2 Singular solution

We consider a solution p ∈ H 1+δ(
) with 0 < δ < 1. Consider a domain 
 = (−1, 1)2

subdivided into four subdomains 
i such that 
1 = (0, 1)2, 
2 = (−1, 0) × (0, 1),

3 = (−1, 0)2, and 
4 = (0, 1) × (−1, 0). We solve (2.16)–(2.18) with α = 0, f = 0,
and �D = ∂
. The coefficient matrix K is equal toKiI on each subdomain
i . We assume
that K1 = K3 = 5 and K2 = K4 = 1. The exact solution in polar coordinates is

p(r, θ) = rδ(ai sin(δθ)+ bi cos(δθ)) in 
i

with coefficients given up to nine accurate digits:

a1 = 0.4472135955,

a2 = −0.7453559925,

a3 = −0.9441175905,

a4 = −2.401702643,

b1 = 1,

b2 = 2.333333333,

b3 = 0.55555555555,

b4 = −0.4814814814,

δ = 0.5354409456.

The exact solution is singular at the origin in the sense that its gradient is not defined
at the point (0, 0). We compute the DG solution on a sequence of uniformly refined

rectangular meshes. The relative error in the L2 norm, defined as
‖p−Ph‖L2(
)

‖p‖
L2(
)

, is plotted
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Figure 2.6. Relative error in the L2 norm versus the number of degrees of freedom.

against the number of degrees of freedom in Fig. 2.6. We use the NIPG method without
penalty and polynomials of degree three. We see that the convergence rate is independent
of the polynomial order. This is expected, as the solution has poor regularity. Indeed,
since p belongs to H 1+α(
), the convergence rate in the L2 norm is O(h2α), or equiva-
lently O(Nα), where N is the total number of degrees of freedom. In order to recover the
rate obtained with the polynomial degrees, we need to locally refine the mesh around the
origin.

2.10.3 Condition number

We fix the polynomial degree k = 2 and compute the condition number ‖A‖ ‖A−1‖ of the
global matrix for the DG method with and without superpenalization. Fig. 2.7 shows that
if no superpenalization is used, β = 1, then the condition number is O(h2), whereas it is
O(h4) if β = 3. The method used here is NIPG with σ 0

e = 1. Similar results are observed
with SIPG and IIPG methods.

2.11 The local discontinuous Galerkin method
The local discontinuous Galerkin (LDG) method was introduced by Cockburn and Shu
[36] and is based on the work by Bassi and Rebay [12]. We present the method for the
model problem (2.16)–(2.18) with K = I and α = 0. Because this method solves for two
unknowns, namely the solution and its gradient, it can be called a dual DG method or a
mixed DG method.
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Figure 2.7. Condition number versus mesh size for NIPG 1: β = 1 (solid line)
and β = 3 (dashed line).

2.11.1 Definition of the mixed DG method

Let us rewrite the model problem into a mixed form by introducing an auxiliary variable u

for the gradient of the solution:

u = ∇p in 
, (2.48)

−∇ · u = f in 
. (2.49)

The Dirichlet and Neumann boundary conditions are rewritten as

p = gD on �D, (2.50)

u · n = g · n on �N. (2.51)

Let Eh be a subdivision of
 and let�h be the set of interior edges (or faces). Let v ∈ H 1(Eh)d
and let q ∈ H 1(Eh). We multiply (2.48) and (2.49) by v and q, integrate over one element
E ∈ Eh, and use Green’s theorem (2.13):∫

E

u · v = −
∫
E

p∇ · v +
∫
∂E

pv · nE,∫
E

u · ∇q −
∫
∂E

u · nEq =
∫
E

f q.

We look for a solution pair (Uh, Ph) that belongs to a finite-dimensional space Md
h ×Mh,

to be specified later, that satisfies for all E ∈ Eh

∀v ∈ Md
h ,

∫
E

Uh · v +
∫
E

Ph∇ · v =
∫
∂E

�(Ph)v · nE, (2.52)

∀q ∈ Mh,

∫
E

Uh · ∇q =
∫
E

f q +
∫
∂E

�(Uh) · nEq, (2.53)
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where �(Ph) and �(Uh) are called numerical fluxes and they are defined below. Given
two real numbers δ1, δ2 and a vector δ3 ∈ Rd , we define

∀e ∈ �h, �(Uh)|e = {Uh} − (δ1[Ph])ne − ([Uh] · ne)δ3,

∀e ∈ �h, �(Ph)|e = {Ph} + δ3 · ne[Ph] − δ2[Uh] · ne,

∀e ∈ �D, �(Uh)|e = Uh − δ1(Ph − gD)ne,

∀e ∈ �D, �(Ph)|e = gD,

∀e ∈ �N, �(Uh)|e = g,

∀e ∈ �N, �(Ph)|e = Ph − δ2(Uh − g) · n.

We note that the scheme is consistent because of the regularity of the exact solution; the
numerical fluxes are equal to the exact fluxes. More precisely, we have

∀e, �(p)|e = p|e, �(u)|e = u|e.
By summing (2.52) and (2.53) over all the elements, we obtain∫




Uh · v +
∑
E∈Eh

∫
E

Ph∇ · v =
∑
E∈Eh

∫
∂E

�(Ph)v · nE

=
∑
e∈�h

∫
e

({Ph} + δ3 · ne[Ph] − δ2[Uh] · ne)[v] · ne +
∫
�D

gDv · n

+
∫
�N

(Ph − δ2(Uh − g) · n)v · n

and ∑
E∈Eh

∫
E

Uh · ∇q =
∫



f q +
∑
E∈Eh

∫
∂E

�(Uh) · nEq

=
∫



f q +
∑
e∈�h

∫
e

({Uh} − (δ1[Ph])ne − ([Uh] · ne)δ3) · ne[q]

+
∫
�D

(Uh − δ1(Ph − gD)ne) · neq +
∫
�N

g · nq

=
∫



f q +
∑
e∈�h

∫
e

({Uh} · ne − (δ1[Ph])− ([Uh] · ne)δ3 · ne)[q]

+
∫
�D

(Uh · ne − δ1(Ph − gD))q +
∫
�N

(g · n)q.

Let us define the following bilinear forms:

aldg(Uh, v) =
∫



Uh · v +
∑

e∈�h∪�N

∫
e

δ2[Uh] · ne[v] · ne,

bldg(Ph, v) =
∑
E∈Eh

∫
E

Ph∇ · v −
∑
e∈�h

∫
e

({Ph} + δ3 · ne[Ph])[v] · ne −
∫
�N

Phv · n,

Jldg(Ph, q) =
∑

e∈�h∪�D

∫
e

δ1[Ph][q].



mainbook
2008/5/30
page 62

�

�

�

�

�

�

�

�

62 Chapter 2. Higher dimensional problem

We remark, by using Green’s theorem (2.13), that the form b can be rewritten as

bldg(Ph, v) = −
∑
E∈Eh

∫
E

∇Ph · v +
∑
e∈�h

∫
e

[Phv · ne] +
∫
�D

Phv · n

−
∑
e∈�h

∫
e

({Ph} + δ3 · ne[Ph])[v] · ne

= −
∑
E∈Eh

∫
E

∇Ph · v +
∑
e∈�h

∫
e

[Ph]{v · ne}

+
∫
�D

Phv · n −
∑
e∈�h

∫
e

δ3 · ne[Ph][v] · ne;

equivalently,

bldg(Ph, v) = −
∑
E∈Eh

∫
E

∇Ph ·v+
∑
e∈�h

∫
e

[Ph]({v ·ne}−δ3 ·ne[v] ·ne)+
∫
�D

Phv ·n. (2.54)

The discrete space Mh ⊂ H 1(Eh) is chosen so that the following two conditions hold:

(i) {q ∈ L2(
) : ∀E q|E ∈ Pk(E)} ⊂ Mh,

(ii) ∀E ∈ Eh,∀q ∈ Mh, (
∫
E

∇q · v = 0 ∀v ∈ Md
h ) =⇒ ∇q = 0.

The global formulation of the general LDG scheme is as follows: Find Uh ∈ Md
h and

Ph ∈ Mh such that

∀v ∈ Md
h , aldg(Uh, v)+ bldg(Ph, v) =

∫
�D

gDv · n +
∫
�N

δ2(g · n)v · n, (2.55)

∀q ∈ Mh, −bldg(q,Uh)+ Jldg(Ph, q) =
∫



f v +
∫
�D

δ1gDq +
∫
�N

(g · n)q. (2.56)

2.11.2 Existence and uniqueness of the solution

Lemma 2.15. Assume that δ1 > 0 and δ2 ≥ 0; then there exists a unique solution to the
scheme (2.55)–(2.56).

Proof. Assume that gD = f = 0 and g = 0. Then, choosing v = Uh in the first equation
and q = Ph in the second, we have

aldg(Uh,Uh)+ bldg(Ph,Uh) = 0,

−bldg(Ph,Uh)+ Jldg(Ph, Ph) = 0.

By adding the two equations above, we obtain

aldg(Uh,Uh)+ Jldg(Ph, Ph) = 0.
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Equivalently, ∫



U 2
h +

∑
e∈�h∪�N

∫
e

δ2([Uh] · ne)
2 +

∑
e∈�h∪�D

∫
e

δ1[Ph]2 = 0.

Thus, if δ1 > 0 and δ2 ≥ 0, we immediately have Uh = 0, and we have

∀e ∈ �h ∪ �D, [Ph] = 0.

This implies that Ph is continuous across the domain. Then, (2.55) becomes

∀v ∈ Md
h , bldg(Ph, v) = 0.

Using the second form (2.54) of bldg, we have

∀v ∈ Md
h ,

∑
E∈Eh

∫
E

∇Ph · v = 0,

which implies that ∇Ph = 0 because of the definition of Mh. Since Ph is continuous and
zero on �D, this implies that Ph = 0.

2.11.3 A priori error estimates

Assume that p ∈ Hs+2(
) with s ≥ 0 and that the mesh consists of elements that are affine
equivalent to a particular reference element. Define the parameters

δ1 = σ1h
β1 , σ1 > 0,

δ2 = σ2h
β2 , σ2 ≥ 0,

with −1 ≤ β1 ≤ 0 ≤ β2 ≤ 1. Then, for s ≥ 0 and k ≥ 1, we have the following error
estimates:

‖p − Ph‖L2(
) ≤ Chmin(s+ 1
2 (1+m),k+ 1

2 (1−M))+ 1
2 (1+m)‖p‖Hs+2(
),

‖u − Uh‖L2(
) ≤ Chmin(s+ 1
2 (1+m),k+ 1

2 (1−M))‖p‖Hs+2(
).

If k = 0, we have

‖p − Ph‖L2(
) ≤ Ch1−M‖p‖Hs+2(
),

‖u − Uh‖L2(
) ≤ Ch
1−M

2 ‖p‖Hs+2(
),

where

M = max(−β1, β2), m = min(−β1, β2) if σ2 > 0,

M = max(−β1, 1), m = min(−β1, 1) if σ2 = 0.

The convergence rates for k ≥ 1 and k = 0 are given in Tables 2.5 and 2.6, respectively.
Thus, for k ≥ 1, we do not have optimal convergence rates for both errors. Assuming s is
large enough, the optimal convergence rate for ‖p − Ph‖L2(
) is obtained for cases where
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Table 2.5. Convergence rates of LDG method for piecewise polynomial approxi-
mation of degree greater than or equal to one.

δ1 δ2 ‖u − Uh‖L2(
) ‖p − Ph‖L2(
)

1 0 min(s + 1/2, k) min(s + 1/2, k)+ 1/2
1 h min(s + 1/2, k) min(s + 1/2, k)+ 1/2
h−1 0 min(s + 1, k) min(s + 1, k)+ 1
h−1 h min(s + 1, k) min(s + 1, k)+ 1

1 1 min(s, k)+ 1/2 min(s, k)+ 1
h−1 1 min(s + 1/2, k) min(s + 1/2, k)+ 1/2

Table 2.6. Convergence rates of LDG method for piecewise constant approximation.

δ1 δ2 ‖u − Uh‖L2(
) ‖p − Ph‖L2(
)

1 1 1/2 1
h−1 0 0 0
h−1 1 0 0
h−1 h 0 0

1 0 0 0
1 h 0 0

(δ1, δ2) belongs to {(h−1, 0), (h−1, h), (1, 1)}. For the error ‖u − Uh‖L2(
), the best rate is
O(hk+1/2). In the case where k = 0, the method converges in the case where δ1 = O(1)
and δ2 = O(1).

2.12 DG versus classical finite element method
In this section, we denote the finite element method by CG (continuous Galerkin), and we
present a comparison of CG versus DG from a practical point of view. The CG method was
briefly introduced in Section 2.2.2. We recall that the CG solution is a continuous piecewise
polynomial, whereas the DG solution is a discontinuous piecewise polynomial.

(i) Age of the method: The CG method has been around for more than 60 years, and
hundreds of books have been written on many aspects of the method. The primal
DG methods have only recently gained an interest from the scientific community. In
many cases, one can apply the techniques developed for CG to solve problems related
to DG. Still, many questions remain unanswered.

(ii) Size of problem: For DG, the total number of degrees of freedom is proportional to the
number of elements in the mesh. The constant of proportionality is a function of the
polynomial degree. For CG, the degrees of freedom depend on the number of vertices
and possibly the number of vertices and elements in the mesh. For instance, consider
a structured mesh of 5 × 5 rectangular elements. The degrees of freedom for a DG
approximation of degree 1, 2, 3, 4 are 75, 150, 250, 375, respectively, whereas the
degrees of freedom for a CG approximation of degree 1, 2, 3, 4 are 36, 121, 256, 441,
respectively. Thus, on such small mesh, if k ≥ 3, the CG method is more costly than
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Figure 2.8. Ratios of degrees of freedom for CG over DG with respect to the total
number of degrees of freedom, computed on a uniform rectangular mesh.

DG. The reason is that we have to use the space Qk on rectangular elements for CG,
but we can still use the space Pk on rectangular elements for DG. Fig. 2.8 gives the
ratio of the total number of degrees of freedom for CG to the total number of degrees
of freedom for DG on a uniform mesh of N × N rectangles. We vary N from 10
to 108. The CG method is less costly than DG if the polynomial degree is less than
or equal to 3. The ratios tend to the limit values 1/3, 2/3, 9/10, 16/15, 15/21 for
the degrees 1, 2, 3, 4, 5, respectively. On triangular meshes, the DG method is more
costly than the CG method. For example, on a uniform mesh ofN ×N ×2 triangular
elements, the ratios of the number of degrees of freedom for CG over DG tend to
1/6, 1/3, 9/20, 14/30, 25/42 for the degrees 1, 2, 3, 4, 5, respectively, as N tends to
infinity. We see that this ratio increases as the order of polynomial increases.

(iii) Meaning of degrees of freedom: Many users of the finite element method compute
only with piecewise polynomials of degree one. Because of the “chapeau” basis
functions, the resulting CG degrees of freedom correspond to the values of the CG
solution at the vertices of the mesh. This is a desirable property that can be exploited,
for instance, in visualization routines. The degrees of freedom in the DG method do
not have any meaning besides being coefficients in the expansion of the solution with
respect to the basis functions. This means that in order to obtain the DG solution at a
particular point, one has to compute the expansion, i.e., compute the basis functions
and multiply them by the coefficients. At a given vertex, there are several values of the
numerical solution. Note that we can also use the same local basis functions as in CG.

(iv) Hanging nodes: The name “hanging node” comes from the CG method for which
mesh vertices correspond to degrees of freedom or nodes. We abuse the notation
and call a hanging node any mesh vertex located on the interior of an edge (or face).
Fig. 2.9 contains a mesh with 11 hanging nodes. This nonconforming mesh can be
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Figure 2.9. Rectangular mesh with hanging nodes (black dots).

used with the DG method of any order, but it cannot be used with the CG method.
In general, one can have as many hanging nodes per face as one wishes for the DG
method because there are no continuity constraints between the elements. In the case
of the CG method, one can have at most one hanging node per edge, and special
continuous basis functions have to be used.

(v) Polynomial degree and basis functions: It is relatively easy to change the degree of
approximation of a DG solution using the same piece of software. Only the routine
that computes the basis functions should be modified. The user (even beginners) can
then easily perform hp-analysis of the method. Using the data structure described in
Section 2.9.1, it is easy to write a DG code that uses different polynomial degrees for
different mesh elements. This is an important benefit of using discontinuous approx-
imations. For the CG method, things are less simple. In general, CG codes are first
written for the piecewise linear approximations. The user then writes different codes
for other polynomial degrees. As the degrees increase, the basis functions become
more complicated and one has to keep track of the degrees of freedom. Some care and
thought are required to obtain an hp software. In the CG method, basis functions are
obtained by “pasting together” local basis functions whose support lie in one mesh ele-
ment. These local basis functions can also be used to form the basis for the DG method.
It suffices to extend those local basis functions by zero outside the mesh element. In
practice, a simple choice of local basis functions for DG is the set of monomials.

(vi) Accuracy: Both methods converge as the mesh size decreases or as the polynomial
degree increases. Error estimates in the energy norm are optimal. However, error
estimates in the L2 norm are optimal for the CG method, whereas they are optimal
only in the symmetric version (SIPG) if no superpenalization is used. For a fixed
mesh, it is irrelevant to compare the accuracy of DG with CG, as it is easy to come
up with a problem that yields a better DG solution than CG and vice versa.

(vii) Boundary condition: Dirichlet boundary conditions are usually imposed weakly
with the DG method, whereas they are imposed strongly with the CG method. But
this is a matter of taste, and we can also impose the boundary conditions strongly with
the DG method.

(viii) Mass conservation: As discussed in Section 2.7.3, the DG method satisfies a local
mass balance. The CG method satisfies only a global mass balance over the whole
computational domain. The property of mass conservation is crucial in flow and
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transport problems, such as the ones arising in porous media. For other applications,
the importance of the local mass conservation is questionable.

2.13 Bibliographical remarks
The introduction of penalty terms originates from Nitsche’s work [83] in which Dirichlet
boundary conditions are imposed weakly by means of the addition of a penalty term in
the variational formulation rather than strongly in the space of test functions. Babus̆ka [7]
proposes another penalty method that enforces the Dirichlet boundary condition weakly.
The idea of using discontinuous approximations and penalty parameters as a way to enforce
interelement continuity was first introduced and analyzed by Wheeler [109] and Percell and
Wheeler [85]. The method was generalized to nonlinear elliptic and parabolic problems
by Arnold [1]. Similar ideas appear in the work of Baker for biharmonic problems [10].
More recently, the NIPG methods with zero penalty have been analyzed for one-dimensional
problems by Babus̆ka, Baumann, and Oden [8] and for two- and three-dimensional problems
by Rivière, Wheeler, and Girault [96, 95]. The NIPG methods with nonzero penalty have
been introduced by Rivière, Wheeler, and Girault [96, 95] and by Houston, Schwab, and Süli
[72]: error estimates are obtained with respect to both the mesh size h and the polynomial
degree k. The analysis of LDG methods can be found in the work of Castillo et al. [24],
Perugia and Schötzau [86], and Dawson [40]. Aunified framework for both primal and LDG
methods is proposed byArnold et al. [3, 4]. Other relevant works include [19, 50, 13, 23, 35].

Exercises
2.1. Define the set of locally integrable functions

L1
loc(
) = {v : ∀Kcompact ⊂ interior 
 : v|K ∈ L1(K)}.

Show that if v is locally integrable, the mapping defined below is a distribution:

Tv(φ) =
∫



vφ.

2.2. Show that if a function φ belongs to H 1(E) such that
∫
E
φ = 0, then there is a

constant C independent of hE such that

‖φ‖L2(E) ≤ ChE‖∇φ‖L2(E).

(Hint: use approximation results.)

2.3. Modify the assembling algorithm in the case of different polynomial degrees for
different elements. (Hint: it might be useful to introduce an array containing the
cumulative local degrees of freedom.)

2.4. Show that the mapping FE defined by (2.33) is affine if E is a parallelogram.

2.5. Let 
 be the L-shaped domain given in Fig. 2.10. The domain is subdivided into
12 triangles. Element numbers and edge numbers are given in the left and middle
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Figure 2.10. Element numbers (left), edge numbers (middle), and normal direc-
tions (right).

figures. The orientation of the unit normal vector ne for each edge e is given in
the right figure. Write the global matrix obtained in that case: the entries should be
functions of the local matrices.

2.6. Prove Young’s inequality (2.15) and Cauchy–Schwarz’s inequality (2.14).

2.7. Show that the form aε is continuous on (Dk(Eh))2 if σ 0
e > 0; i.e, show that for all

v,w ∈ Dk(Eh)
aε(v,w) ≤ M‖v‖E‖w‖E .
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Parabolic Problems
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Chapter 3

Purely parabolic problems

This chapter studies the numerical solution of the linear parabolic problem following the
method of lines. First, the problem is discretized in space using the DG method. The
resulting system of ordinary differential equations is called the semidiscrete formulation.
Second, the fully discrete problem is obtained by discretizing in time. We study several
choices for the time discretization. We refer the reader to Chapter 2 for the definition of
notation used in this chapter.

3.1 Preliminaries

3.1.1 Functional spaces

If z(t, x) is a function of time t and space x, we freely use the notation

∀t,∀x, z(t)(x) = z(t, x).

We consider spaces of functions mapping the time interval (0, T ) to a normed space V
equipped with the norm ‖ · ‖V . More precisely, for any number r ≥ 1, we define [81]

Lr(0, T ;V ) =
{
z : (0, T ) → V measurable :

∫ T

0
‖z(t)‖rV dt < ∞

}
with

‖z‖Lr (0,T ;V ) =
(∫ T

0
‖z(t)‖rV dt

)1/r

.

If in addition V is complete (Banach space), then Lr(0, T ;V ) is also complete.

3.1.2 Gronwall’s inequalities

Gronwall’s inequalities are important tools for analyzing time-dependent problems. We
present both continuous and discrete versions [68].

71
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Lemma 3.1 (Continuous Gronwall inequality). Let f, g, h be piecewise continuous non-
negative functions defined on (a, b). Assume that g is nondecreasing. Assume that there is
a positive constant C independent of t such that

∀t ∈ (a, b), f (t)+ h(t) ≤ g(t)+ C

∫ t

a

f (s)ds.

Then,

∀t ∈ (a, b), f (t)+ h(t) ≤ eC(t−a)g(t).

Lemma 3.2 (Discrete Gronwall inequality). Let
t,B,C > 0 and let (an)n, (bn)n, (cn)n,
(dn)n be sequences of nonnegative numbers satisfying

∀n ≥ 0, an +
t

n∑
i=0

bi ≤ B + C
t

n∑
i=0

ai +
t

n∑
i=0

ci .

Then, if C
t < 1,

∀n ≥ 0, an +
t

n∑
i=0

bi ≤ eC(n+1)
t

(
B +
t

n∑
i=0

ci

)
.

3.1.3 Taylor’s expansions

Let f be a Cn+1 function on the interval (a, b). Then, the Taylor expansions state that there
exists a number ξ between a and b such that

f (b) = f (a)+ (b − a)f ′(a)+ · · · + (b − a)n

n! f (n)(a)+ (b − a)n+1

(n+ 1)! f
(n+1)(ξ). (3.1)

Another form of Taylor expansion uses an integral remainder.

f (b) = f (a)+ (b − a)f ′(a)+ · · · + (b − a)n

n! f (n)(a)+
∫ b

a

(b − t)n

n! f (n+1)(t)dt. (3.2)

3.1.4 Poincaré’s inequalities

The classical Poincaré–Friedrichs inequality in H 1(
) says that there is a constant C such
that [82]

∀v ∈ H 1(
), ‖v‖L2(
) ≤ C

(
‖∇v‖L2(
) +

∣∣∣ ∫
∂


v

∣∣∣) .
Consequently, we have

∀v ∈ H 1
0 (
), ‖v‖L2(
) ≤ C‖∇v‖L2(
). (3.3)

We remark that (3.3) implies that the mapping v �→ ‖∇v‖L2(
) is a norm for the space
H 1

0 (
). Assume that �D is a subset of the boundary ∂
 with |�D| > 0. A generalization of
this inequality to the broken Sobolev space H 1(Eh) is (see [61, 16])

∀v ∈ H 1(Eh), ‖v‖L2(
) ≤ C

(
|||∇v|||2H 0(Eh) +

∑
e∈�h∪�D

1

|e| 1
d−1

‖[v]‖2
L2(e)

)1/2

. (3.4)
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If in addition β > (d − 1)−1, a straightforward corollary is the bound

∀v ∈ H 1(Eh), ‖v‖L2(
) ≤ C

(
|||∇v|||2H 0(Eh) +

∑
e∈�h∪�D

1

|e|β ‖[v]‖2
L2(e)

)1/2

. (3.5)

3.1.5 Inverse inequalities

LetE be a bounded domain in Rd with diameter hE . Then, there is a constantC independent
of hE such that for any polynomial function v of degree k defined on E we have

∀0 ≤ j ≤ k, ‖∇j v‖L2(E) ≤ Ch
−j
E ‖v‖L2(E). (3.6)

3.2 Model problem

Let
 be a bounded polygonal domain in Rd , d = 1, 2 or 3, and let (0, T ) be a time interval.
For f ∈ L2(0, T ;L2(
)), gD inL2(0, T ;H 1

2 (∂
)), and z0 ∈ L2(
)we consider the linear
parabolic problem with Dirichlet boundary condition:

∂z

∂t
− ∇ · (K∇z) = f in (0, T )×
, (3.7)

z = gD on (0, T )× ∂
, (3.8)

z = z0 on {0} ×
. (3.9)

This problem models the conduction of heat in 
 over the time period [0, T ], with z being
the body temperature and K the heat diffusion coefficient. This problem also models the
diffusion of a chemical species of concentration z in a porous medium. We assume that K
is bounded uniformly below and above:

∀x ∈ 
, 0 < K0 ≤ K(x) ≤ K1.

A strong solution of the parabolic problem belongs to C2([0, T ] × 
) and satisfies (3.7)–
(3.9) pointwisely. A weak solution of the parabolic problem belongs to the space L2(0, T ;
H 1(
)) ∩H 1(0, T ;L2(
)) and satisfies the variational formulation

∀t > 0, ∀v ∈ H 1
0 (
),

(
∂z

∂t
, v

)



+ (K∇z,∇v)
 = (f, v)
,

∀v ∈ H 0
1 (
), (z(0), v)
 = (z0, v)
.

Let us now define a semidiscrete solution of the parabolic problem.

3.3 Semidiscrete formulation
In this section, we approximate the solution z(t) by a function Zh(t) that belongs to the
finite-dimensional space Dk(Eh) for all t ≥ 0. The solution Zh is referred to as the semidis-
crete solution, or sometimes as the continuous in time solution.
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74 Chapter 3. Purely parabolic problems

Let v ∈ Hs(Eh) for s > 3/2, multiply (3.7) by v, integrate over one mesh element,
use Green’s theorem, and sum over all elements to obtain

∀t > 0,
∫



∂z

∂t
v +

∑
E∈Eh

∫
E

K∇z(t) · ∇v −
∑

e∈�h∪∂


∫
e

{K∇z(t) · ne} [v]

+ ε
∑

e∈�h∪∂


∫
e

{K∇v · ne} [z(t)] +
∑

e∈�h∪∂


σ 0
e

|e|β0

∫
e

[z(t)][v] = L(t; v), (3.10)

where

L(t; v) =
∫



f (t)v +
∑
e∈∂


∫
e

gD(t)

(
ε(K∇v · ne)+ σ 0

e

|e|β0
v

)
.

We have skipped many details, as the derivation is similar to the one given in Section 2.4.1.
The only difference is the time derivative term. Similarly to (2.36), we define the energy
norm for the parabolic problem

‖v‖E =
⎛⎝∑

E

‖K1/2∇v‖2
L2(E) +

∑
e∈�h∪∂


σ 0
e

|e|β0
‖v‖2

L2(e)

⎞⎠1/2

.

We still denote the bilinear form by aε as in (2.23):

aε(w, v) =
∑
E∈Eh

∫
E

K∇w · ∇v −
∑

e∈�h∪∂


∫
e

{K∇w · ne} [v]

+ ε
∑

e∈�h∪∂


∫
e

{K∇v · ne} [w] +
∑

e∈�h∪∂


σ 0
e

|e|β0

∫
e

[w][v],

and we assume that coercivity of aε holds true for some κ > 0:

∀v ∈ Dk(Eh), κ‖v‖2
E ≤ aε(v, v). (3.11)

Thus, the semidiscrete variational formulation is as follows: For all t ≥ 0, find Zh(t) ∈
Dk(Eh) such that

∀t > 0, ∀v ∈ Dk(Eh),
(
∂Zh

∂t
, v

)



+ aε(Zh(t), v) = L(t; v), (3.12)

∀v ∈ Dk(Eh), (Zh(0), v)
 = (z̃0, v)
. (3.13)

Depending on the value of the parameter ε, the method is called SIPG (ε = −1), NIPG
(ε = 1), or IIPG (ε = 0). The initial condition z̃0 can be chosen to be z0 if z0 belongs to
the discrete space Dk(Eh), or it can be chosen to be z̃(0), where z̃ is an approximation of z
to be specified later. Using the global basis functions defined by (2.34), we can expand the
semidiscrete solution

∀t ∈ (0, T ), ∀x ∈ 
, Zh(t, x) =
∑
E∈Eh

Nloc∑
i=1

ξEi (t)φ
E
i (x). (3.14)
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The degrees of freedom ξEi ’s are functions of time. Let Nel denote the number of elements
in the mesh. We can rename the basis functions and the degrees of freedom such that

{φEi : 1 ≤ i ≤ Nloc, E ∈ Eh} = {φ̃j : 1 ≤ j ≤ NlocNel},
{ξEi : 1 ≤ i ≤ Nloc, E ∈ Eh} = {ξ̃j : 1 ≤ j ≤ NlocNel}.

Plugging (3.14) into (3.12)–(3.13) yields a linear system of ordinary differential equations
with the vector of unknowns ξ̃ = (ξ̃j )j :

M
d ξ̃

dt
(t)+ Aξ̃(t) = F (t),

Mξ̃(0) = Z̃0.

The matrices M = (Mij )ij ,A = (Aij )ij are called the mass and stiffness matrices, and they
are defined by

∀1 ≤ i, j ≤ NlocNel, Mij = (φ̃j , φ̃i)
, Aij = aε(φ̃j , φ̃i). (3.15)

From (3.11), the matrix A is positive definite. In fact, it is the matrix resulting from the DG
method applied to an elliptic problem. The matrix M is block diagonal, symmetric positive
definite, and thus it is invertible. The vectors F (t) and Z̃0 have components (L(t; φ̃i))i
and ((z̃0, φ̃i)
)i . The existence and uniqueness of ξ̃ is obtained from the theory of ordinary
differential equations.

3.3.1 A priori bounds

In this section, we derive a priori bounds (also called stability bounds) for the numerical
solution. Choosing v = Zh(t) in (3.12) and using the coercivity result (3.11), we have

1

2

d

dt
‖Zh‖2

L2(
) + κ‖Zh(t)‖2
E ≤ |L(t;Zh(t))|.

From Cauchy–Schwarz’s inequality, the right-hand side is bounded by

|L(t;Zh(t))| ≤ ‖f (t)‖L2(
)‖Zh(t)‖L2(
)

+
∑
e∈∂


(
‖K∇Zh(t) · ne‖L2(e) + σ 0

e

|e|β0
‖Zh(t)‖L2(e)

)
‖gD(t)‖L2(e).

Next, we use the trace inequality (2.5) and Young’s inequality. As usual, the constant C is
independent of the mesh size h. We skip the details, as the derivation of similar bounds is
done several times in Chapter 2:

|L(t;Zh(t))| ≤ ‖f (t)‖L2(
)‖Zh(t)‖L2(
)

+κ
2
‖Zh(t)‖2

E + C
∑
e∈∂


1

|e|β0
‖gD(t)‖2

L2(e). (3.16)



mainbook
2008/5/30
page 76

�

�

�

�

�

�

�

�

76 Chapter 3. Purely parabolic problems

Therefore, we obtain the intermediate result:

1

2

d

dt
‖Zh‖2

L2(
) +
κ

2
‖Zh(t)‖2

E ≤ ‖f (t)‖L2(
)‖Zh(t)‖L2(
) + C
∑
e∈∂


1

|e|β0
‖gD(t)‖2

L2(e).

(3.17)
We present two possible approaches for obtaining the final a priori bound. The first one is
more standard and uses Gronwall’s inequality (3.1). The second approach takes advantage
of Poincaré’s inequality (3.4).

Approach using Gronwall inequality:

We simply bound

‖f (t)‖L2(
)‖Zh(t)‖L2(
) ≤ 1

2
‖f (t)‖2

L2(
) +
1

2
‖Zh(t)‖2

L2(
),

multiply the equation by 2, and integrate from 0 to t :

‖Zh(t)‖2
L2(
) + κ

∫ t

0
‖Zh(s)‖2

E ≤
∫ t

0
‖f (s)‖2

L2(
) +
∫ t

0
‖Zh(s)‖2

L2(
)

+‖Zh(0)‖2
L2(
) + C

∑
e∈∂


1

|e|β0

∫ t

0
‖gD(s)‖2

0,e.

Then, by the continuous Gronwall inequality (Lemma 3.1), we conclude that

‖Zh(t)‖2
L2(
) + κ

∫ t

0
‖Zh(s)‖2

E

≤ C

(∫ t

0
‖f (s)‖2

L2(
) + ‖Zh(0)‖2
L2(
) +

∑
e∈∂


1

|e|β0

∫ t

0
‖gD(s)‖2

0,e

)
. (3.18)

The constant C grows exponentially in time. We observe that this approach is valid for all
primal DG methods, in particular for the NIPG method with zero penalty.

Approach using Poincaré’s inequality:

If we use (3.5) and Young’s inequality to bound ‖Zh(t)‖L2(
), we have

1

2

d

dt
‖Zh‖2

L2(
) +
κ

2
‖Zh(t)‖2

E ≤ κ

4
‖Zh(t)‖2

E + C‖f (t)‖2
L2(
) + C

∑
e∈∂


1

|e|β0
‖gD(t)‖2

L2(e).

After multiplying by 2 and integrating from 0 to t , we obtain

‖Zh(t)‖2
L2(
) +

κ

2

∫ t

0
‖Zh(s)‖2

E ≤ ‖z̃0‖2
L2(
)

+C
∫ t

0
‖f (s)‖2

L2(
) + C
∑
e∈∂


1

|e|β0

∫ t

0
‖gD(s)‖2

L2(e),

which is the same inequality as (3.18) modulo some multiplicative constants. However,
here the constant C is independent of time. This approach is valid if the penalty value σ 0

e

is positive for all faces e. The final result is stated in the following lemma.
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Lemma 3.3. Assume that β0 ≥ (d − 1)−1. There exists a positive constant C independent
of h such that

‖Zh‖2
L∞(0,T ;L2(
)) +

∫ T

0
‖Zh‖2

E ≤ C‖z̃0‖2
L2(
)

+C‖f ‖2
L2(0,T ;L2(
)) + C

∑
e∈∂


1

|e|β0
‖gD(s)‖2

L2(0,T ;L2(e)). (3.19)

Remark: The reader will notice that the last term on the right-hand side of (3.19) blows up
as the mesh size h tends to zero. This has nothing to do with the discontinuous finite element
spaces, but it comes from the fact that the Dirichlet boundary condition is imposed weakly.
One can eliminate this issue by choosing to impose the boundary condition strongly. The
space of test functions is then defined as

D0
k(Eh) = {v ∈ Dk(Eh) : v = 0 on ∂
}.

In that case, the a priori estimates are

‖Zh‖2
L∞(0,T ;L2(
)) +

∫ T

0
‖Zh‖2

E ≤ C‖z̃0‖2
L2(
) + C‖f ‖2

L2(0,T ;L2(
)),

and the solution is equal to Zh + gh, where gh ∈ Dk(Eh) is an interpolant of a lift of the
Dirichlet boundary condition gD.

3.3.2 Error estimates

In this section, we derive error estimates for the numerical error z−Zh in theL∞(0, T ;L2(
))

andL2(0, T ;H 1(Eh)) norms. We first define the elliptic projection z̃ of the exact solution z:

∀t ≥ 0, ∀v ∈ Dk(Eh), aε(z(t)− z̃(t), v) = 0. (3.20)

From the analysis of elliptic problems described in Chapter 2, we know that if z belongs to
L2(0, T ;Hs(Eh)) for s > 3/2, the following error estimate holds:

∀t ≥ 0, ‖z(t)− z̃(t)‖E ≤ Chmin(k+1,s)−1|||z(t)|||Hs(Eh). (3.21)

In addition, if 
 is convex, error estimates in L2 norm are

∀t ≥ 0, ‖z(t)− z̃(t)‖L2(
) ≤ Chmin(k+1,s)|||z(t)|||Hs(Eh) for SIPG, (3.22)

∀t ≥ 0, ‖z(t)− z̃(t)‖L2(
) ≤ Chmin(k+1,s)−1|||z(t)|||Hs(Eh) for NIPG and IIPG. (3.23)

Under some conditions such as superpenalization (β0 ≥ 3(d − 1)−1), the estimates in L2

norm are optimal for NIPG and IIPG.
What can we say about the time derivatives of z − z̃? Using linearity of the bilinear

form, we have that

∀v ∈ Dk(Eh), aε

(
d

dt
(z− z̃)(t), v

)
= 0.
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78 Chapter 3. Purely parabolic problems

The time derivative of the elliptic projection is the elliptic projection of the time derivative.
Thus, similar error estimates are valid.

Now, we can state and prove a priori error estimates.

Theorem 3.4. Assume that z belongs to H 1(0, T ;Hs(Eh)) and that z0 belongs to Hs(Eh)
for s > 3/2. Assume that β0(d − 1) ≥ 1. In the case of SIPG and IIPG, assume that σ 0

e is
sufficiently large for all e. Then, there is a constant C independent of h such that

(∫ T

0
‖z(t)− Zh(t)‖2

E

)1/2

≤ Chmin(k+1,s)−1‖z‖H 1(0,T ;Hs(Eh)),

‖z− Zh‖L∞(L2(
)) ≤ Chmin(k+1,s)−δ‖z‖H 1(0,T ;Hs(Eh)),

where δ = 0 for SIPG, and δ = 0 for NIPG and IIPG if β0 ≥ 3(d − 1)−1, if the mesh
consists only of triangles and tetrahedra, and if gD ∈ Dk(Eh). Otherwise, δ = 1 for NIPG
and IIPG.

Proof. Since the scheme is consistent, we obtain the following orthogonality equation:

∀t > 0, ∀v ∈ Dk(Eh),
(
∂(Zh − z)

∂t
, v

)



+ aε(Zh(t)− z(t), v) = 0.

Defining χ = Zh − z̃, we have for all t > 0 and for all v ∈ Dk(Eh)(
∂χ

∂t
, v

)



+ aε(χ(t), v) =
(
∂(z− z̃)

∂t
, v

)



+ aε(z(t)− z̃(t), v). (3.24)

Using the definition of the elliptic projection, we obtain(
∂χ

∂t
, v

)



+ aε(χ(t), v) =
(
∂(z− z̃)

∂t
, v

)



. (3.25)

Choosing v = χ(t) and using the coercivity of aε and the definition of the elliptic projection,
we have

∀t > 0,
1

2

d

dt
‖χ‖2

L2(
) + κ‖χ(t)‖2
E ≤

∣∣∣∣(∂(z− z̃)

∂t
, χ(t)

)



∣∣∣∣ .
As in the proof of the stability bound, we can use either Gronwall’s inequality or Poincaré’s
inequality to obtain the final estimate. If the penalty parameters σ 0

e are positive for all e,
we can bound the right-hand side of the equation above as∣∣∣∣(∂(z− z̃)

∂t
, χ(t)

)



∣∣∣∣ ≤
∥∥∥∥∂(z− z̃)

∂t

∥∥∥∥
L2(
)

‖χ(t)‖L2(
)

≤ κ

2
‖χ(t)‖2

E + 1

2κ

∥∥∥∥∂(z− z̃)

∂t

∥∥∥∥2

L2(
)

.
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Therefore, using the error estimates satisfied by the elliptic projection, we obtain

1

2

d

dt
‖χ‖2

L2(
) +
κ

2
‖χ(t)‖2

E ≤ Ch2 min(k+1,s)−2δ

∣∣∣∣∥∥∥∥∂z∂t
∣∣∣∣∥∥∥∥2

Hs(Eh)
. (3.26)

The parameter δ is zero unconditionally for the SIPG method, and it is in general equal to
one for both IIPG and NIPG. Under certain conditions given in Theorem 2.14, δ is zero for
IIPG and NIPG. Next, we multiply (3.26) by 2 and integrate from 0 to t :

‖χ(t)‖2
L2(
) + κ

∫ t

0
‖χ(τ)‖2

E ≤ ‖χ(0)‖2
L2(
) + Ch2 min(k+1,s)−2δ

∥∥∥∥∂z∂t
∥∥∥∥2

L2(0,T ;Hs(Eh))
.

We then conclude by noting that χ(0) = 0 and by using the triangle inequalities in the
L2 norm

‖z(t)− Zh(t)‖L2(
) ≤ ‖χ(t)‖L2(
) + ‖z(t)− z̃(t)‖L2(
),

the triangle inequalities in the energy norm(∫ T

0
‖z(t)− Zh(t)‖2

E

)1/2

≤
(∫ T

0
‖z(t)− z̃(t)‖2

E

)1/2

+
(∫ T

0
‖z̃(t)− Zh(t)‖2

E

)1/2

,

and the error estimates satisfied by z̃.

The following result is obtained only in the case of the SIPG method, as the proof
heavily uses the symmetry of the bilinear form.

Theorem 3.5. Let ε = −1. Under the assumptions of Theorem 3.4, there exists a constant
C independent of h such that∥∥∥∥∂(z− Zh)

∂t

∥∥∥∥
L2(0,t;L2(
))

≤ Chmin(k+1,s)‖z‖H 1(0,T ;Hs(Eh)).

Proof. In the error equation (3.25), we choose v = ∂χ

∂t
:∥∥∥∥∂χ∂t

∥∥∥∥2

L2(
)

+ aε

(
χ(t),

∂χ

∂t

)
=
(
∂(z− z̃)

∂t
,
∂χ

∂t

)



.

Thus, using the symmetry property of aε , we have∥∥∥∥∂χ∂t
∥∥∥∥2

L2(
)

+ 1

2

d

dt
aε(χ(t), χ(t)) =

(
∂(z− z̃)

∂t
,
∂χ

∂t

)



≤ 1

2

∥∥∥∥∂(z− z̃)

∂t

∥∥∥∥2

L2(
)

+ 1

2

∥∥∥∥∂χ∂t
∥∥∥∥2

L2(
)

.
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80 Chapter 3. Purely parabolic problems

Integrating from 0 to t and using the fact that χ(0) = 0, we obtain∫ t

0

∥∥∥∥∂χ∂t
∥∥∥∥2

L2(
)

+ 1

2
aε(χ(t), χ(t)) ≤ 1

2
aε(χ(0), χ(0))+ 1

2

∫ t

0

∥∥∥∥∂(z− z̃)

∂t

∥∥∥∥2

L2(
)

≤ Ch2 min(k+1,s)

∥∥∥∥∂z∂t
∥∥∥∥2

L2(0,T ;Hs(Eh))
.

Using coercivity of aε and the triangle inequality, we have∥∥∥∥∂(z− Zh)

∂t

∥∥∥∥
L2(0,T ;L2(
))

≤
∥∥∥∥∂(z− z̃)

∂t

∥∥∥∥
L2(0,T ;L2(
))

+
∥∥∥∥∂χ∂t

∥∥∥∥
L2(0,T ;L2(
))

≤ Chmin(k+1,s)

∥∥∥∥∂z∂t
∥∥∥∥
L2(0,T ;Hs(
))

.

This concludes the proof.

3.4 Fully discrete formulation
We now discretize the time derivative by using finite differences in time. More precisely,
we study some time stepping methods that are of low order such as backward Euler and
forward Euler and some that are of high order such as Crank–Nicolson and Runge–Kutta
methods. Finally, we also present the DG in time method.

Let NT be a positive integer and let 
t = T/NT denote the time step. We also use
the following notation for any function u = u(t, x):

∀n ≥ 0, tn = n
t, un(x) = u(tn)(x) = u(tn, x).

3.4.1 Backward Euler discretization

The fully discrete variational formulation is as follows: Find a sequence (Znh)n≥0 of functions
in Dk(Eh) such that Z0

h = z̃0 and

∀n ≥ 0, ∀v ∈ Dk(Eh),
(
Zn+1
h − Znh


t
, v

)



+ aε(Z
n+1
h , v) = L(tn+1; v). (3.27)

We expand the fully discrete solution Znh using the basis functions of Dk(Eh)

∀n ≥ 0, Znh =
NlocNel∑
j=1

ξ̃ nj φ̃j .

Problem (3.27) is then equivalent to a linear system with vector of unknowns ξ̃
n = (ξ̃ ni )i

(M +
tA)ξ̃
n+1 = Mξ̃

n +
tF n+1.

The matricesM,A are defined in Section 3.3. The vectorF n+1 has components (L(tn+1, φ̃i))i .
The coercivity of aε implies that M +
tA is positive definite and in particular invertible.
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Thus, there exists a unique solution Znh at each time step. Problem (3.27) is called implicit
in time.

Next, we state and prove a priori bounds and a priori error estimates.

Lemma 3.6. There exists a constant C independent of h and 
t such that for all m > 0

‖Zmh ‖2
L2(
) +
t

NT∑
n=1

‖Znh‖2
E ≤ C

(
‖z̃0‖2

L2(
) +
t

NT∑
n=1

‖f n‖2
L2(
)

+
t
NT∑
n=1

∑
e∈∂


1

|e|β0
‖gnD‖2

L2(e)

)
.

If σ 0
e = 0 for some face e, then this bound holds true if 
t < 1.

Proof. Take v = Zn+1
h in (3.27) and use coercivity of aε :

1


t
(Zn+1

h − Znh, Z
n+1
h )
 + κ‖Zn+1

h ‖2
E ≤ |L(tn+1;Zn+1

h )|.

Next, we observe the simple fact that

∀x, y ∈ R,
1

2
(x2 − y2) ≤ 1

2
(x2 − y2 + (x − y)2) = (x − y)x. (3.28)

Therefore, we obtain

1

2
t
(‖Zn+1

h ‖2
L2(
) − ‖Znh‖2

L2(
))+ κ‖Zn+1
h ‖2

E ≤ |L(tn+1;Zn+1
h )|.

The right-hand side is bounded by (3.16):

1

2
t
(‖Zn+1

h ‖2
L2(
) − ‖Znh‖2

L2(
))+ κ

2
‖Zn+1

h ‖2
E ≤ ‖f n+1‖L2(
)‖Zn+1

h ‖L2(
)

+C
∑
e∈∂


1

|e|β0
‖gD(t

n+1)‖2
L2(e). (3.29)

As with the semidiscrete stability bounds, we can proceed with two approaches, and we
choose to use Gronwall’s inequality. This approach is valid for all methods but imposes a
constraint on the time step. The reader can prove the estimates by using Poincaré’s inequality
(3.5), which is valid for any time step and if the penalty values are nonzero. We multiply
(3.29) by 2
t and sum from n = 0 to n = m− 1:

‖Zmh ‖2
L2(
) − ‖Z0

h‖2
L2(
) + κ
t

m∑
n=1

‖Znh‖2
E ≤ 2
t

m∑
n=1

‖f n‖L2(
)‖Znh‖L2(
)

+C
t
m∑
n=1

∑
e∈∂


1

|e|β0
‖gD(t

n)‖2
L2(e).
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82 Chapter 3. Purely parabolic problems

Equivalently, we have

∀m ≥ 1, ‖Zmh ‖2
L2(
) + κ
t

m∑
n=1

‖Znh‖2
E ≤ ‖z̃0‖2

L2(
) +
t

m∑
n=1

‖Znh‖2
L2(
)

+
t
m∑
n=1

‖f n‖2
L2(
) + C
t

m∑
n=1

∑
e∈∂


1

|e|β0
‖gD(t

n)‖2
L2(e).

The final result is obtained by using Lemma 3.2.

The next theorem states that the numerical error is first order in time.

Theorem 3.7. For s > 3/2, assume that the exact solution to problem (3.7)–(3.9) satisfies

z ∈ H 1(0, T ;Hs(Eh), ∂2z

∂t2
∈ L2(0, T ;L2(
)).

There exists a constant C independent of h and 
t such that for all m > 0

‖Zmh − zm‖L2(
) ≤ Chmin(k+1,s)−δ
∥∥∥∥∂z∂t

∥∥∥∥
H 1(0,T ;Hs(Eh))

+C
t
∥∥∥∥∂2z

∂t2

∥∥∥∥
L2(0,T ;L2(
))

,(

t

m∑
n=1

‖Znh − zn‖2
E

)1/2

≤ Chmin(k+1,s)−1

∥∥∥∥∂z∂t
∥∥∥∥
H 1(0,T ;Hs(Eh))

+C
t
∥∥∥∥∂2z

∂t2

∥∥∥∥
L2(0,T ;L2(
))

.

The definition of the power δ is given in Theorem 3.4.

Proof. Let z̃ be the elliptic projection of z defined by (3.20). We use the notation zn = z(tn)

and z̃n = z̃(tn). Subtracting (3.10) from (3.27) and writing zn − Znh = ρn − χn with
χn = Znh − z̃n and ρn = zn − z̃n, we obtain(

χn+1 − χn


t
, v

)



+ aε(χ
n+1, v)

=
(
∂z

∂t

n+1

− zn+1 − zn


t
, v

)



+
(
ρn+1 − ρn


t
, v

)



.

Now, the coercivity of aε and the choice v = χn+1 yield

1

2
t
(‖χn+1‖2

L2(
) − ‖χn‖2
L2(
))+ κ‖χn+1‖2

E

≤
∣∣∣∣(θn+1, χn+1)
 +

(
ρn+1 − ρn


t
, χn+1

)



∣∣∣∣
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with the definition

θn+1 = ∂z

∂t

n+1

− zn+1 − zn


t
.

We use Cauchy–Schwarz’s and Poincaré’s inequalities:

1

2
t
(‖χn+1‖2

L2(
) − ‖χn‖2
L2(
))+ κ‖χn+1‖2

E

≤ C‖χn+1‖E

(
‖θn+1‖L2(
) +

∥∥∥∥ρn+1 − ρn


t

∥∥∥∥
L2(
)

)
.

With Young’s inequality, this reduces to

1

2
t
(‖χn+1‖2

L2(
) − ‖χn‖2
L2(
))+ κ

2
‖χn+1‖2

E

≤ C

(
‖θn+1‖2

L2(
) +
∥∥∥∥ρn+1 − ρn


t

∥∥∥∥2

L2(
)

)
.

Taylor expansion (3.2) gives

θn+1 = 1


t

∫ tn+1

tn
(t − tn)

∂2z

∂t2
dt, ρn+1 − ρn =

∫ tn+1

tn

∂ρ

∂t
dt.

Using Cauchy–Schwarz’s inequality, we can prove that

‖θn+1‖2
L2(
) ≤ 
t

3

∫ tn+1

tn

∥∥∥∥∂2z

∂t2

∥∥∥∥2

L2(
)

dt, (3.30)

‖ρn+1 − ρn‖2
L2(
) ≤ 
t

∫ tn+1

tn

∥∥∥∥∂ρ∂t
∥∥∥∥2

L2(
)

dt. (3.31)

Combining the bounds above, multiplying the resulting inequality by 2
t and summing
from n = 0 to n = m− 1, we have

‖χm‖2
L2(
) − ‖χ0‖2

L2(
) + κ
t

m∑
n=1

‖χn‖2
0,E ≤ C
t2

∫ T

0

∥∥∥∥∂2z

∂t2

∥∥∥∥2

L2(
)

dt

+C 1


t

∫ T

0

∥∥∥∥∂ρ∂t
∥∥∥∥2

L2(
)

dt.

Thus, since χ0 is zero by definition and since ∂ρ

∂t
satisfies error estimates of the type (3.22)–

(3.23), we have

∀m ≥ 0, ‖χm‖2
L2(
) + κ
t

m∑
n=1

‖χn‖2
E ≤ C
t2

∫ T

0

∥∥∥∥∂2z

∂t2

∥∥∥∥2

L2(
)

+Ch2 min(k+1,s)−2δ
∫ T

0

∥∥∥∥∂z∂t
∥∥∥∥2

Hs(Eh)
.
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84 Chapter 3. Purely parabolic problems

The power δ is equal to zero for SIPG and equal to one in general for NIPG and IIPG. Using
the triangle inequality, we conclude that for any m ≥ 1

‖Zmh − zm‖L2(
) ≤ Chmin(k+1,s)−δ
∥∥∥∥∂z∂t

∥∥∥∥
H 1(0,T ;Hs(Eh))

+C
t
∥∥∥∥∂2z

∂t2

∥∥∥∥
L2(0,T ;L2(
))

,(

t

m∑
n=1

‖Znh − zn‖2
E

)1/2

≤ Chmin(k+1,s)−1

∥∥∥∥∂z∂t
∥∥∥∥
H 1(0,T ;Hs(Eh))

+C
t
∥∥∥∥∂2z

∂t2

∥∥∥∥
L2(0,T ;L2(
))

.

This concludes the proof.

3.4.2 Forward Euler discretization

The fully discrete variational formulation is as follows: Find a sequence (Znh)n≥0 of functions
in Dk(Eh) such that Z0

h = z̃0 and

∀n ≥ 0, ∀v ∈ Dk(Eh),
(
Zn+1
h − Znh


t
, v

)



+ aε(Z
n
h, v) = L(tn; v). (3.32)

Using notation defined in Section 3.4.1, we can write the resulting linear system as

Mξ̃
n+1 = (M +
tA)ξ̃

n +
tF n.

The vector F n has components (L(tn, φ̃i))i . Since M is block diagonal and invertible, there

exists a solution ξ̃
n+1

that can be computed locally on each element. Thus, there exists a
unique solution Znh at each time step. Problem (3.27) is called explicit in time. It is quite
popular because of its low computational cost. However, stability properties of forward
Euler discretization are very poor.

We show that very strict constraints on the time step are required for obtaining a
priori bounds and a priori error estimates. In this section, we assume that the mesh is
quasi-uniform: there is a constant τ > 0 such that h

hE
≤ τ for all mesh elements E.

Lemma 3.8. There is a constantCb independent of h (but depending on the quasi-uniformity
constant τ ) such that

∀v,w ∈ Dk(Eh), aε(v,w) ≤ Cbh
−1‖v‖L2(
)‖w‖E .

Proof. The proof uses the continuity of aε in Dk(Eh)with respect to ‖·‖E , the trace inequality
(2.3), and the inverse inequality (3.6).
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Theorem 3.9. Assume that 
t is of the order of h−2, namely


t <
κ

C2
b

h2.

Then, there exists a constant C independent of h and 
t such that for all m > 0

‖Zmh ‖2
L2(
) +
t

m∑
n=1

‖Znh‖2
E

≤ C‖z̃0‖2
L2(
) + C
t

m−1∑
n=0

‖f n‖2
L2(
) + Ch−3
t

m−1∑
n=1

∑
e∈∂


‖gnD‖2
L2(e). (3.33)

Proof. Using (3.28) and choosing v = Zn+1
h in (3.32) gives

1

2
t

(
‖Zn+1

h ‖2
L2(
) − ‖Znh‖2

L2(
) + ‖Zn+1
h − Znh‖2

L2(
)

)
+ aε(Z

n
h, Z

n+1
h ) = L(tn;Zn+1

h );

equivalently,

1

2
t

(
‖Zn+1

h ‖2
L2(
) − ‖Znh‖2

L2(
) + ‖Zn+1
h − Znh‖2

L2(
)

)
+ aε(Z

n+1
h , Zn+1

h )

= aε(Z
n+1
h − Znh, Z

n+1
h )+ L(tn;Zn+1

h ).

Using the coercivity of aε and Lemma 3.8, we obtain

1

2
t

(
‖Zn+1

h ‖2
L2(
) − ‖Znh‖2

L2(
) + ‖Zn+1
h − Znh‖2

L2(
)

)
+ κ‖Zn+1

h ‖2
E

≤ Cbh
−1‖Zn+1

h − Znh‖L2(
)‖Zn+1
h ‖E + |L(tn;Zn+1

h )|.
The term L(tn;Zn+1

h ) is bounded similarly as in (3.16):

|L(tn;Zn+1
h )| ≤ ‖f n‖L2(
)‖Zn+1

h ‖L2(
) + Ch−1/2‖Zn+1
h ‖E

(∑
e∈∂


‖gnD‖2
L2(e)

)1/2

≤ 1

2
‖f n‖2

L2(
) +
1

2
‖Zn+1

h ‖2
L2(
) + Ch−3/2‖Zn+1

h ‖L2(
)

(∑
e∈∂


‖gnD‖2
L2(e)

)1/2

≤ 1

2
‖f n‖2

L2(
) + ‖Zn+1
h ‖2

L2(
) + Ch−3
∑
e∈∂


‖gnD‖2
L2(e).

Combining the bounds above gives

1

2
t

(
‖Zn+1

h ‖2
L2(
) − ‖Znh‖2

L2(
)

)
+
(

1

2
t
− C2

bh
−2

2κ

)
‖Zn+1

h − Znh‖2
L2(
) +

κ

2
‖Zn+1

h ‖2
E

≤ 1

2
‖f n‖2

L2(
) + ‖Zn+1
h ‖2

L2(
) + Ch−3
∑
e∈∂


‖gnD‖2
L2(e).



mainbook
2008/5/30
page 86

�

�

�

�

�

�

�

�

86 Chapter 3. Purely parabolic problems

Therefore, if C2
bh

−2

κ

t < 1, we can conclude by using, for instance, Gronwall’s inequality.

We skip the details.

Remark: As in the semidiscrete case (see Section 3.3.1), the a priori bounds for both
backward Euler and forward Euler discretizations do not imply stability of the solution with
respect to h. As the mesh size tends to zero, the constant in the a priori bounds blows up
even faster for the forward Euler method. True stability bounds are obtained if the Dirichlet
boundary condition is imposed strongly in the discrete space.

Next, we obtain error estimates in a similar fashion as the a priori bounds and the
error estimates for backward Euler scheme. We skip the proof of the theorem.

Theorem 3.10. For s > 3/2, assume that the exact solution to problem (3.7)–(3.9) satisfies

z ∈ H 1(0, T ;Hs(Eh), ∂2z

∂t2
∈ L2(0, T ;L2(
)).

In addition, assume that 
t is of the same order of h2. Then, there exists a constant C
independent of h and 
t such that for all m > 0

‖Zmh − zm‖L2(
) ≤ Chmin(k+1,s)−δ
∥∥∥∥∂z∂t

∥∥∥∥
H 1(0,T ;Hs(Eh))

+C
t
∥∥∥∥∂2z

∂t2

∥∥∥∥
L2(0,T ;L2(
))

,(

t

m∑
n=1

‖Znh − zn‖2
E

)1/2

≤ Chmin(k+1,s)−1

∥∥∥∥∂z∂t
∥∥∥∥
H 1(0,T ;Hs(Eh))

+C
t
∥∥∥∥∂2z

∂t2

∥∥∥∥
L2(0,T ;L2(
))

.

The definition of the power δ is given in Theorem 3.4.

A consequence of the convergence theorem is a stability bound for the numerical
solution.

3.4.3 Crank–Nicolson discretization

We introduce the notation

tn+1/2 = tn+1 + tn

2
.

The fully discrete variational formulation is as follows: Find a sequence (Znh)n≥0 of functions
in Dk(Eh) such that Z0

h = z̃0 and

∀n ≥ 0, ∀v ∈ Dk(Eh),
(
Zn+1
h − Znh


t
, v

)
+ aε

(
Zn+1
h + Znh

2
, v

)
= L(tn+1/2; v). (3.34)
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The resulting linear system is(
M + 
t

2
A

)
ξ̃
n+1 =

(
M − 
t

2
A

)
ξ̃
n +
tF n+1/2

with F n+1/2 = (L(tn+1/2; φ̃j ))j . Since the matrix M + 
t
2 A is invertible, there is a unique

solutionZnh for all n. Without going into details, we state that the method (3.34) is of second
order in time and under some smoothness assumptions for the exact solution, one can prove
the following error bounds:

‖Znh − zn‖L2(
) = O(hmin(k+1,s)−δ +
t2), (3.35)

∀m > 0,

(

t

m∑
n=0

‖Znh − zn‖2
E

)1/2

= O(hmin(k+1,s)−1 +
t2). (3.36)

The definition of the power δ is given in Theorem 3.4.

3.4.4 Runge–Kutta discretization

DG methods are well suited for high order approximation in space. It is natural to combine
them with high order time discretization such as the Runge–Kutta methods.

The fully discrete variational formulation is as follows: Find a sequence (Znh)n≥0 of
functions in Dk(Eh) such that Z0

h = z̃0 and

∀1 ≤ i ≤ S, ∀v ∈ Dk(Eh),
(
Yi − Znh


t
, v

)



+
S∑
j=1

ǎij aε(Yj , v)

=
S∑
j=1

ǎijL(tn + čj
t; v),

∀v ∈ Dk(Eh),
(
Zn+1
h − Znh


t
, v

)



+
S∑
j=1

b̌j aε(Yj , v)

=
S∑
j=1

b̌jL(tn + cj
t; v).

In order to obtain the solution at the next time step, S additional values Yi’s are computed;
they are intermediate approximations to the solution z at times tn + čj
t . The S-state
Runge–Kutta method is uniquely defined by the coefficients (ǎij )1≤i,j≤S , (b̌i)1≤i≤S , and
(či)1≤i≤S . These coefficients are carefully chosen so that the desired accuracy in time is
reached [5]. In addition, we have

∀1 ≤ i ≤ S, či =
S∑
j=1

ǎij .
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88 Chapter 3. Purely parabolic problems

The compact way of writing out the coefficients of the Runge–Kutta method is

č1 ǎ11 ǎ12 . . . ǎ1S

č2 ǎ21 ǎ22 . . . ǎ2S
...

...
...

. . .
...

čS ǎS1 ǎS2 . . . ǎSS

b̌1 b̌2 . . . b̌S

If ǎij = 0 for all i ≤ j , the method is explicit in time; otherwise it is implicit in time. The
order in time increases with the number S but not in a linear fashion. Indeed, if q is the
order in time, we have the following relationship between S and q for explicit Runge–Kutta
methods [21]:

S 1 2 3 4 5 6 7 8 9 10
q 1 2 3 4 4 5 6 6 7 7

Since the number of stages also characterizes the computational cost of the method, the
relationship above clearly shows that the explicit Runge–Kutta of order four optimizes the
amount of work with respect to the gain in accuracy. It is a popular method, defined by
the following coefficients:

0 0 0 0 0
1/2 1/2 0 0 0
1/2 0 1/2 0 0
1 0 0 1 0

1/6 1/3 1/3 1/6

Some Runge–Kutta methods such as the strong-stability-preserving Runge–Kutta methods
possess attractive stability properties [64].

3.4.5 DG in time discretization

All the fully discrete schemes presented above employ finite differences to approximate
the time derivative. In this section, we apply a DG method both in time and space by
considering test functions that vary in time and space. Denote the interval In = (tn, tn+1)

and define the discrete space:

W
t,h = {v : (0, T ) �→ Dk(Eh) : ∀0 ≤ n ≤ (NT − 1), v|In ∈ Pq(In)} (3.37)

with

Pq(In) =
{
v : In �→ Dk(Eh) : ∀t ∈ In, v(t) =

q∑
j=0

vj,nt
j , vj,n ∈ Dk(Eh)

}
. (3.38)

Clearly, the functions inW
t,h are discontinuous both in time and space. The discontinuity
points in time are the endpoints of the intervals In, and the discontinuity points in space are
the boundaries of the mesh elements. We need to introduce the jump of a function at time
tn, which we denote by [·]t to differentiate from the jump in space defined in Section 2.3.1:

vn+ = lim
s→0+

v(tn + s), vn− = lim
s→0+

v(tn − s), [vn]t = vn+ − vn−.
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The fully discrete variational formulation is as follows: Find Zh ∈ W
t,h such that

∀v ∈ W
t,h,

NT−1∑
n=0

∫
In

((
∂Zh

∂t
, v

)



+ aε(Zh, v)

)
dt

+
NT−1∑
n=1

([Znh]t , vn+)+ (Z0
h+, v

0
+)
 =

NT−1∑
n=0

∫
In

L(t; v)dt + (z0, v
0
+)
. (3.39)

The exact solution satisfies (3.39) since [zn]t = 0, but z(0) is not z̃0. Since the functions in
W
t,h are not required to be continuous at the time tn, we can fix one interval In and choose
v to vanish outside In. Therefore, (3.39) is equivalent to the following system of equations:

∀0 ≤ n ≤ (NT − 1), ∀v ∈ Pq(In),
∫
In

((
∂Zh

∂t
, v

)



+ aε(Zh, v)

)
dt

+(Znh+, vn+)
 =
∫
In

L(t; v)dt + (Znh−, v
n
+)
. (3.40)

Here, we denote Z0
h− = z̃0.

Lemma 3.11. There exists a unique solution to (3.39).

Proof. Since problem (3.39) is linear and finite-dimensional, it suffices to prove unique-
ness of the solution. We use the equivalent formulation (3.40). Let Wh ∈ Wh,
t denote
the difference between two solutions. We show by induction on n that Wh|In is zero. First,
if n = 0, we have

∀v ∈ Pq(In),
∫
In

((
∂Wh

∂t
, v

)



+ aε(Wh, v)

)
dt + (Wn

h+, v
n
+)
 = 0.

Choosing v = Wh yields∫
In

1

2

(
d

dt
‖Wh‖2

L2(
) + aε(Wh,Wh)

)
dt + ‖Wn

h+‖2
L2(
) = 0.

Thus, from the coercivity of aε

1

2
(‖Wn+1

h− ‖2
L2(
) − ‖Wn

h+‖2
L2(
))+ κ

∫
In

‖Wh‖2
Edt + ‖Wn

h+‖2
L2(
) = 0;

equivalently,

1

2
(‖Wn+1

h− ‖2
L2(
) + ‖Wn

h+‖2
L2(
))+ κ

∫
In

‖Wh‖2
Edt = 0.

This implies thatWh = 0 on the interval In for n = 0. To finish the induction argument, we
assume that Wh = 0 for In−1 for some n ≥ 1 and show that Wh = 0 on In by repeating the
argument.
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90 Chapter 3. Purely parabolic problems

Example 3.12. In the case q = 0, the solution Zh is piecewise constant in time on each
interval In, and in particular ∂Zh

∂t
= 0. The scheme (3.39) becomes for all 0 ≤ n ≤ (NT −1)

∀v ∈ Dk(Eh),
(
Zh|In − Zh|In−1


t
, v

)



+ aε(Zh|In , v) = 1


t

∫
In

L(t; v)

with the notation Zh|I−1 = z̃0. We have recovered the backward Euler time discretization
with a modified right-hand side.

Example 3.13. In the case q = 1, the solution Zh is piecewise linear in time on each
interval. For example, one may write

∀t ∈ In, Zh(t) = Z1;n + t − tn


t
Z2;n ,

where the functions Z1;n and Z2;n belong to Dk(Eh). The scheme (3.39) becomes for all
0 ≤ n ≤ (NT − 1)

(Z1;n + Z2;n, v)
 +
taε(Z1;n, v)+ 
t

2
aε(Z2;n, v)

=
∫
In

L(t; v)dt + (Z1;n−1 + Z2;n−1, v)
,

1

2
(Z2;n, v)
 + 
t

2
aε(Z1;n, v)+ 
t

3
aε(Z2;n, v) = 1


t

∫
In

(t − tn)L(t; v)dt

with the additional notation Z1;−1 = z̃0 and Z2;−1 = 0.

Lemma 3.14. There is a constant C independent of h such that for all 1 ≤ m ≤ NT

‖Zmh−‖2
L2(
)+

∫ tm

0
‖Zh‖2

Edt ≤ C

(
‖z̃0‖2

L2(
)+‖f ‖2
L2(0,T ;L2(
))+

∑
e∈∂


1

|e|β0
‖gD‖2

L2(0,T ;L2(e))

)
.

Proof. Choosing v = Zh in (3.40) yields

1

2
(‖Zn+1

h− ‖2
L2(
) + ‖Znh+‖2

L2(
))+ κ

∫
In

‖Zh‖2
Edt ≤

∣∣∣∣ ∫
In

L(t;Zh)dt + (Znh−, Z
n
h+)


∣∣∣∣.
Using Cauchy–Schwarz’s inequality, we have

1

2
(‖Zn+1

h− ‖2
L2(
) − ‖Znh−‖2

L2(
))+ κ

∫
In

‖Zh‖2
Edt ≤

∫
In

|L(t;Zh)|dt.

Summing from n = 0 to n = m, we have

‖Zmh−‖2
L2(
) + 2κ

∫ tm

0
‖Zh‖2

Edt ≤ ‖z̃0‖2
L2(
) + 2

∫ tm

0
|L(t;Zh)|dt.

The final result is obtained by using the bounds (3.16) and (3.5).

Error estimates are obtained in a similar way.
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3.5 Implementation
Once the DG method has been implemented for solving elliptic equations, it is a simple
task to modify the software so that it solves parabolic equations. All time discretization
methods presented in this chapter are one-step methods: in order to determine the solution
at time tn+1, we need to know the solution at the previous time step tn. For DG in time
discretization, the solution on the previous interval In−1 is needed. We use the same data
structure defined in Section 2.9, but we modify the attributes of the structure element.

typedef struct {
int face[3];
int parent;
int child[4];
int degree;
int reftype;
double *soldofs_prev;
double *soldofs_curr;

} element;

The array soldofs_prev stores the local degrees of freedom for the solution at the
previous time step, whereas the array soldofs_curr stores the local degrees of freedom
for the solution at the current time step.

If the forward Euler time discretization is used, the mass matrix M is block diagonal,
and thus local linear systems on each mesh element are solved. This is an attractive feature
for parallelizing the code. In addition, basis functions can be chosen so that M becomes
the identity matrix.

We finish this section by giving the algorithms for the backward Euler and forward
Euler schemes.

Algorithm 3.1.
Backward Euler DG scheme
initialize 
t = 1/NT
compute mass matrix M

compute stiffness matrix A

compute right-hand side (b̃)i = (z̃0, φ̃i)

solve Mξ̃ 0 = b̃

loop over time steps: for n = 1 to NT do
compute right-hand side F n+1

solve (M +
tA)ξ̃ 1 = Mξ̃ 0 +
tF n

copy ξ̃ 1 = ξ̃ 0
end

Algorithm 3.2.
Forward Euler DG scheme
initialize 
t = 1/NT
compute mass matrix M

compute stiffness matrix A
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92 Chapter 3. Purely parabolic problems

compute right-hand side (b̃)i = (z̃0, φ̃i)

solve Mξ̃ 0 = b̃

loop over time steps: for n = 1 to NT do
compute right-hand side F n+1

solve Mξ̃ 1 = (M +
tA)ξ̃ 0 +
tF n−1

copy ξ̃ 1 = ξ̃ 0
end

3.6 Bibliographical remarks
Primal DG methods combined with backward Euler or Crank–Nicolson time stepping tech-
niques for solving parabolic problems are analyzed in [1, 91]. A general study of the
Runge–Kutta methods can be found in [22]. DG in time methods for partial differential
equations have been thoroughly studied (see, for example, [80, 53, 54, 106] and the refer-
ences therein). Recent developments can be found in [55, 98, 99, 78].

Exercises
3.1. Let ∂
 = �D ∪ �N. Define the DG semidiscrete scheme for the parabolic prob-

lem (3.7) with the boundary conditions

z = zD on �D,

K∇z · n = zN on �N.

3.2. Show that the matrix M is block diagonal and symmetric positive definite.

3.3. Show that the matrix A is positive definite.

3.4. Show that

1

2
(‖v‖2

0,
 − ‖w‖2
0,
) ≤ (v − w, v).

3.5. Prove error estimates without using the elliptic projection. Rather use a standard
approximation (continuous Lagrange interpolant for instance). State all conditions
on the parameters.

3.6. Modify the proof of Lemma 3.6 so that Poincaré’s inequality is used instead of
Gronwall’s inequality. The resulting constant C is then independent of T .

3.7. Prove the bounds (3.30) and (3.31).

3.8. Prove Lemma 3.8.

3.9. Prove Theorem 3.10.

3.10. Derive the error estimates (3.35) and (3.36) for the Crank–Nicolson time discretization.
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3.11. Write in C or MATLAB� a program that simulates the diffusion of a contaminant
through a porous medium, modeled by the following equation:

∂z
∂t
(t, x)− ∂2z

∂x2 (t, x) = e−x2
(cos(t)− 2(2x2 − 1) sin(t)) in (0, π)× (0, 1),

z(t, 0) = sin(t),
z(t, 1) = e−1 sin(t),
z(0, x) = 0, x ∈ (0, 1).

For the space discretization, use the SIPG and NIPG methods with the follow-
ing parameters: σ ∈ {1; 10; 100}. For the time discretization, use the backward
Euler method and the DG in time method of degree 1. Given the exact solu-
tion z(t, x) = e−x2

cos(t), compute the numerical errors in l∞(0, π;L2(0, 1)) and
l2(0, π;H 1

0 (0, 1)) and the convergence rates for each of the 12 cases. For this, one
needs to choose a step size 
t and a mesh size h accordingly; for example one
may start with h = 0.1 and then divide h successively into two. Plot the numerical
solutions in all cases.
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Chapter 4

Parabolic problems with
convection

This chapter deals with the transport equation, i.e., a parabolic equation with a convective
term. Issues such as slope limiting for overshoot and undershoot phenomena may arise if
the convective term dominates the diffusive term.

4.1 Model problem

Let 
 be a polygonal domain in Rd , d = 1, 2, or 3. Let u : Rd → Rd be a vector function
satisfying

∇ · u = 0.

The boundary of the domain
 is decomposed into two parts: the inflow part�in and outflow
part �out defined by

�in = {x ∈ ∂
 : u · n < 0}, �out = ∂
 \ �in.

For f (z) ∈ L2(0, T ;L2(
)), zin in L2(0, T ;H 1
2 (�in)), and z0 ∈ L2(
), we consider the

parabolic problem

∂z

∂t
+ ∇ · (uz−D∇z) = f (z) in (0, T )×
, (4.1)

(uz−D∇z) · n = zinu · n on (0, T )× �in, (4.2)

−D∇z · n = 0 on (0, T )× �out, (4.3)

z = z0 in {0} ×
. (4.4)

This problem models, for example, the transport of a chemical species through a porous
medium. The vector u is a given divergence-free velocity field, and the function z is the
concentration of the contaminant. The function f (z) is a source function that is Lipschitz
with respect to z:

∀w, v, |f (w)− f (v)| ≤ C|w − v|. (4.5)

95
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96 Chapter 4. Parabolic problems with convection

The parameter D is a diffusion coefficient that may vary in space, but it is bounded above
and below by positive constants:

∀x, 0 < D0 ≤ D(x) ≤ D1. (4.6)

The concentrations zin and z0 are, respectively, the concentration at the inflow boundary
and the concentration at the initial time.

Problem (4.1)–(4.4) differs from problem (3.7)–(3.9) in the sense that the convective
term ∇ · (uz) has been added, the source function depends on the solution in a nonlinear
fashion, and the boundary conditions are of mixed type on part of the boundary and of
Neumann type on the other part. The transport equation (4.1) is written in a conservative
form. Using the fact that u is divergence free, we have

∇ · (uz) = (∇ · u)z+ u · ∇z = u · ∇z.
This yields a nonconservative form of the transport equation:

∂z

∂t
+ u · ∇z− ∇ ·D∇z = f (z) in (0, T )×
.

4.2 Semidiscrete formulation
Problem (4.1)–(4.4) is first discretized in space by the DG method. The domain 
 is
subdivided into elements (see notation defined in Section 2.3). First, the diffusive term
∇ · (D∇z) is discretized by the usual bilinear form aε similar to the one given in (2.23).
Because of the mixed boundary conditions, the jump term penalizes the interior faces only:

aε(w, v) =
∑
E∈Eh

∫
E

D∇w · ∇v +
∑
e∈�h

σ 0
e

|e|β0

∫
e

[w][v]

−
∑
e∈�h

∫
e

{D∇w · ne} [v] + ε
∑
e∈�h

∫
e

{D∇v · ne} [w]. (4.7)

This bilinear form yields the following energy seminorm:

‖v‖E =
⎛⎝∑
E∈Eh

‖D1/2∇v‖2
L2(E) +

∑
e∈�h

σ 0
e

|e|β0
‖[v]‖2

L2(e)

⎞⎠1/2

.

Second, the convection term ∇ · (uz) is approximated by an upwind discretization. Let us
denote the upwind value of a function w by wup. We recall that ne is a unit normal vector
pointing from E1

e to E2
e :

wup =
{
w|E1

e
if u · ne ≥ 0

w|E2
e

if u · ne < 0
∀e = ∂E1

e ∩ ∂E2
e . (4.8)

The dependence of the upwind discretization b on the vector u is explicitly given:

b(u;w, v) = −
∑
E∈Eh

∫
E

uw · ∇v +
∑
e∈�h

∫
e

u · new
up[v] +

∑
e∈�out

∫
e

u · newv. (4.9)
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The semidiscrete DG approximation Zh ∈ L2(0, T ; Dk(Eh)) satisfies the variational
formulation

∀t > 0, ∀v ∈ Dk(Eh),
(
∂Zh

∂t
, v

)



+ aε(Zh(t), v)+ b(u;Zh(t), v) = L(u, Zh(t); v),
(4.10)

∀v ∈ Dk(Eh), (Zh(0), v)
 = (z0, v)
,

(4.11)

where the form L is

L(u, w; v) =
∫



f (w)v −
∑
e∈�in

∫
e

u · nezinv.

4.2.1 Existence and uniqueness of solution

Assume that {φ̃i : 1 ≤ i ≤ NlocNel} is a basis of the finite-dimensional space Dk(Eh) (see
Section 3.3). For all t > 0, we can write the solution Zh(t) as a linear combination of the
φ̃i’s with coefficients ξ̃i’s. We obtain a system of ordinary differential equations:

M
d ξ̃

dt
(t)+ (A + B)ξ̃ = G(ξ̃),

Mξ̃(0) = Z̃0.

The matrices M,A are defined by (3.15). The matrix B results from the convective term,
and the vector G(ξ̃) depends on the vector solution

∀1 ≤ i, j ≤ NlocNel, (B)ij = b(u; φ̃j , φ̃i),
∀1 ≤ i ≤ NlocNel, (G)i = L(u; ξ̃ ; φ̃i).

Since the matrix M is invertible and the vector function G(ξ̃) is Lipschitz with respect to ξ̃ ,
there exists a unique solution to (4.10)–(4.11).

4.2.2 Consistency

Lemma 4.1. If z ∈ H 1(0, T ;H 2(Eh)) is the solution of (4.1)–(4.4), then z satisfies (4.10)–
(4.11).

Proof. Let v be a test function in Dk(Eh). We multiply (4.1) by v|E and integrate by parts
on one element E ∈ Eh:(

∂z

∂t
, v

)
E

−
∫
E

(uz−D∇z) · ∇v +
∫
∂E

(uz−D∇z) · nEv =
∫
E

f (z)v.
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98 Chapter 4. Parabolic problems with convection

Summing over all E and using the regularity of the exact solution, we obtain(
∂z

∂t
, v

)



+ aε(z, v)−
∑
E∈Eh

∫
E

zu · ∇v −
∑
w∈�out

∫
e

D∇z · nev

+
∑
e∈�h

∫
e

u · nez[v] +
∑
e∈�out

∫
e

u · nezv +
∑
e∈�in

∫
e

(uz−D∇z) · nev = (f (z), v)
.

Using the boundary conditions (4.2), (4.3) and noting that zup = z, we clearly have (4.10).
Equation (4.11) is trivially satisfied.

4.2.3 Error estimates

In this section, we state a priori error estimates for the semidiscrete scheme [94].

Theorem 4.2. Assume that the solution z to problem (4.1)–(4.4)belongs toH 1(0, T ;Hs(Eh))
and that z0 belongs to Hs(Eh) for s > 3/2. Assume that β0(d − 1) ≥ 1. In the case of
SIPG and IIPG, assume that σ 0

e is sufficiently large for all e. Then, there is a constant C
independent of h such that

‖z− Zh‖L∞(L2(
)) +
(∫ T

0
‖z(t)− Zh(t)‖2

Edt
)1/2

≤ Chmin(k+1,s)−1(‖z‖H 1(0,T ;Hs(Eh)) + ‖z0‖Hs(Eh)).

Proof. We skip many details, as most of the argument is similar to the proof of Theorem 3.4.
We write z − Zh = ρ − χ with ρ = z − z̃ and χ = Zh − z̃. The function z̃ ∈ Dk(Eh) is
an approximation of z that satisfies good error bounds. For instance, z̃ can be the elliptic
projection of z (see (3.20)). The error equation is satisfied for all v in Dk(Eh):(

∂χ

∂t
, v

)



+ aε(χ, v)+ b(u;χ, v) =
(
∂ρ

∂t
, v

)



+ aε(ρ, v)

+ b(u; ρ, v)+ (f (Zh)− f (z), v)
.

Now, by choosing v = χ and using the coercivity property of aε , we obtain

1

2

d

dt
‖χ‖2

L2(
) + κ‖χ‖2
E + b(u;χ, χ) ≤

(
∂ρ

∂t
, χ

)



+aε(ρ, χ)+ b(u; ρ, χ)+ (f (Zh)− f (z), χ)
.

Next, we show how to handle the terms b(u;χ, χ), b(u; ρ, χ), and (f (Zh) − f (z), χ)

since the other terms are identical to the ones in the proof of Theorems 2.13 and 3.4. Using
a technique introduced in [30], we use Green’s formula on the convection term and the fact
that ∇ · u = 0: ∑

E∈Eh

∫
E

uχ · ∇χ = 1

2

∑
E∈Eh

∫
E

u · ∇χ2
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= 1

2

∑
E∈Eh

∫
∂E

u · nEχ
2

= 1

2

∑
e∈�h

∫
e

u · ne[χ2] + 1

2

∑
e∈∂


∫
e

u · neχ
2.

Thus, we obtain

b(u;χ, χ) = −
∑
E∈Eh

∫
E

uχ · ∇χ +
∑
e∈�h

∫
e

u · neχ
up[χ ] +

∑
e∈�out

∫
e

u · neχ
2

=
∑
e∈�h

∫
e

u · ne

(
χup[χ ] − 1

2
[χ2]

)
− 1

2

∑
e∈∂


∫
e

u · neχ
2 +

∑
e∈�out

∫
e

u · neχ
2

=
∑
e∈�h

∫
e

u · ne(χ
up[χ ] − {χ}[χ ])− 1

2

∑
e∈�in

∫
e

u · neχ
2 + 1

2

∑
e∈�out

∫
e

u · neχ
2

= 1

2

∑
e∈�h

∫
e

|u · ne|[χ ]2 + 1

2

∑
e∈�in

∫
e

|u · ne|χ2 + 1

2

∑
e∈�out

∫
e

|u · ne|χ2.

Therefore, b(u;χ, χ) ≥ 0. We now bound each term in b(u; ρ, χ). First, using Cauchy–
Schwarz’s and Young’s inequalities, we have∑

E∈Eh

∫
E

uρ · ∇χ ≤ C
∑
E∈Eh

‖ρ‖L2(E)‖∇χ‖L2(E)

≤ κ

8
‖χ‖2

E + C‖ρ‖2
L2(
).

Similarly, we have∑
e∈�h

∫
e

u · neρ
up[χ ] ≤

∑
e∈�h

‖|u · ne| 1
2 [χ ]‖0,e‖|u · ne| 1

2 ρ∗‖0,e

≤ 1

4

∑
e∈�h

‖|u · ne| 1
2 [χ ]‖2

0,e + C
∑
e∈�h

‖ρup‖2
L2(e),

∑
e∈�out

∫
e

u · neρχ ≤ 1

4

∑
e∈�out

‖|u · ne| 1
2χ‖2

0,e + C
∑
e∈�out

‖ρ‖2
L2(e).

Finally, we bound the nonlinear source term, using the Lipschitz property:∫



(f (Zh)− f (z))χ ≤ C‖Zh − z‖L2(
)‖χ‖L2(
)

≤ C‖χ‖2
L2(
) + C‖ρ‖2

L2(
).

The final result is obtained by combining all bounds and using Gronwall’s inequality of
Lemma 3.1.
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4.3 Fully discrete formulation
We can choose any of the time discretizations described in Chapter 3. The analysis of the
resulting fully discrete schemes can be done in a similar way. We do not present the results
here. Rather, we discuss the challenging case where the convection term dominates the
diffusion term in the transport equation. Two quantities characterize the problem, i.e., the
Peclet number Pe and the Courant number Cr :

Pe = ‖u‖h
D

, Cr = ‖u‖
t
h

.

The Peclet number relates the rate of convection to the rate of diffusion. The higher Pe
is, the larger advection effects are. The Courant number appears in the stability condition
for explicit in time discretizations. This stability condition requires in general that Cr is
bounded by a small constant.

4.3.1 Overshoot and undershoot

The solution z of (4.1)–(4.4) is naturally bounded below and above by some constants if
the source function f (z) on the right-hand side of (4.1) is equal to zero. If z represents a
concentration, we can assume that

0 ≤ z ≤ 1. (4.12)

Overshoot and undershoot phenomena occur when the numerical solution Zh does not sat-
isfy (4.12) or if the value Zh increases (or decreases) without any physical reason. These
phenomena occur with the DG method applied to the transport equation with high Peclet
number. Because of the discontinuous approximation, overshoot and undershoot are local-
ized near the front. We illustrate this point with a numerical example.

Let 
 = (0, 1)2 be subdivided into 10 × 10 rectangular elements. We solve prob-
lem (4.10) with the NIPG method with zero penalty and piecewise linear approximations
(k = 1). We choose a velocity field u = (1, 0) and a Courant number Cr = 0.1. The inflow
concentration is set equal to one on the left vertical boundary of
. The initial concentration
is zero. The resulting numerical solution varies only in the x-direction. Fig. 4.1 shows the
numerical concentration at a fixed time for different time discretizations and different Peclet
numbers. We see that as Pe increases from 1 to infinity, the amount of overshoot and under-
shoot increases near the front. There is no overshoot and undershoot for Pe = 1 for forward
Euler, backward Euler, and Crank–Nicolson schemes. For Pe = 100, the backward Euler
discretization is the most diffusive one and yields an overshoot of 2.6% and undershoot of
1.6%. Forward Euler yields 12.3% of overshoot and 26.2% of undershoot, whereas Crank–
Nicolson yields 5% of overshoot and 6.1% of undershoot. The case Pe = ∞ corresponds to
a zero diffusion coefficient, and similar overshoot and undershoot quantities are obtained for
all three time discretizations. Next, we set the penalty value σ 0

e = 1 and use NIPG. Fig. 4.2
shows the amount of overshoot and undershoot for backward Euler and Crank–Nicolson
schemes for the case Pe = ∞. The amount of overshoot increases (7% for backward Euler
and 14.4% for Crank–Nicolson), whereas the amount of undershoot decreases (0.6% for
backward Euler and 2.6% for Crank–Nicolson). If we use SIPG or IIPG with σ 0

e = 1, we
obtain similar results.
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Figure 4.1. Profiles of numerical concentration obtained for different Peclet num-
bers and different time discretizations: forward Euler (left), backward Euler (center), and
Crank–Nicolson (right) with NIPG 0.
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Figure 4.2. Profiles of numerical concentration obtained with backward Euler
(BE) and Crank–Nicolson (CN) and with NIPG 1 and Pe = ∞.

Remark: If the DG space is the space of piecewise constants, then problem (4.1) reduces
to a convection problem as the diffusive terms become zero in (4.10). The solution Zh
is then monotone, and no overshoot/undershoot is observed. However, the solution is too
diffusive, and it is necessary to use higher polynomial degrees.

4.3.2 Slope limiters

The overshoot/undershoot phenomena can be greatly reduced by the use of slope limiters.
On each mesh element, the limiting procedure replaces the solutionZh locally by a piecewise
linear LZh wherever necessary [37, 46, 70]. We present some slope limiting techniques in
1D and 2D.

Slope limiter in 1D:
Assume that piecewise quadratics are used. On the interval (xn, xn+1), we can rewrite the
DG solution as

∀xn ≤ x ≤ xn+1, Zh(x) = an0 + an1ψn(x)+ an2

(
(ψn(x))

2 − 1

3

)
,
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Z
h

Z
h

XnXn−1 Xn+1 Xn+2

Figure 4.3. DG solution before limiting Zh (solid line) and after limiting Z̄h
(dashed line).

where an0 , a
n
1 , a

n
2 ∈ R and ψn is the linear function defined by

ψn(x) = x − xn+xn+1

2

xn+1 − xn
.

It is easy to obtain the coefficients ani from the coefficients αni of the expansion (1.9). In this
equivalent form, the coefficient an0 represents the average of Zh over the interval (xn, xn+1).
We compute the limited coefficient:

ān1 =
{
an1 if |an1 | ≤ Mlim

minmod(an1 , γ (a
n+1
0 − an0 ), γ (a

n
0 − an−1

0 )) otherwise.

The function minmod is defined by

minmod(y1, y2, y3) =
{
smin1≤i≤3 |ai | if s = sign(y1) = sign(y2) = sign(y3),

0 otherwise.

The parameters Mlim and γ control the amount of limiting. The amount of overshoot/
undershoot decreases as Mlim decreases. In practice, γ = 1 or γ = 0.5. If ān1 �= an1 , then
the limited solution is

LZh = an0 + ān1ψn(x).

Fig. 4.3 shows the new limited solution with respect to the original solution.
This limiter relies on the assumption that spurious oscillations are present in Zh only

if they are present in its linear part, which is its L2 projection into the space of piecewise
linear functions. In that case, the higher order part of the approximation is eliminated.

Slope limiter in 2D:
Rectangles: If the element is rectangular, we can apply the one-dimensional limiter in each
direction. For instance, if E = (xn, xn+1)× (ym, ym+1), we can expand the DG solution as

∀(x, y) ∈ E, Zh(x, y) = anm0 + anm1 ψn(x)+ anm2 ξm(y)+ anm3 ψn(x)ξm(y)

+anm4

(
(ψn(x))

2 − 1

3

)
+ anm5

(
(ξm(y))

2 − 1

3

)
,
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Figure 4.4. Triangle configuration for building the limiter.

where ψm is defined above and ξn is the corresponding linear:

ξm(y) = y − ym+ym+1

2

ym+1 − ym
.

The coefficient anm0 represents the average of Zh over E. Then, we compute

ānm1 =
{
anm1 if |anm1 | ≤ Mlim

minmod(anm1 , γ (a
n+1,m
0 − a

n,m
0 ), γ (anm0 − a

n−1,m
0 )) otherwise.

ānm2 =
{
anm2 if |anm2 | ≤ Mlim

minmod(anm2 , γ (a
n,m+1
0 − a

n,m
0 ), γ (anm0 − a

n,m−1
0 )) otherwise.

If ānm1 �= anm1 or ānm2 �= anm2 , the solution Zh is replaced by

LZh = an0 + ānm1 ψn(x)+ ānm2 ξm(y).

Triangles: Next, we define a limiter on triangular elements. This postprocessing consists
of several steps.

(i) Step one: compute neighbor averages:
We first compute the average saturation for the element to be limited and all neigh-
boring elements as follows. Assume that a given element E0 has three neighbors
E1, E2, E3 (see Fig. 4.4). Let Z̄i denote the average solution of Zh over Ei :

Z̄i = 1

|Ei |
∫
Ei

Zh.

(ii) Step two: test if limiting is necessary:
Let mj denote the midpoints of the edges of E0. We then compute the saturation
Zh|E0(mj ), and we check that this value is between Z̄j and Z̄0. We stop here if the
test is successful; otherwise we continue to step three.
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Figure 4.5. Limited DG solution for NIPG 0: backward Euler (solid line), Crank–
Nicolson (dashed line), and forward Euler (dotted line).

(iii) Step three: construct and rank three linears:
We construct three linears using the gravity centers bj ofEj and the averages Z̄j . For
instance, if we write the linears as Lj(x, y) = a

j

0 + aj1x+ aj2y, for j ∈ {1, 2, 3}, they
are uniquely determined by

Lj(b0) = Z̄0 and Lj(bl) = Z̄l for l �= j.

We then rank the linears by decreasing
√
(a
j

1 )
2 + (a

j

2 )
2.

(iv) Step four: select appropriate linear:
We finally check that the values of the linears evaluated at the midpoint ml , Lj(ml),
are between S̄l and S̄0 for 1 ≥ l ≥ 3. The linears are tested in the order given in
the previous step. If one of the linears passes this test, it is chosen to be the limited
solution. Otherwise, if none of the constructed linears satisfies the test, then the slope
is reduced to 0.

We repeat the experiments described in Section 4.3.1, but we now apply the slope
limiter after each time step. We choose Mlim = 0, γ = 1. The diffusion coefficient is
D = 10−3, which yields a Peclet number Pe = 100. The amount of overshoot is reduced
to zero for all three time discretizations. The undershoot is zero for forward Euler and very
small for backward Euler (0.4%) and Crank–Nicolson (0.8%). Fig. 4.5 shows the solution
Zh for NIPG 0 (to compare with Fig. 4.1). Similarly, Fig. 4.6 shows the limited solution for
NIPG 1 (to compare with Fig. 4.2). If forward Euler is stable, it gives a sharper front than
Crank–Nicolson. The more diffuse front is obtained with backward Euler.

4.3.3 An improved DG method

In many applications, the diffusion coefficientD varies over the domain with several orders
of magnitude. In this case, some overshoot and undershoot occur at the interface�∗ through
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Figure 4.6. Limited DG solution for NIPG 1: backward Euler (solid line) and
Crank–Nicolson (dashed line).

which the flow crosses from a region with low diffusion to a region with high diffusion.
We propose an improved DG method without using slope limiters, for which the local
oscillations are minimal in the neighborhood of �∗. We assume that within each mesh
element, the diffusion coefficient is of the same order. We modify the primal DG methods
and consider the upwind diffusive fluxes on �∗. In (4.10), the bilinear form aε is replaced
by ãε :

ãε(w, v) =
∑
E∈Eh

∫
E

D∇w · ∇v +
∑

e∈�h\�∗

σ 0
e

|e|β0

∫
e

[w][v]

−
∑

e∈�h\�∗

∫
e

{D∇w · ne} [v] + ε
∑

e∈�h\�∗

∫
e

{D∇v · ne} [w]

+
∑
e∈�∗

σ 0
e

|e|β0

∫
e

Dup[w][v] −
∑
e∈�∗

∫
e

(D∇w · ne)
up[v]

+ε
∑
e∈�∗

∫
e

(D∇v · ne)
up[w].

The resulting scheme is still consistent, and optimal a priori error estimates can be obtained.
Fig. 4.7 shows a two-dimensional domain with varying diffusion and the numerical solutions
obtained with the usual and improved NIPG methods and an explicit forward Euler time
discretization. The diffusion coefficient is one thousand times smaller in the black regions
than in the white regions. The velocity field is u = (1, 0). The interface �∗ is thus the union
of some of the mesh edges. We observe that the amount of overshoot and undershoot is large
for the standard NIPG (without upwinding the diffusive flux), and, after several time steps,
the solution blows up. The improved NIPG has nearly zero overshoot and undershoot, and
the limiting steady-state solution is obtained as time increases.
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Figure 4.7. Mesh and diffusion coefficient: D = 1 in white regions andD = 10−3

in black regions (left). Contours of standard NIPG solution (center) and improved NIPG
solution (right).

4.4 Bibliographical remarks
A DG method for steady-state convection-diffusion problems is defined in [80]: upwinding
is introduced. More recent works are [25, 72]. Primal DG methods for reactive transport
are studied in [94, 104, 105, 87]. Analysis of LDG methods applied to transport problems
can be found in [36, 41].

Exercises
4.1. In the case of the parabolic problem with a convection term, write down the local

mass conservation property that the DG scheme satisfies.

4.2. In the case of the parabolic problem with a convection term, derive the fully discrete
a priori error estimate for the backward Euler discretization and for the SIPG method.



mainbook
2008/5/30
page 107

�

�

�

�

�

�

�

�

Part III

Applications



mainbook
2008/5/30
page 108

�

�

�

�

�

�

�

�



mainbook
2008/5/30
page 109

�

�

�

�

�

�

�

�

Chapter 5

Linear elasticity

This chapter illustrates the use of primal DG methods for a simple solid mechanics problem,
namely the linear elasticity problem. We show that the DG scheme is very similar to the
one obtained for elliptic problems.

5.1 Preliminaries

5.1.1 Strain and stress tensors

Let u(x) be the displacement vector at a point x of a homogeneous elastic body 
 ⊂ Rd ,
d = 2, 3. The strain (or deformation) tensor ε(u) = (εkl(u))1≤k,l≤d is defined by

ε(u) = 1

2
(∇u + ∇uT ),

or equivalently

∀1 ≤ k, l ≤ d, εkl(u) = 1

2

(
∂uk

∂xl
+ ∂ul

∂xk

)
,

since ∇u = ( ∂uk
∂xl
)k,l . The stress tensor is denoted by σ (u) = (σij (u))1≤i,j≤d such that σii(u)

is the normal stress in the direction xi and σij (u) for i �= j are the shear stresses. The stress
tensor satisfies the constitutive relationship:

∀1 ≤ i, j ≤ d, σij (u) =
d∑

k,l=1

Dijklεkl(u), (5.1)

where D = (Dijkl)ijkl is a fourth order tensor satisfying some symmetry properties:

Dijkl = Djikl = Dijlk = Dklij . (5.2)

We assume that D is positive definite and piecewise constant in 
, i.e,

∀(γij )ij �= 0, 0 < D0

∑
ij

γ 2
ij ≤

∑
ijkl

γijDijklγkl ≤ D1

∑
ij

γ 2
ij . (5.3)

109
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For example, in 2D, by Hooke’s law, the stress tensor can be written as⎛⎝ σ11

σ22

σ12

⎞⎠ =
⎛⎝ λ+ 2μ λ 0

λ λ+ 2μ 0
0 0 μ

⎞⎠⎛⎝ ε11

ε22

ε12

⎞⎠ ,
where λ > 0 and μ > 0 are the Lamé coefficients of the material.

5.1.2 Korn’s inequalities

From the definition of the strain tensor, we immediately have

∀v ∈ H 1
0 (
)

d, ‖ε(v)‖L2(
) ≤ ‖∇v‖L2(
).

The reverse inequality is not true in general. If v �= 0 belongs to the space of rigid motions
on 
, then ε(v) = 0. However, the reverse inequality is valid for functions vanishing on
the boundary. This is Korn’s first inequality [47, 29] in the usual Sobolev space H 1

0 (
)
d :

there is a constant C > 0 such that

∀v ∈ H 1
0 (
)

d, ‖∇v‖L2(
) ≤ C‖ε(v)‖L2(
).

In the Sobolev space H 1(
)d , the classical Korn inequality states that there is a constant
C > 0 such that

∀v ∈ H 1(
)d, ‖∇v‖L2(
) ≤ C(‖ε(v)‖L2(
) + ‖v‖L2(
)).

Korn’s first inequality can be generalized to the broken Sobolev space H 1(Eh)d (see [15]).
Assume that �D is a subset of the boundary ∂
 with |�D| > 0. Then, there exists a positive
constant C such that

∀v ∈ H 1(Eh)d, |||∇v|||H 0(Eh) ≤ C

(
|||ε(v)|||2H 0(Eh) +

∑
e∈�h∪�D

1

|e| 1
d−1

‖[v]‖2
L2(e)

)1/2

. (5.4)

5.2 Model problem
Assume that the boundary of the elastic body is divided into two disjoint sets �D and �N and
assume that a system of body forces f : 
 → Rd and surface tractions gN : �N → Rd act
on the body. On the other part �D of the boundary, the body is rigidly fixed in space. Under
the assumption of small displacements [65], the displacement u = (ui)1≤i≤d satisfies the
following problem:

−
d∑
j=1

∂σij

∂xj
(u) = fi in 
 ∀i = 1, . . . , d, (5.5)

ui = 0 on �D ∀i = 1, . . . , d, (5.6)
d∑
j=1

σij (u)nj = gi on �N ∀i = 1, . . . , d, (5.7)
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where n = (ni)1≤i≤d is the unit outward normal to the boundary ∂
 and fi and gi are the
components of the forces f and gN. Equations (5.5) represent the equilibrium equations.
From [29], there exists a weak solution u ∈ H 1

0 (
)
d satisfying

∀v ∈ H 1
0 (
)

d,

∫



∑
ijkl

Dijklεkl(u)εij (v) =
∫



f · v +
∫
�N

gN · v.

Besides, if �N = ∅, then u ∈ H 2(
)d .

5.3 DG scheme
Let Eh be a subdivision of 
. The notation used here is the same as in Section 2.3. We
consider the space of vector functions that generalizes the definition (2.29):

Dk(Eh) = (Dk(Eh))d .
The DG approximation Uh ∈ Dk(Eh) satisfies the discrete variational problem

∀v ∈ Dk(Eh), aη(Uh, v) = L(v), (5.8)

where the bilinear form aη : Dk(Eh)× Dk(Eh) → R is given by

aη(w, v) =
∑
E∈Eh

∫
E

∑
ijkl

Dijklεkl(w)εij (v)

−
∑

e∈�h∪�D

∫
e

∑
ijkl

{Dijklεkl(w)n
e
j }[vi] + η

∑
e∈�h∪�D

∫
e

∑
ijkl

{Dijklεkl(v)n
e
j }[wi]

+
d∑
i=1

∑
e∈�h∪�D

δe

|e|β
∫
e

[wi][vi],

and the linear form L : Dk(Eh) → R is defined by

L(v) =
∫



f · v +
∫
�N

gN · v.

To avoid any confusion with the strain tensor, the parameter that yields a symmetric or
nonsymmetric bilinear form is denoted here by η ∈ {−1, 0, 1}. The last term in the bilinear
form aη is the penalty term with two additional parameters: the penalty value δe > 0 that
can vary from face to face and the power β that is usually taken equal to (d − 1)−1 but can
be larger for a superpenalized DG method. The variable nje denotes the j th component of
ne.

The energy norm for the linear elasticity problem is defined below:

‖v‖E =
⎛⎝∑
E∈Eh

‖ε(v)‖2
L2(E) +

∑
e∈�h∪�D

δe

|e|β ‖[v]‖2
L2(e)

⎞⎠1/2

.
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5.3.1 Consistency

Let u be the solution of (5.5)–(5.7). Then, following a similar argument as in Section 2.4.1,
one can obtain that u satisfies (5.8). The proof requires the additional result, which is an
easy consequence of the symmetry of the stress tensor:∑

1≤i,j≤d
σij (u)

∂vi

∂xj
=

∑
1≤i,j≤d

σij (u)εij (v).

Indeed, we have∑
1≤i,j≤d

σij (u)
∂vi

∂xj
=

∑
1≤i,j≤d

1

2
σij (u)

∂vi

∂xj
+

∑
1≤i,j≤d

1

2
σij (u)

∂vi

∂xj

=
∑

1≤i,j≤d

1

2
σij (u)

∂vi

∂xj
+

∑
1≤j,i≤d

1

2
σji(u)

∂vi

∂xj

=
∑

1≤i,j≤d

1

2
σij (u)

∂vi

∂xj
+

∑
1≤i,j≤d

1

2
σij (u)

∂vj

∂xi

=
∑

1≤i,j≤d
σij (u)εij (v).

5.3.2 Local equilibrium

The analogous to local mass conservation for the elliptic problem (see Section 2.7.3) is here
called local equilibrium, as the discretization of (5.5) is satisfied on each mesh element.

Lemma 5.1. Fix a mesh element E ∈ Eh, with outward normal nE = (nEi )1≤i≤d . Let
N (e;E) denote the element that shares the edge (or face) e with the element E and let Ui

h

denote the ith component of Uh:

∀1 ≤ i ≤ d,

∫
E

fi = −
∑
jkl

∫
∂E\�N

{Dijklεkl(Uh)n
E
j } −

∫
∂E∩�N

gi

+
∑

e∈∂E\�N

δe

|e|β
∫
e

(Ui
h|E − Ui

h|N (e;E)).

Proof. For a fixed 1 ≤ i ≤ d , choose the test function v = (vj )j in (5.8) such that vi = 1
on E and zero elsewhere, and vj = 0 for j �= i.

5.3.3 Coercivity

Lemma 5.2. If the parameter η is equal to −1 or 0, assume that the penalty value δe is
sufficiently large and that β ≥ (d − 1)−1. There exists a positive constant κ independent of
h such that

∀v ∈ Dk(Eh), κ‖v‖2
E ≤ aη(v, v).
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Proof. If η = 1, we simply have from (5.3)

a1(v, v) ≥ D0‖ε(v)‖2
0 +

∑
e∈�h∪�D

δe

|e|β ‖[v]‖2
L2(e) ≥ min(D0, 1)‖v‖2

E .

If η = −1 or η = 0, we have

a(v, v) ≥ D0‖ε(v)‖2
0 +

∑
e∈�h∪�D

δe

|e|β ‖[v]‖2
L2(e)

−(1 − η)
∑

e∈�h∪�D

∑
ijkl

∫
e

{Dijklεkl(v)n
e
j }[vi].

It suffices to bound the last term of the inequality above. This is done using the trace
inequality (2.5) and following a similar argument as in Section 2.7.1.

A consequence of Korn’s inequality (5.4) and the coercivity of the bilinear form aη is
the following lemma.

Lemma 5.3. There exists a unique solution Uh to problem (5.8).

Proof. It suffices to prove uniqueness. Denoting by wh the difference of two solutions U 1
h

and U 2
h to problem (5.8), we have

∀v ∈ Dk(Eh), aη(wh, v) = 0.

Choosing v = wh and using Lemma 5.2, we have

‖wh‖E = 0.

Thus, wh = 0 from (5.4).

5.4 Error analysis
A priori error estimates in the energy norm are given in the following theorem.

Theorem 5.4. Let k ≥ 1. Assume that β = (d−1)−1 if the mesh contains quadrilaterals or
hexahedra; otherwise assume that β ≥ (d−1)−1. Assume that the solution u of (5.5)–(5.7)
belongs to Hs(Eh)d for s ≥ 3/2. Then, under the assumptions of Lemma 5.2, there is a
constant C independent of h such that

‖Uh − u‖E ≤ Chmin(k+1,s)−1|||u|||Hs(Eh). (5.9)

Proof. The proof follows closely the proof of the error estimates for the elliptic problem
(see Section 2.8). First, we obtain an orthogonality equation by using the consistency of
the method:

∀v ∈ Dk(Eh), aη(Uh − u, v) = 0.

Let ũ be an approximation of u satisfying (2.10). Define χ = Uh − ũ and choose v = χ

in the equation above,

aη(χ ,χ) = aη(u − ũ,χ),
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or from the coercivity of aη:

κ‖χ‖2
E ≤

∑
E∈Eh

∑
ijkl

Dijklεkl(u − ũ)εij (χ)−
∑

e∈�h∪�D

∑
ijkl

∫
e

{Dijklεkl(u − ũ)nej }[χi]

+η
∑

e∈�h∪�D

∑
ijkl

∫
e

{Dijklεkl(χ)n
e
j }[ui − ũi] +

∑
e∈�h∪�D

δe

|e|β
∫
e

[u − ũ] · [χ ]

= T1 + · · · + T4. (5.10)

We now bound the terms Ti , using Cauchy–Schwarz’s, Young’s inequalities, and the ap-
proximation bounds:

T1 ≤ κ

8

∑
E∈Eh

∫
E

Dijklεkl(χ)εij (χ)+ C
∑
E∈Eh

∫
E

Dijklεkl(u − ũ)εij (u − ũ)

≤ κ

8
‖χ‖2

E + Ch2 min(k+1,s)−2|||u|||2Hs(Eh).

The second term is bounded as follows:

T2 ≤
∑

e∈�h∪�D

∑
ijkl

( |e|β
δe

) 1
2 − 1

2

‖{Dijklεkl(u − ũ)nej }‖0,e‖[χi]‖0,e

≤ κ

8
‖χ‖2

E + C
∑

e∈�h∪�D

∑
ijkl

|e|β
δe

‖{Dijklεkl(u − ũ)nej }‖2
0,e

≤ κ

8
‖χ‖2

E + Ch2 min(k+1,s)−3+β(d−1)|||u|||2Hs(Eh).

Thus, if β(d − 1) ≥ 1, we have

T2 ≤ κ

8
‖χ‖2

E + Ch2 min(k+1,s)−2|||u|||2Hs(Eh).

The terms T3 and T4 vanish if the approximation ũ is continuous. Such an approximation
can be constructed in Dk(Eh) if the mesh contains only triangular elements or tetrahedral
elements. Otherwise, these two terms can be bounded using the trace inequalities (2.1),
(2.5) and the approximation results (2.10). We remark that the bound for T4 is valid if
β ≤ (d − 1)−1:

|T3 + T4| ≤ κ

4
‖χ‖2

E + Ch2 min(k+1,s)−2|||u|||2Hs(Eh).

From the bounds above, we conclude that

‖χ‖E ≤ Chmin(k+1,s)−1|||u|||Hs(Eh),

which, with the triangle inequality, yields (5.9).

Remark: If one wants to use a larger discrete space on quadrilaterals or hexahedra, namely
the space Qk , then the a priori error estimate is valid for all β ≥ (d − 1)−1.



mainbook
2008/5/30
page 115

�

�

�

�

�

�

�

�

5.5. Bibliographical remarks 115

5.5 Bibliographical remarks
Primal DG methods for linear elasticity have been studied in [111, 110, 66, 90]. Mixed DG
methods are considered in [71].

Exercises
5.1. Prove that if u ∈ H 2(
)d satisfies problem (5.5)–(5.7), then u satisfies problem

(5.8).

5.2. Complete the proof of the coercivity of the bilinear form aη.

5.3. Derive an L2 estimate for the numerical error for the SIPG method.
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Chapter 6

Stokes flow

This chapter and the following one deal with CFD applications. The fluid flow is char-
acterized by either the Stokes equations or the Navier–Stokes equations. The domain is
two-dimensional, but the numerical methods and the analysis can be generalized to three-
dimensional domains.

6.1 Preliminaries

6.1.1 Vector notation

The gradient of a vector function v : Rd → Rd is a matrix, and the divergence of a matrix
function A : Rd → Rd×d is a vector:

∇v =
(
∂vi

∂xj

)
1≤i,j≤d

, ∇ · A =
⎛⎝ d∑
j=1

∂aij

∂xj

⎞⎠
1≤i≤d

.

Consequently, we have for a vector function v = (vi)1≤i≤d


v = ∇ · ∇v = (
vi)1≤i≤d .

The L2 inner product of two matrix functions A,B is defined by

(A,B)
 =
∫



A : B =
∫



∑
1≤i,j≤d

AijBij .

6.1.2 Barycentric coordinates

LetE be a triangle with verticesA1, A2, A3 and let λ1, λ2, λ3 be the corresponding barycen-
tric coordinates of a point M in E. The point M is the common vertex to three triangles
E1, E2, E3 whose union forms E (see Fig. 6.1). For instance, the vertices of triangle E1

are the points M,A2, A3. Let |E| denote the area of E. The barycentric coordinates are

117
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E
2

A
2

A
1

E
3

E
1

A
3

M

Figure 6.1. Barycentric coordinates.

defined by the ratio of two areas:

λi(M) = |Ei |
|E| .

Denote the edges of E by ei such that e1 = [A2, A3], e2 = [A3, A1], e3 = [A1, A2] and
denote the midpoint of ei by Bi . Clearly, we have

λi(Aj ) =
{

1 for i = j,

0 for i �= j,
λi(Bj ) =

{
0 for i = j,
1
2 for i �= j.

The next result is an application of the Gauss quadrature rule for QG = 1 given in Ap-
pendix A.

Lemma 6.1. Let E be a triangle and let e denote one edge of E with midpoint B. Then, for
all v ∈ P1(E), we have ∫

e

v = v(B)|e|. (6.1)

We now construct a basis of P1(E) from the barycentric coordinates.

Lemma 6.2.

P1(E) = span(1 − 2λ1, 1 − 2λ2, 1 − 2λ3).

Proof. Since dim(P1) = 3, it suffices to show that these functions are linearly independent.
Assume that there are coefficients α1, α2, α3 such that

3∑
i=1

αi(1 − 2λi) = 0.

Fix an edge ek and integrate over ek:

0 =
∫
ek

3∑
i=1

αi(1 − 2λi) =
3∑
i=1

αi |ek|(1 − 2λi)(Bk) = αk|ek|.
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Thus, αk = 0 for k = 1, . . . , 3.

Therefore, any linear v can be written as

v =
3∑
i=1

vi(1 − 2λi), vi ∈ R.

The coefficients vi are obtained by evaluating v at the midpoint Bi . Hence, we have

∀v ∈ P1(E), v =
3∑
i=1

v(Bi)(1 − 2λi). (6.2)

6.1.3 An approximation operator of degree one

Let Eh denote a triangular mesh of a bounded domain 
 (see Section 2.3). We first define
a local operator π : H 1(E) → P1(E) for any given mesh element.

We fix a triangle E with edges e1, e2, e3, and we define, for any v ∈ H 1(E), the
polynomial πv ∈ P1(E) such that∫

ek

πv =
∫
ek

v, k = 1, 2, 3.

This uniquely definesπv because, from (6.2), it suffices to determine πv(Bk) for k = 1, 2, 3
(with Bk being the midpoint of the edge ek). From (6.1), we obtain∫

ek

v =
∫
ek

πv = |ek|πv(Bk).

Equivalently,

πv(Bk) = 1

|ek|
∫
ek

v.

The degrees of freedom of the linear πv are associated with the midpoints of the edges of
E and defined by 1

|ek |
∫
ek
v.

Furthermore, we have
∀v ∈ P1(E), πv = v.

Indeed, from (6.2), we have

πv − v =
3∑
i=1

(πv(Bi)− v(Bi))(1 − 2λi)

and

πv(Bi) = 1

|ei |
∫
ei

v = 1

|ei | |ei |v(Bi) = v(Bi).

Let us now define the approximation operator R : H 1(
)2 → D1(Eh) such that

∀v = (v1, v2) ∈ H 1(
)2, ∀E ∈ Eh, Rv|E = (πv1, πv2).
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In other words, if e denotes any edge in the mesh, we have∫
e

Rv =
∫
e

v. (6.3)

The operator R is called the Crouzeix–Raviart operator [39]. The function Rv is discontin-
uous across the edges except at the midpoints.

Lemma 6.3. The operator R satisfies

∀v ∈ H 1(
)2,

∫
E

∇ · (Rv − v) = 0,

∀v ∈ H 1(
)2, ∀e ∈ �h,
∫
e

[R(v)] = 0,

∀v ∈ H 1
0 (
)

2, ∀e ∈ ∂
,
∫
e

Rv = 0,

∀v ∈ H 2(
)2, ‖∇(v − Rv)‖L2(E) ≤ ChE‖∇2v‖L2(E).

Proof. The first equality is proved by Green’s formula and by (6.3):∫
E

∇(Rv − v) =
∫
∂E

(Rv − v) · nE =
∑
e∈∂E

(∫
e

(Rv − v)

)
· nE = 0.

The second result is trivial:∫
e

[Rv] =
∫
e

[Rv − v] =
∫
e

(Rv − v)|E1 −
∫
e

(Rv − v)|E2 = 0.

The result is similar for the third equality:∫
e

Rv =
∫
e

(Rv − v) = 0.

Finally, the last result holds true because Rv = v if v ∈ P1(E)
2 (see [59]).

6.1.4 An approximation operator of higher degree

There exists a similar operator R such that Rv|E ∈ Pk(E)2 for all trianglesE and for k = 2
and k = 3 (see [56, 38, 63]). This operator satisfies for any E

∀v ∈ H 1(
)2, ∀q ∈ Pk−1(E),

∫
E

q∇ · (Rv − v) = 0, (6.4)

∀v ∈ H 1(
)2, ∀e ∈ �h, ∀q ∈ Pk−1(e)
2,

∫
e

q · [Rv] = 0, (6.5)

∀v ∈ H 1
0 (
)

2, ∀e ∈ ∂
, ∀q ∈ Pk−1(e)
2,

∫
e

q · Rv = 0, (6.6)
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∀s ∈ [1, k + 1], ∀v ∈ Hs(
)2, ‖v − Rv‖L2(
) + hE‖∇(v − Rv)‖L2(E)

≤ ChsE|v|Hs(
E), (6.7)

where 
E is a suitable macroelement containing E. Furthermore, each triangle E ∈ Eih
has at least one side e such that

∀v ∈ H 1(
)2,

∫
e

(Rv − v) = 0. (6.8)

6.1.5 Local L2 projection

We fix a mesh element E. Let p ∈ Hs(E) and let p̃ denote the L2 projection of p onto
Pk(E) defined by

∀v ∈ Pk(E),
∫
E

(p − p̃)v = 0.

Then, there is a constant C independent of hE such that

‖p − p̃‖L2(E) + hE‖∇(p − p̃)‖L2(E) ≤ Ch
min(k+1,s)
E ‖p‖Hs(E).

6.1.6 General inf-sup condition

We present the inf-sup condition in a general setting first [59]. Let b : X ×M → R be a
continuous bilinear form defined on two Hilbert spaces X and M . Let ‖ · ‖X (resp., ‖ · ‖Y )
and (·, ·)X (resp., (·, ·)Y ) denote the norm and inner product on X (resp., Y ). The spaces X
and M satisfy an inf-sup condition [7, 18] if there is a constant β > 0 such that

inf
q∈M sup

v∈X
b(v, q)

‖q‖M‖v‖X ≥ β. (6.9)

We denote byX′ andM ′ the dual spaces ofX andM . We define the mappingsB : X → M ′
and B ′ : M → X′ by

∀v ∈ X, ∀q ∈ M, Bv(q) = B ′q(v) = b(v, q).

We also define the kernel of B, its orthogonal set, and its polar set:

V = Ker(B) = {v ∈ X : ∀q ∈ M, b(v, q) = 0},
V ⊥ = {w ∈ X : ∀v ∈ V, (w, v)X = 0},

V ◦ = {φ ∈ X′ : ∀v ∈ V, φ(v) = 0}.

Lemma 6.4. The following statements are equivalent.
(i) The inf-sup condition (6.9) holds true.
(ii) The mapping B is an isomorphism from V ⊥ onto M ′ and

∀v ∈ V ⊥, ‖Bv‖M ′ ≥ β‖v‖X.
(iii) The mapping B ′ is an isomorphism from M onto V ◦ and

∀q ∈ M, ‖B ′q‖X′ ≥ β‖q‖M.
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Let
 ⊂ R2 be a bounded polygonal domain. We now give an example of spaces that
satisfy an inf-sup condition, namely the spaces H 1

0 (
) and L2
0(
). The space L2

0(
) is the
space of square-integrable functions with zero average:

L2
0(
) =

{
v ∈ L2(
) :

∫



v = 0

}
.

There exists a positive constant β such that

inf
q∈L2

0(
)
sup

v∈H 1
0 (
)

2

(∇ · v, q)

‖q‖L2(
)‖∇v‖L2(
)

≥ β. (6.10)

Equivalently, from statement (ii), for any q ∈ L2
0(
), there is a function v ∈ H 1

0 (
)
2 such

that

∇ · v = q, ‖∇v‖L2(
) ≤ 1

β
‖q‖L2(
).

6.2 Model problem and weak solution

Let 
 be a bounded polygonal domain in R2. The Stokes equations for an incompressible
viscous fluid confined in 
 are

−μ
u + ∇p = f in 
, (6.11)

∇ · u = 0 in 
, (6.12)

u = 0 on ∂
. (6.13)

The unknown variables are the fluid velocity u and the fluid pressure p. The constantμ > 0
is the fluid viscosity; the function f is a body force acting on the fluid. Equation (6.11)
is referred to as the momentum equation, whereas (6.12) is the incompressibility equation
(or continuity equation). Since p is uniquely defined up to an additive constant, we also
assume that

∫


p = 0. If we assume that f ∈ L2(
)2, a weak solution to (6.11)–(6.13) is

the pair (u, p) ∈ H 1
0 (
)

2 × L2
0(
) satisfying

∀v ∈ H 1
0 (
)

2, μ(∇u,∇v)
 − (∇ · v, p)
 = (f , v)
, (6.14)

∀q ∈ L2
0(
), (∇ · u, q)
 = 0. (6.15)

The space of divergence-free vector functions is defined by

V = {v ∈ H 1
0 (
)

2 : ∀q ∈ L2
0(
), (∇ · v, q)
 = 0}.

The space V is equipped with the norm v �→ ‖∇v‖L2(
). Clearly, if (u, p) is a weak solution
satisfying (6.14), (6.15), then u is a solution to the following problem:

∀v ∈ V , μ(∇u,∇v)
 = (f , v)
. (6.16)

One can check that the bilinear form (v,w) �→ μ(∇v,∇w)
 is continuous and coercive and
that the linear form v �→ (f , v)
 is continuous. Lax–Milgram’s theorem (Theorem 2.8)
implies that there is a unique u ∈ V satisfying (6.16). Next, we consider the mapping

� : v �→ μ(∇u,∇v)
 − (f , v)
.
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The mapping � belongs to the dual space of H 1
0 (
)

2 and vanishes on the space V since u

satisfies (6.16). Therefore, � belongs to the polar space V ◦. From the inf-sup condition
(6.10) and from (ii) in Lemma 6.4, there is a unique p ∈ L2

0(
) satisfying

∀v ∈ H 1
0 (
)

2, (∇ · v, p) = �(v).

This is equivalent to (6.14). Thus, we have proved that there is a unique weak solution to
(6.11)–(6.13).

6.3 DG scheme
Let Eh be a mesh of 
 as defined in Section 2.3. For any integer k ≥ 1, we define the
discrete velocity and pressure spaces:

Xh = {v ∈ L2(
)2 : ∀E ∈ Eh, v ∈ (Pk(E))2},
Mh = {q ∈ L2

0(
) : ∀E ∈ Eh, q ∈ Pk−1(E)}.
We introduce the bilinear forms aε : Xh × Xh → R and b : Xh ×Mh → R corresponding
to DG discretizations of the diffusive term −
u and the pressure term ∇p, respectively:

aε(w, v) =
∑
E∈Eh

∫
E

∇w : ∇v +
∑

e∈�h∪∂


σ 0
e

|e|
∫
e

[w] · [v]

−
∑

e∈�h∪∂


∫
e

{∇w}ne · [v] + ε
∑

e∈�h∪∂


∫
e

{∇v}ne · [w], (6.17)

b(v, q) = −
∑
E∈Eh

∫
E

q∇ · v +
∑

e∈�h∪∂


∫
e

{q}[v] · ne. (6.18)

As usual, the choice of the parameter ε will yield the NIPG method (ε = 1), the SIPG
method (ε = −1), or the IIPG method (ε = 0). The penalty parameter is denoted by σ 0

e

for an edge e and is strictly positive. For simplicity, we do not assume superpenalization.
The derivation of the bilinear form aε is similar to the one for the elliptic problem. We now
give some details on the form b. Using Green’s theorem on one mesh element E, we have∫

E

∇p · v = −
∫
E

p∇ · v +
∫
∂E

pv · nE.

We sum over all mesh elements and use the normal vector ne fixed for each edge:∑
E∈Eh

∫
E

∇p · v = −
∑
E∈Eh

∫
E

p∇ · v +
∑

e∈�h∪∂


∫
e

[pv · ne].

Finally, since p is continuous, we have p|e = {p}|e, and we can write∑
E∈Eh

∫
E

∇p · v = −
∑
E∈Eh

∫
E

p∇ · v +
∑

e∈�h∪∂


∫
e

{p}[v · ne],
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which is exactly the expression b(v, p).
With these spaces and bilinear forms, the numerical method is as follows: Find

(Uh, Ph) ∈ Xh ×Mh such that

∀v ∈ Xh, μaε(Uh, v)+ b(v, Ph) = (f , v)
, (6.19)

∀q ∈ Mh, b(Uh, q) = 0. (6.20)

Next, we state a consistency result and a coercivity result. The proofs are omitted, as they
are similar to the proofs given in the previous chapters.

Lemma 6.5. Assume that the weak solution (u, p) also belongs to H 2(Eh)2 × H 1(Eh).
Then, it satisfies the scheme (6.19)–(6.20).

We define the energy norm for the Stokes problem:

∀v ∈ H 1(Eh)2, ‖v‖E =
⎛⎝∑
E∈Eh

‖∇v‖2
L2(E) +

∑
e∈�h∪∂


σ 0
e

|e| ‖[v]‖2
L2(e)

⎞⎠1/2

. (6.21)

Lemma 6.6. Assume that σ e0 is sufficiently large if ε = −1 or ε = 0. Then, there is a
constant κ > 0 independent of h such that

∀v ∈ Xh, aε(v, v) ≥ κ‖v‖2
E .

6.3.1 Existence and uniqueness of solution

Since problem (6.19), (6.20) results in a square system of linear equations in finite dimension,
it suffices to prove uniqueness of the solution. Let W h denote the difference of two solutions.
Set the data f = 0 and choose v = W h in (6.19). Since W h satisfies (6.20), we are left
with

aε(W h,W h) = 0.

The coercivity of aε yields that W h = 0. Thus, (6.19) is reduced to

∀v ∈ Xh, b(v, Ph) = 0.

At this point, one cannot conclude that Ph = 0. This result is a consequence of the inf-sup
condition established in Section 6.4.

6.3.2 Local mass conservation

In this context, local mass conservation is a consequence of the discretization of the incom-
pressibility equation. We fix an elementE ∈ Eh and choose a function q = 1 onE and zero
elsewhere. Equation (6.20) becomes

−
∫
E

∇ · Uh + 1

2

∑
e∈∂E\∂


∫
e

[Uh] · ne +
∑

e∈∂E∩∂


∫
e

Uh · ne = 0.
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Denoting by nE the outward normal to E and using Green’s formula, we have

−
∫
∂E

Uh · nE + 1

2

∑
e∈∂E\∂


∫
e

[Uh] · ne +
∑

e∈∂E∩∂


∫
e

Uh · ne = 0,

or equivalently ∑
e∈∂E\∂


∫
e

{Uh} · nE = 0.

We remark that this equation is comparable to the local mass balance satisfied by the exact
solution ∑

e∈∂E\∂


∫
e

u · nE = 0.

6.4 Discrete inf-sup condition

In this section, we prove an inf-sup condition for the spaces X̃h and Mh, where X̃h is a
subspace of Xh:

X̃h = {vh ∈ Xh : ∀e ∈ �h ∪ ∂
, [vh]|e · ne = 0}.
The proof relies on the Raviart–Thomas interpolant [88, 59, 89] defined in the following
lemma.

Lemma 6.7. The Raviart–Thomas interpolant π : H 1(
)2 → Xh satisfies for all v ∈
H 1(
)2

∀E ∈ Eh, ∀q ∈ Pk−1(E),

∫
E

q∇ · (πv − v) = 0, (6.22)

∀e ∈ �h ∪ ∂
, ∀q ∈ Pk−1(e),

∫
e

q(πv − v) · ne = 0, (6.23)

∀e ∈ �h ∪ ∂
, πv|e · ne ∈ Pk−1(e), (6.24)

∀E ∈ Eh, ‖πv − v‖L2(E) + hE‖∇(πv − v)‖L2(E) ≤ ChE‖∇v‖L2(E), (6.25)

‖πv‖E ≤ C‖∇v‖L2(
) (6.26)

with a constant C independent of hE and h.

Theorem 6.8. There exists a constant β∗ > 0, independent of h, such that

inf
q∈Mh

sup
v∈X̃h

b(v, q)

‖v‖E‖q‖L2(
)

≥ β∗. (6.27)

Proof. We shall prove that for any q ∈ Mh there exists v in X̃h such that

b(v, q) ≥ β∗
1 ‖q‖2

L2(
), (6.28)

‖v‖E ≤ β∗
2 ‖q‖L2(
) (6.29)
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with constants β∗
1 > 0 and β∗

2 > 0 independent of h, q, and v. Clearly, this will imply
(6.27) because

b(v, q)

‖v‖E‖q‖L2(
)

≥ β∗
1

‖q‖2
L2(
)

‖v‖E‖q‖L2(
)

= β∗
1
‖q‖L2(
)

‖v‖E
≥ β∗

1

β∗
2

.

Let q ∈ Mh. Since q ∈ L2
0(
) and the spaces H 1

0 (
)
2, L2

0(
) satisfy the inf-sup condition
(6.10), there exists ṽ ∈ H 1

0 (
)
2 such that

−∇ · ṽ = q, ‖∇ṽ‖L2(
) ≤ 1

β
‖q‖L2(
). (6.30)

Define the Raviart–Thomas interpolant ṽh = π ṽ. Then, ṽh ∈ X̃h from (6.23) and (6.24).
We also have from (6.22) and (6.25)

−
∑
E∈Eh

∫
E

(∇ · ṽh)q = −
∑
E∈Eh

∫
E

(∇ · ṽ)q = ‖q‖2
L2(
).

Therefore, it follows that

b(ṽh, q) = ‖q‖2
L2(
).

This implies (6.28) with the constant β∗
1 = 1. Property (6.26) and inequality (6.30) imply

that

‖ṽh‖E ≤ C‖q‖L2(
).

This concludes the proof.

Remark: Define the subspace of Xh:

V h = {v ∈ Xh; ∀q ∈ Mh, b(v, q) = 0}.
We say that V h is the space of discretely divergence-free functions. An immediate conse-
quence of Lemma 6.4 is that for a given q in Mh there exists a unique v in X̃h such that

∀w ∈ V h,
∑
E∈Eh

∫
E

∇v : ∇w +
∑

e∈�h∪∂


σ 0
e

|e|
∫
e

[v] · [w] = 0,

b(v, q) = −‖q‖2
L2(
), ‖v‖E ≤ 1

β∗ ‖q‖L2(
).

6.5 Error estimates
We prove optimal error estimates for the velocity and pressure. First, we need a lemma on
the approximation operator R.

Lemma 6.9.

∀v ∈ H 1
0 (
)

2, ∀q ∈ Mh, b(Rv − v, q) = 0. (6.31)
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Proof. Let v ∈ H 1
0 (
)

2 and q ∈ Mh. Then,

b(Rv − v, q) = −
∑
E∈Eh

∫
E

q∇ · (Rv − v)+
∑

e∈�h∪∂


∫
e

{q}[Rv − v] · ne.

The result is then a consequence of (6.4)–(6.6).

Theorem 6.10. Assume that the exact solution (u, p) belongs toHk+1(
)2 ×Hk(
). Then,
the solution (Uh, Ph) of (6.19), (6.20) satisfies the error estimate

‖u − Uh‖E ≤ Chk
(

|u|Hk+1(
) + 1

μ
|p|Hk(
)

)
, (6.32)

where C is independent of h and μ.

Proof. Denote χ = Uh − Ru and ξ = Ph − p̃, where p̃ is the L2 projection of p. The
errors χ and ξ satisfy the equations

∀v ∈ Xh, μaε(χ , v)+ b(v, ξ) = μaε(u − ũ, v)+ b(v, p − p̃),

∀q ∈ Mh, b(χ , q) = b(u − ũ, q).

Choosing v = χ , q = ξ and using (6.31), we obtain

aε(χ ,χ) = aε(u − Ru,χ)+ 1

μ
b(χ , p − p̃), (6.33)

which yields by coercivity of aε

κ‖χ‖2
E ≤ aε(u − Ru,χ)+ 1

μ
b(χ , p − p̃).

Then, we need only bound the two terms on the right-hand side. Throughout this chapter,
the generic constant C is independent of the mesh size h and the fluid viscosity μ. By
definition, we have

aε(u − Ru,χ) =
∑
E∈Eh

∫
E

∇(u − Ru) : ∇χ −
∑

e∈�h∪∂


∫
e

{∇(u − Ru)}ne · [χ ]

+ε
∑

e∈�h∪∂


∫
e

{∇χ}ne · [u − Ru] +
∑

e∈�h∪∂


σ 0
e

|e|
∫
e

[u − Ru] · [χ ]

= T1 + T2 + T3 + T4.

Using Cauchy–Schwarz’s inequality and the bound (6.7), we have

T1 ≤ κ

10
|||∇χ |||2L2(
) + C

∑
E∈Eh

‖∇(u − Ru)‖2
L2(E)

≤ κ

10
|||∇χ |||2L2(
) + Chk|u|Hk+1(
),

T4 ≤ κ

10
|||∇χ |||2L2(
) + Chk|u|Hk+1(
).
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128 Chapter 6. Stokes flow

Similarly,

T2 ≤ κ

10

∑
e∈�h∪∂


1

|e| ‖[χ ]‖2
L2(e) + C

∑
e∈�h∪∂


|e|‖{∇(u − Ru)}ne‖2
L2(e).

The term ‖{∇(u−Ru)}ne‖L2(e) is bounded using trace inequality (2.2). For instance, if the
edge e belongs to the element Ee, we have

‖∇(u − Ru)ne‖L2(e) ≤ Ch
−1/2
E

(
‖∇(u − Ru)‖L2(E) + hE‖∇2(u − Ru)‖L2(E)

)
.

Now since we do not have an estimate of ‖∇2(u−Ru)‖L2(E), we introduce an approximation
ũ of u satisfying (2.10), and we use an inverse inequality (3.6):

‖∇2(u − Ru)‖L2(E ≤ ‖∇2(u − ũ)‖L2(E) + ‖∇2(ũ − Ru)‖L2(E)

≤ ‖∇2(u − ũ)‖L2(E) + Ch−1
E ‖∇(ũ − Ru)‖L2(E).

We skip many details (left to the reader), and we obtain

T2 ≤ κ

10

∑
e∈�h∪∂


1

|e| ‖[χ ]‖2
L2(e) + Ch2k|u|2Hk+1(
).

The third term is simply bounded using (2.5) and (6.7):

T3 ≤ κ

10
|||∇χ |||2L2(
) + Ch2k|u|2Hk+1(
).

Finally, since ∇ · χ ∈ Pk−1(E)
2, the term involving the pressure reduces to

1

μ
b(χ , p − p̃) = 1

μ

∑
e∈�h∪∂


∫
e

{p − p̃}[χ ] · ne ≤ κ

10
‖χ‖2

E + C

μ2
h2k|p|2Hk(
).

Combining all the bounds above and using the triangle inequality

‖u − Uh‖E ≤ ‖u − Ru‖E + ‖χ‖E ,

we obtain the final result.

Theorem 6.11. Under the assumptions and notation of Theorem 6.10, there is a constant
C independent of h and μ such that

‖p − Ph‖L2(
) ≤ Chk(μ|u|Hk+1(
) + |p|Hk(
)).

Proof. Let p̃ be the L2 projection of p. We can write the error equation as follows:

∀v ∈ Xh, aε(Uh − u, v)+ 1

μ
b(v, Ph − p̃) = 1

μ
b(v, p − p̃). (6.34)

From the remark in Section 6.4, there exists v ∈ X̃h such that

b(v, Ph − p̃) = −‖Ph − p̃‖2
L2(
), ‖v‖E ≤ 1

β∗ ‖Ph − p̃‖L2(
), (6.35)
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and in particular∑
E∈Eh

∫
E

∇(Uh − Ru) : ∇v +
∑

e∈�h∪∂


σ 0
e

|e|
∫
e

[Uh − Ru] · [v] = 0.

Therefore, (6.34) becomes

1

μ
‖Ph − p̃‖2

L2(
) = aε(Uh − u, v)− 1

μ
b(v, p − p̃)

=
∑
E∈Eh

∫
E

∇(Ru − u) : ∇v +
∑

e∈�h∪∂


σ 0
e

|e|
∫
e

[Ru − u] · [v] − 1

μ
b(v, p − p̃)

−
∑
e∈�

∫
e

{∇(U − u)}ne · [v] + ε
∑
e∈�

∫
e

{∇v}ne · [U − u].

The terms on the right-hand side can be easily bounded, and we obtain the final result.

We now state the a priori error estimate for the velocity in theL2 norm. The proof uses
the Aubin–Nitsche lift technique as in the proof of Theorem 2.14, and thus it is omitted. The
estimate is optimal for the SIPG method and suboptimal for the IIPG and NIPG methods.

Theorem 6.12. Assume that 
 is convex. Then, under the hypotheses of Theorem 6.10,
there exists a constant C independent of h and μ such that

‖u − U‖L2(
) ≤ Chk+1−δ
(

|u|Hk+1(
) + 1

μ
|p|Hk(
)

)
, (6.36)

where δ = 0 for SIPG and δ = 0 for IIPG and NIPG.

6.6 Numerical results
We solve (6.19)–(6.20) in the case of a known smooth function. We vary the polynomial
degree k from 1 to 3. The domain
 = (0, 1)2 is subdivided into 2048 triangles. We assume
that the penalty parameter takes the same value for all edges e. Numerical errors for the
velocity and pressure are given in Table 6.1 and Table 6.2, respectively. Rates are computed
from errors obtained on two successive meshes. In the SIPG case, we obtain optimal error
estimates as predicted by the theory. In the NIPG case with positive penalty, we obtain
optimal error estimates for the velocity in the energy norm and the pressure in the L2 norm.
We also observe, as for the elliptic problem, optimal convergence rates for the velocity in
the L2 norm if the polynomial degree is odd and suboptimal if the polynomial degree is
even. Finally, we add convergence rates for the NIPG 0 method. This method numerically
converges for k ≥ 2.

6.7 Bibliographical remarks
Primal DG methods for Stokes are introduced in [107, 61]. A method using discontinu-
ous divergence-free approximations of the velocity and continuous approximations of the
pressure is described in [11]. Mixed DG methods for Stokes are analyzed and studied in
[34, 100]: an additional unknown, namely the gradient of velocity, is introduced.
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130 Chapter 6. Stokes flow

Table 6.1. Numerical errors and convergence rates for Stokes velocity.

Method k σ 0
e |||∇(u − Uh)|||H 0(Eh) Rate ‖u − Uh‖L2(
) Rate

NIPG 1 1 5.8810 × 10−03 1.0259 7.6486 × 10−05 2.0013
2 1 1.3406 × 10−04 2.0041 4.7542 × 10−06 1.9699
3 1 3.6084 × 10−06 2.9843 1.1940 × 10−08 3.9685

SIPG 1 10 4.1955 × 10−03 1.0345 6.8338 × 10−05 1.8462
2 10 1.3995 × 10−04 2.0251 3.8299 × 10−07 3.0411
3 10 7.4763 × 10−06 3.4034 1.7002 × 10−08 4.4039

IIPG 1 10 4.1446 × 10−03 1.0159 4.8448 × 10−05 1.8866
2 10 1.2701 × 10−04 2.0012 1.8436 × 10−06 2.0620
3 10 3.2272 × 10−06 3.0023 9.2767 × 10−09 3.9536

NIPG 2 0 1.4465 × 10−04 2.0093 5.8801 × 10−06 1.9718
3 0 3.9253 × 10−06 2.9767 1.3147 × 10−08 3.9715

Table 6.2. Numerical errors and convergence rates for Stokes pressure.

Method k σ 0
e ‖p − Ph‖L2(
) Rate

NIPG 1 1 9.8746 × 10−3 1.0248
2 1 5.1239 × 10−5 2.2044
3 1 2.9978 × 10−6 2.9778

SIPG 1 10 2.5143 × 10−2 0.9874
2 10 5.7527 × 10−5 1.8978
3 10 1.7230 × 10−6 3.3224

IIPG 1 10 2.3386 × 10−2 0.9863
2 10 4.7975 × 10−5 1.9923
3 10 1.5089 × 10−6 2.9383

NIPG 2 0 6.5898 × 10−5 2.1872
3 0 3.6788 × 10−6 2.9465

Exercises
6.1. Prove Lemma 6.1.

6.2. Prove Lemma 6.5.

6.3. Let (φ1, . . . , φNu
) be a basis of Xh and let (ψ1, . . . , ψNp) be a basis of Mh. Let

ξi’s and ηi’s denote the coefficients of the solutions Uh and Ph, respectively, with
respect to the basis functions φi’s and ψi’s. Derive the linear system resulting from
(6.19)–(6.20) of the form Ax = b if the unknown vector is

x = (ξ1, . . . , ξNu
, η1, . . . , ηNp )

T .

6.4. Prove Theorem 6.12.
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Chapter 7

Navier–Stokes flow

The Navier–Stokes equations differ from the Stokes equations by the addition of a nonlinear
term in the momentum balance. We propose a DG discretization of the nonlinear term based
on an upwind technique. As in the previous chapter, only two-dimensional domains are
considered.

7.1 Preliminaries

7.1.1 Sobolev imbedding

The space L2(
) is an example of the space Lr(
):

Lr(
) =
{
v measurable :

∫



|v|r < ∞
}
.

For 1 ≤ r ≤ ∞, this space is a Banach space with the norm

‖v‖Lr (
) =
(∫




|v|r
)1/r

.

If 
 ⊂ R2, the space H 1
0 (
) is imbedded into Lr(
) for any real number r < ∞:

∀v ∈ H 1
0 (
), ‖v‖Lr (
) ≤ C‖∇v‖L2(
). (7.1)

A generalization of this Sobolev imbedding to the broken space H 1(Eh) is [61]

∀v ∈ H 1(Eh), ‖v‖Lr (
) ≤ C

⎛⎝|||∇v|||2H 0(Eh) +
∑

e∈�h∪∂


1

|e| ‖[v]‖
2
L2(e)

⎞⎠1/2

, (7.2)

where C is a constant independent of h. When r = 2, we recover Poincaré’s inequality
(3.5).

131
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132 Chapter 7. Navier–Stokes flow

7.1.2 Hölder’s inequality

Let 1 ≤ p, q ≤ ∞ such that 1
p

+ 1
q

= 1. Then, if u ∈ Lp(
) and v ∈ Lq(
), the product

uv belongs to L1(
), and we have∫



|uv| ≤ ‖u‖Lp(
)‖v‖Lq(
).

When p = q = 2, we recover Cauchy–Schwarz’s inequality (2.14). Hölder’s inequality
implies that for any r > 2

∀u ∈ Lr(
), ∀v ∈ L 2r
r−2 (
), ‖uv‖L2(
) ≤ ‖u‖Lr (
)‖v‖

L
2r
r−2 (
)

.

7.1.3 Brouwer’s fixed point theorem

Theorem 7.1. Let K denote a nonvoid convex and compact subset of a finite-dimensional
space and let F be a continuous mapping from K into K . Then, F has at least one fixed
point.

A consequence of this theorem is the following lemma (see [59]).

Lemma 7.2. Let H be a finite-dimensional Hilbert space whose scalar product is denoted
by (·, ·)H and the corresponding norm is ‖ · ‖H . Let � be a continuous mapping from H

into H with the following property: there exists M > 0 such that

∀v ∈ H, ‖v‖H = M, (�(v), v) ≥ 0.

Then, there exists an element v0 in H such that

�(v0) = 0, ‖v0‖H ≤ M.

Proof. The proof proceeds by contradiction. Suppose �(v) �= 0 in the closed sphere
S = {v ∈ H : ‖v‖H ≤ M}. Then, the mapping

F(v) = −M�(v)/‖�(v)‖H
is continuous from S into S. Since H is finite-dimensional and S is nonempty convex and
compact, we apply the Brouwer fixed point theorem and obtain the existence of v0 ∈ S such
that

v0 = −M�(v0)/‖�(v0)‖H .
Thus, we have constructed an element of H such that ‖v0‖H = M and

(�(v0), v0)H = −M‖�(v0)‖H < 0.

This contradicts the assumption.
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7.2 Model problem and weak solution

Let 
 be a bounded polygonal domain in R2. The Navier–Stokes equations for an incom-
pressible fluid confined in 
 are

−μ
u + u · ∇u + ∇p = f in 
, (7.3)

∇ · u = 0 in 
, (7.4)

u = 0 on ∂
. (7.5)

As in Section 6.2, the unknown variables are the fluid velocity u and pressure p. The data
consists of the fluid viscosity μ > 0 and the body force f . Problem (7.3)–(7.5) differs from
the Stokes equations in the addition of a nonlinear convective term u ·∇u in the momentum
equation. If the components of u are u1 and u2, this term is defined as

u · ∇u = u1
∂u

∂x1
+ u2

∂u

∂x2
.

A weak solution to (7.3)–(7.5) is the pair (u, p) ∈ H 1
0 (
)

2 × L2
0(
) satisfying

∀v ∈ H 1
0 (
)

2, μ(∇u,∇v)
 + (u · ∇u, v)
 − (∇ · v, p)
 = (f , v)
, (7.6)

∀q ∈ L2
0(
), (∇ · u, q)
 = 0. (7.7)

One can show the existence of a weak solution. Uniqueness of the weak solution is guar-
anteed under a condition on the data f and μ.

In the rest of the chapter, we mainly focus on the discretization of the nonlinear term.

7.3 DG discretization
Let Eh be a regular subdivision of 
. We seek an approximation of velocity and pressure
in the finite-dimensional spaces Xh and Mh, respectively:

Xh = {v ∈ L2(
)2 : ∀E ∈ Eh, v ∈ (Pk(E))2},
Mh = {q ∈ L2

0(
) : ∀E ∈ Eh, q ∈ Pk−1(E)}.

We recall the energy norm:

∀v ∈ H 1(Eh)2, ‖v‖E =
⎛⎝∑
E∈Eh

‖∇v‖2
L2(E) +

∑
e∈�h∪∂


σ 0
e

|e| ‖[v]‖2
L2(e)

⎞⎠1/2

. (7.8)

The DG discretization of the diffusive term −
u and the pressure term ∇p is done with the
bilinear forms aε and b defined in Section 6.3. We assume that the penalty parameter σ 0

e is
strictly positive for all edges and that the form aε is coercive. Next, we present an upwind
discretization of the nonlinear term u · ∇u.
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134 Chapter 7. Navier–Stokes flow

7.3.1 Nonlinear convective term

Given a mesh element E and a function v ∈ Xh, we define the inflow ∂Ev− and outflow
∂Ev+ boundaries of E with respect to v as

∂Ev
− = {x ∈ ∂E : {v} · nE < 0}, ∂Ev

+ = ∂E \ ∂Ev
−.

We denote by vint the trace of the function v on a side of E coming from the interior of E
and by vext the trace of v coming from the exterior of E. The quantity vint − vext is just
another way of writing the jump of v. By convention, if the edge lies on the boundary of
the domain, we have vint = v and vext = 0.

The DG discretization of the nonlinear term u · ∇u is defined by the form c:

∀w, v, z, θ ∈ X, c(w, v; z, θ) =
∑
E∈Eh

∫
E

(v · ∇z) · θ + 1

2

∑
E∈Eh

∫
E

(∇ · v)z · θ (7.9)

+
∑
E∈Eh

∫
∂Ew−

|{v} · nE|(zint − zext) · θ int − 1

2

∑
e∈�h∪∂


∫
e

[v] · ne{z · θ}. (7.10)

The first argument of c appears only in the domain of integration ∂Ew− . The form c is linear
with respect to its three other arguments. Before stating important properties of the form c,
we need a lemma on the term involving w. The proof of the lemma is technical and can be
found in [60].

Lemma 7.3. Denote

�(w, v; z, θ) =
∑
E∈Eh

∫
∂Ew−

|{v} · nE|(zint − zext) · θ int. (7.11)

Then, there is a constant C0 independent of h such that∣∣∣�(z, z; z,w)− �(v, v; v,w)
∣∣∣ ≤ C0‖z − v‖E‖w‖E(‖z‖E + ‖v‖E). (7.12)

Lemma 7.4. The form c satisfies the following positivity property:

∀v, z ∈ Xh, c(v, v; z, z) = 1

2

∑
E∈Eh

‖|{v} · nE|1/2(zint − zext)‖2
L2(∂Ev−\∂
)

+‖|v · n|1/2z‖2
L2(∂
z+)

. (7.13)

Proof. We perform an integration by parts on a given mesh element E with unit normal
vector nE = (ni)i :∫

E

v · ∇z · θ =
∑

1≤i,j≤2

∫
E

viθj
∂zj

∂xi

=
∑

1≤i,j≤2

∫
E

vi
∂(zj θj )

∂xi
−

∑
1≤i,j≤2

∫
E

zjvi
∂θj

∂xi
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= −
∑

1≤i,j≤2

∫
E

∂vi

xi
zj θj +

∑
1≤i,j≤2

∫
∂E

vizj θjni −
∑

1≤i,j≤2

∫
E

zjvi
∂θj

∂xi

= −
∫
E

(∇ · v)z · θ +
∫
∂E

(v · nE)z · θ −
∫
E

v · ∇θ · z.

Therefore, we can write

c(v, v; z, θ) = −
∑
E∈Eh

∫
E

(v · ∇θ) · z − 1

2

∑
E∈Eh

∫
E

(∇ · v)z · θ − 1

2

∑
e∈�h∪∂


∫
e

[v] · ne{z · θ}

+
∑
E∈Eh

∫
∂Ev−

|{v} · nE|(zint − zext) · θ int

+
∑
E∈Eh

∫
∂E

zint · θ int(vint · nE). (7.14)

We now rewrite the trace of v on the boundary ∂E as follows:

vint = {v} + 1

2
(vint − vext) on ∂E.

Thus, we obtain∑
E∈Eh

∫
∂E

zint · θ int(vint · nE)

=
∑
E∈Eh

∫
∂E

{v} · nEzint · θ int + 1

2

∑
E∈Eh

∫
∂E

(vint − vext) · nEzint · θ int

=
∑
E∈Eh

∫
∂E

{v} · nEzint · θ int +
∑

e∈�h∪∂


∫
e

[v] · ne{z · θ}. (7.15)

In the last equation we have used the definition of the jump and the normal vector ne.
Combining (7.14) with (7.15), we have

c(v, v; z, θ) = −
∑
E∈Eh

∫
E

(v · ∇θ) · z − 1

2

∑
E∈Eh

∫
E

(∇ · v)z · θ + 1

2

∑
e∈�h∪∂


∫
e

[v] · ne{z · θ}

+
∑
E∈Eh

∫
∂Ev−

|{v} · nE|(zint − zext) · θ int

+
∑
E∈Eh

∫
∂E

{v} · nEzint · θ int. (7.16)

In the last term in (7.16), we decompose ∂E = ∂Ev− ∪ ∂Ev+ and note that

∑
E∈∂Ev+∩∂


∫
E

{v} · nEzint · θ int =
∑

E∈∂Ev−∩∂


∫
E

|{v} · nE|zext · θ ext.
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136 Chapter 7. Navier–Stokes flow

This implies that the last two terms of (7.16) are equal to the following quantity:∑
E∈Eh

∫
∂Ev−

|{v} · nE|zext · (θ ext − θ int)+
∫
∂
v+

v · nz · θ . (7.17)

Using (7.16) and (7.17), we obtain another expression for c(v, v; z, θ). We now choose
z = θ in the resulting expression and in the definition (7.10) and sum the two quantities to
obtain (7.13).

Define the space

V h = {v ∈ Xh : ∀q ∈ Mh, b(v, q) = 0}.
The next result says that the form c is continuous [61].

Lemma 7.5. There is a constant C1 independent of h and μ such that

∀v ∈ V h,∀w, z, θ ∈ Xh, c(w, v; z, θ) ≤ C1‖v‖E‖z‖E‖θ‖E . (7.18)

It is easy to see that, when u, z, θ ∈ H 1
0 (
)

2, c reduces to

cu(u; z, θ) =
∫



(u · ∇z) · θ + 1

2

∫



(∇ · u)z · θ . (7.19)

7.3.2 Scheme

The DG variational formulation is as follows: Find (Uh, Ph) ∈ Xh ×Mh such that

∀v ∈ Xh, μaε(Uh, v)+ c(Uh,Uh; Uh, v)+ b(v, Ph) = (f , v)
, (7.20)

∀q ∈ Mh, b(Uh, q) = 0. (7.21)

7.3.3 Consistency

If (u, p) satisfies (7.3)–(7.5), then c(u,u; u, v) = (u · ∇u, v)
 and one can check that
(u, p) satisfies (7.20)–(7.21).

7.4 Existence and uniqueness of solution

7.4.1 Existence of discrete velocity

Consider the space V h equipped with the energy norm ‖ · ‖E and the corresponding inner-
product (·, ·)E :

(v, z)E =
∑
E∈Eh

(∇v,∇z)E +
∑

e∈�h∪∂


σ 0
e

|e| ([v], [z])e.
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Define the mapping � : V h → V h by

∀v, z ∈ V h, (�(v), z)E = μaε(v, z)+ c(v, v; v, z)− (f , z)
.

Then, coercivity of aε and property (7.13) imply

∀v ∈ V h, (�(v), v)E ≥ μκ‖v‖2
E − (f , v)
.

The term (f , v)
 is bounded by Cauchy–Schwarz’s inequality and Poincaré’s inequality
(3.5):

(f , v)
 ≤ ‖f ‖L2(
)‖v‖L2(
) ≤ C̃‖f ‖L2(
)‖v‖E .

Thus, we obtain
(�(v), v)E ≥ (μκ‖v‖E − C̃‖f ‖L2(
))‖v‖E .

Define the sphere S in V h:

S =
{

v ∈ V h : ‖v‖E = C̃

μκ
‖f ‖L2(
)

}
.

Then, we have

∀v ∈ S, (�(v), v)E ≥ 0.

From Lemma 7.2, there exists a function Uh ∈ V h such that

�(Uh) = 0, ‖Uh‖E ≤ C̃

μκ
‖f ‖L2(
).

In particular (�(Uh), v)E = 0 for all v ∈ V h, and Uh satisfies (7.20) restricted to the space
V h. From the definition of V h, the function Uh automatically satisfies (7.21).

7.4.2 Existence of discrete pressure

The existence of Ph is a consequence of the inf-sup condition (6.27). Using similar notation
as in Section 6.1.6, we define the polar set of Vh:

V ◦
h = {φ ∈ X′

h : ∀v ∈ V h, φ(v) = 0}.
We define the mapping B ′ : Mh → V ◦

h by

∀q ∈ Mh,∀v ∈ Xh, B ′q(v) = b(v, q),

and, using the solution Uh found in the preceding section, we define the mapping φ ∈ X′
h by

∀v ∈ Xh, φ(v) = (f , v)
 − μaε(Uh, v)− c(Uh,Uh; Uh, v).

This linear functional φ belongs to V ◦
h since φ(v) = 0 for all v ∈ V h. From Lemma 6.4,

there is a unique function Ph ∈ Mh such that

B ′Ph = φ;
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equivalently,

∀v ∈ Xh, b(v, Ph) = (f , v)
 − μaε(Uh, v)− c(Uh,Uh; Uh, v).

Thus, the pair (Uh, Ph) is a solution to (7.20)–(7.21).

7.4.3 A priori bounds

Lemma 7.6. Let (Uh, Ph) ∈ Xh ×Mh be a solution to the discrete Navier–Stokes problem.
There are constants C2, C3 independent of h and μ such that

μ‖Uh‖E ≤ C2‖f ‖L2(
), (7.22)

‖Ph‖L2(
) ≤ C3(‖f ‖L2(
) + ‖Uh‖2
E). (7.23)

Proof. The bound ‖Uh‖E ≤ C
μ
‖f ‖L2(
) is obtained by choosing v = Uh in (7.20) and

by using coercivity of aε and property (7.13). From the remark in Section 6.4, there is a
function vh ∈ Xh such that

b(vh, Ph) = −‖Ph‖2
L2(
), ‖vh‖E ≤ 1

β∗ ‖Ph‖L2(
). (7.24)

Then, from (7.20), we have

‖Ph‖2
L2(
) = μaε(Uh, vh)+ c(Uh,Uh; Uh, vh)− (f , vh)
.

Using continuity of aε and property (7.18), we obtain

‖Ph‖2
L2(
) = C(μ‖Uh‖E‖vh‖E + ‖Uh‖2

E‖vh‖E + ‖f ‖L2(
)‖vh‖L2(
)).

We then conclude from (3.5) and the bounds (7.24) and (7.22).

7.4.4 Uniqueness

Theorem 7.7. Under the condition

μ2 >
2C2(C0 + C1)

κ
‖f ‖L2(
), (7.25)

there is a unique solution to (7.20)–(7.21).

Proof. Assume that (U 1
h, P

1
h ) and (U 2

h, P
2
h ) are two solutions to (7.20)–(7.21) and denote

their differences by W h = U 1
h − U 2

h and ξh = P 1
h − P 2

h . Then, we have

∀v ∈ Xh, μaε(W h, v)+ c(U 1
h,U

1
h; U 1

h, v)− c(U 2
h,U

2
h; U 2

h, v)+ b(v, ξh) = 0,

∀q ∈ Mh, b(W h, q) = 0.

Choosing v = W h and q = ξh in the equations above and using coercivity of aε gives

μκ‖W h‖2
E + c(U 1

h,U
1
h; U 1

h,W h)− c(U 2
h,U

2
h; U 2

h,W h) ≤ 0. (7.26)
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We recall the form � introduced in (7.11), and we denote d(v, z, θ) = c(w, v; z, θ) −
�(w, v; z, θ). We rewrite the nonlinear terms as

c(U 1
h,U

1
h; U 1

h,W h)− c(U 2
h,U

2
h; U 2

h,W h) = d(U 1
h; W h,W h)

+d(W h; U 2
h,W h)+ �(U 1

h,U
1
h; U 1

h,W h)− �(U 2
h,U

2
h; U 2

h,W h).

From Lemma 7.3, we have∣∣�(U 1
h,U

1
h; U 1

h,W h)− �(U 2
h,U

2
h; U 2

h,W h)
∣∣ ≤ C0‖W h‖2

E(‖U 1
h‖E + ‖U 2

h‖E).

Using the a priori bound (7.22), we obtain

∣∣�(U 1
h,U

1
h; U 1

h,W h)− �(U 2
h,U

2
h; U 2

h,W h)
∣∣ ≤ 2C0C2

μ
‖f ‖L2(
)‖W h‖2

E .

Similarly, from (7.18) and (7.22), we have∣∣d(U 1
h; W h,W h)+ d(W h; U 2

h,W h)
∣∣ ≤ C1‖W h‖2

E(‖U 1
h‖E + ‖U 2

h‖E)

≤ 2C1C2

μ
‖f ‖L2(
)‖W h‖2

E .

Therefore, (7.26) becomes(
μκ − 2C2(C0 + C1)

μ
‖f ‖L2(
)

)
‖W h‖2

E ≤ 0.

From this, we can easily conclude that W h = 0 if

μκ >
2C2(C0 + C1)

μ
‖f ‖L2(
).

Uniqueness of pressure is a consequence of the inf-sup condition (6.27) as proved in
Section 7.4.2.

7.5 A priori error estimates
We state the convergence result for the method. The proof is left to the reader.

Theorem 7.8. Assume that condition (7.25) holds true. If the exact solution (u, p) belongs
toHk+1(
)2 ×Hk(
), there is a constantC independent of h andμ such that the numerical
error satisfies

‖u − Uh‖E ≤ Chk
((

1 + 1

μ2

)
|u|Hk+1(
) + 1

μ
|p|Hk(
)

)
,

‖p − Ph‖L2(
) ≤ Chk
((
μ+ 1

μ
+ 1

μ3

)
|u|Hk+1(
) +

(
1 + 1

μ2

)
|p|Hk(
)

)
.
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7.6 Numerical experiments
The nonlinear scheme (7.20)–(7.21) has been linearized by Picard’s iteration method. Given
an initial velocity (U 0

h = 0), one computes a sequence (Un
h, P

n
h ) satisfying for n ≥ 0

∀v ∈ Xh, μaε(U
n+1
h , v)+ c(Un

h,U
n
h; Un+1

h , v)+ b(v, P n+1
h ) = (f , v)
,

∀q ∈ Mh, b(Un+1
h , q) = 0.

The termination criterion for the Picard iterations is

‖Un+1
h − Un

h‖L2(
) ≤ 10−10.

7.6.1 Effects of penalty size

We can repeat the numerical convergence studies done in Section 6.6 for the Navier–Stokes
problem. We obtain the same convergence rates, not shown here. We now study the effect
of the penalty parameter σ 0

e on the accuracy of the solution. We fix a mesh, and we choose
to approximate the velocity by piecewise polynomials of degree two and the pressure by
piecewise polynomials of degree one. We vary the penalty parameter between σ 0

e = 10−3

and σ 0
e = 105. Fig. 7.1 shows the variation of the energy norm of the error in velocity for

NIPG, IIPG, and SIPG. First, for σ 0
e ≥ 100, all three methods yield the same numerical error.

This is explained by the fact that the jump term dominates the flux terms computed on the
edges. As the penalty increases in size, the error also increases. Second, if σ 0

e ≤ 1, the
NIPG method yields comparable accurate solutions even as σ 0

e decreases. This is not the
case for the other two methods. The error obtained with the SIPG method slightly increases
as the penalty value tends to zero. The IIPG solution also loses accuracy, and the method
does not converge after 40 Picard iterations if the penalty value is 10−3. Similar conclusions
are made on the effects of the penalty size on the L2 norm of the error in the velocity (see
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Figure 7.1. Variations of the energy norm of numerical error in velocity with
respect to the penalty value for NIPG (line with squares), SIPG (line with diamonds), and
IIPG (line with circles).
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Figure 7.2. Variations of the L2 norm of numerical error in velocity with respect
to the penalty value for NIPG (line with squares), SIPG (line with diamonds), and IIPG
(line with circles).
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Figure 7.3. Variations of the L2 norm of numerical error in pressure with respect
to the penalty value for NIPG (line with squares), SIPG (line with diamonds), and IIPG
(line with circles).

Fig. 7.2). The error for the pressure in L2 norm behaves the same way for small penalties.
However, for large penalties, Fig. 7.3 shows that the error in the pressure remains small for
the IIPG method and increases for both the NIPG and SIPG methods.

7.6.2 Step channel problem

We consider the flow in a channel described in Fig. 7.4. The fluid enters the channel through
the left vertical boundary denoted by �− and exits through the right vertical boundary �+.
At both inflow �− and outflow �+ boundaries, we impose the following parabolic velocity
field:

∀(x1, x2) ∈ �− ∪ �+, u(x1, x2) = (x2(1 − x2), 0).
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142 Chapter 7. Navier–Stokes flow

On the rest of ∂
, the velocity is set to 0. The fluid viscosity is equal to one. The Navier–
Stokes velocity and pressure are approximated by piecewise polynomials of degree two
and one, respectively. The velocity field and the pressure isocontours are given in Fig. 7.5
for NIPG 1 and in Fig. 7.6 for SIPG 10. The total number of degrees of freedom equal
to 30000.

INFLOW OUTFLOW

Figure 7.4. Step channel problem setting.

Figure 7.5. Pressure isocontours for NIPG 1 (top) and SIPG 10 (bottom).
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Figure 7.6. Streamlines and velocity field for NIPG 1.

7.7 Bibliographical remarks
The analysis of primal DG methods for Navier–Stokes equations can be found in [61,
89, 60]. LDG methods for the Oseen equations (linearized Navier–Stokes) are studied in
[32]. Divergence-free DG solutions are studied in [33]. In [73], the approximation of
velocity is discontinuous and pointwise divergence-free, and the approximation of pressure
is continuous. For the time-dependent Navier–Stokes equations, primal DG methods were
proposed and analyzed in [62, 74].
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Chapter 8

Flow in porous media

In this chapter, examples of complex flow and transport phenomena in porous media are
numerically solved by using primal DG methods. We consider the cases of miscible dis-
placement and immiscible two-phase flow, which arise, for instance, in the environmental
problem of subsurface contamination and in the production of oil from petroleum reservoirs.

A petroleum reservoir consists of a porous medium whose pores contain some hy-
drocarbon components, usually referred to as oil. Oil can be extracted by three recovery
processes. In the primary recovery, oil is produced through wells by simple natural decom-
pression. Very little is obtained, as this process ends quickly when the pressure equilibrium
between the oil field and atmosphere is attained. In the second recovery, the wells are divided
into two sets: injection wells and production wells. An inexpensive fluid (water) is injected
into the reservoir to push the oil toward the production wells. Pressure inside the reservoir
is maintained high enough to avoid collapse of the rock and to avoid gas production. In that
case, the flow in the reservoir is a two-phase immiscible flow with no mass transfer between
the phases. This process is described in Section 8.1. Only 40% of the oil is recovered with
the secondary process. After both primary and secondary recovery processes, the capillary
forces, and the interfacial tension between the injected and resident fluids causes some of
the oil to remain in the pores of the reservoir rock. In order to increase oil recovery, the
capillary forces have to be eliminated or reduced. This can be done if the injected fluid is
miscible with the resident fluid. A solvent (polymers) is therefore injected at certain wells
in the petroleum reservoir. The solvent mixes with the oil to form a single phase, and this
mixture flows to other wells where oil is produced. The last process is called tertiary recov-
ery or enhanced recovery and is described by the miscible displacement problem given in
Section 8.2.

8.1 Two-phase flow
We consider pressure-saturation formulations of the incompressible two-phase flow. The
reader can refer to [67, 27, 26] for a thorough treatment of the different models of two-phase
flow.

145
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146 Chapter 8. Flow in porous media

8.1.1 Model problem

We assume that there are two flowing phases in the porous medium 
: a wetting phase
(such as water) and a nonwetting phase (such as oil). The saturation of a given phase is the
ratio of the void volume filled with the phase to the total of the void volume in the porous
medium. The unknown variables are the phase pressures pw, pn and the phase saturations
sw, sn. The subscript w (resp., n) is used for the wetting phase (resp., nonwetting phase).

The Darcy velocity for each phase is given by

uα = −λαK(∇pα − ραg), α = w, n, (8.1)

where λα is the phase mobility, K is the permeability of the porous medium, ρα is the phase
density, and g is the constant gravitational vector. Phase mobilities are defined by

λα = krα

μα
, α = w, n, (8.2)

where μα is the constant phase viscosity and krα is the relative permeability of phase α.
Relative permeabilities are nonlinear functions of the phase saturation, usually determined
experimentally. Popular models for the relative permeability are the van Genuchten model
[57] and the Brooks–Corey model [20]. For instance, using the Brooks–Corey formula,
we have

krw(se) = s
2+3θ
θ

e , krn(se) = (1 − se)
2
(

1 − s
2+θ
θ

e

)
, (8.3)

where se is the effective saturation defined as

∀srw ≤ sw ≤ 1 − srn, se = sw − srw

1 − srw − srn
.

The residual saturations srw, srn correspond to macroscopic averaging of local surface ten-
sion in the pores. For instance, if the nonwetting phase saturation sn is less than srn, then
the nonwetting phase fluid cannot be displaced by the wetting phase fluid. The additional
parameter θ ∈ [0.2, 3.0] in the definition of the relative permeabilities is a result of the
inhomogeneity of the medium. A highly heterogeneous porous medium is characterized by
a large θ . The total velocity and total mobility are the sum of the phase velocities and phase
mobilities, respectively:

ut = uw + un, λt = λw + λn.

We define the fractional flow function fw:

fw = λw

λt
.

The permeability K corresponds to an average on the continuum scale of the microscopic
heterogeneities of the medium. It may be discontinuous and may greatly vary in space. We
assume that K is symmetric positive definite. The balance of mass for each phase yields
the following equation:

φ
∂sα

∂t
+ ∇ · uα = qα, α = w, n. (8.4)
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Figure 8.1. Capillary pressure (left) and relative permeabilities (right) curves.

The variable φ is the porosity: it is the ratio of the void volume to the total volume. The
function qα is a source/sink term, in general used to model wells located inside the domain.
The system of equations (8.1), (8.4) is closed under the following relationships:

sw + sn = 1, (8.5)

pc = pn − pw. (8.6)

Clearly, the definition of saturation yields (8.5). Equation (8.6) introduces the capillary
pressure pc, which can be thought of as the macroscopic average of the microscopic forces
due to surface tension. The capillary pressure is a nonlinear function of the saturation and
can be determined experimentally. With the Brooks–Corey model, the capillary pressure is

pc(sw) = pds
− 1
θ

w .

The constant pressure pd corresponds to the capillary pressure needed to displace the fluid
from the largest pore. Fig. 8.1 shows the capillary pressure and the relative permeabilities
curves for θ = 2 and for srw = srn = 0. Finally, an initial condition and boundary
conditions complete the system. Possible boundary conditions are Dirichlet and Neumann
for the pressure and Dirichlet, Neumann, or mixed for the saturation. For instance, we may
have some of the following conditions on parts of the boundary:

pw = pwD on �pwD, (8.7)

sn = snD on �snD, (8.8)

uw · n = 0 on �pwN, (8.9)

un · n = 0 on �pnN, (8.10)

(swut + λnfwK∇pc) · n = sinut · n on �swM, (8.11)

λnfwK∇pc · n = 0 on �swN. (8.12)

From the constitutive relations (8.5) and (8.6), we can reduce the problem to a system of two
equations with two unknowns. There are many possibilities, and we present a few possible
choices.
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Wetting phase pressure-wetting phase saturation formulation

Summing the two equations from (8.4) and using (8.5), we obtain

−∇ · (λtK∇pw)− ∇ · (λnK∇pc) = qw + qn, (8.13)

φ
∂sw

∂t
+ ∇ · (λnfwK∇pc)+ ∇ · (fwut ) = qw. (8.14)

Wetting phase pressure-nonwetting phase saturation formulation

Another equivalent formulation is

−∇ · (λtK∇pw)− ∇ · (λnK∇pc) = qw + qn, (8.15)

−φ ∂sn
∂t

− ∇ · (λwK∇pw) = qw. (8.16)

Global pressure-nonwetting phase saturation formulation

Define the global pressure by

p = pn −
∫ 1−sn

1−snr
fwp

′
c + pc(1 − snr ). (8.17)

Then, an equivalent formulation is

−∇ · (λtK∇p) = qw + qn, (8.18)

φ
∂sn

∂t
+ ∇ · (λwK∇p − λnfwK∇pc) = −qw. (8.19)

The reader can refer to [26] for an extensive analysis of these mathematical models.
We discretize the partial differential equations in space using the DG method. Thus,

the pressure is approximated by discontinuous polynomials of degree kp and the saturation by
discontinuous polynomials of degree ks . The following two sections describe two different
fully discrete schemes.

8.1.2 A sequential approach

We present a discretization of the model (8.13)–(8.14). The technique we describe in this
section can be applied to any of the models given above. In a sequential approach, the
idea is to decouple the equations by time-lagging the coefficients. Let NT be a positive
integer and let
t = T/NT denote the time step. Let t i = i
t . At each time t i , we compute
DG approximations ofpw(t i) and sw(t i). We assume that ∂
 = �pwD∪�pwN = �swM∪�swN

and that boundary conditions (8.7), (8.9), (8.11), and (8.12) hold.
The fully discrete scheme is as follows: Given (P iw, S

i
w) ∈ Dkp (Eh) × Dks (Eh), find

(P i+1
w , Si+1

w ) ∈ Dkp (Eh)×Dks (Eh) such that for all (v, z) ∈ Dkp (Eh)×Dks (Eh) we have the
following set of equations.
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Pressure equation

∑
E∈Eh

∫
E

Kλt (S
i
w)∇P i+1

w · ∇v −
∑

e∈�h∪�pwD

∫
e

{Kλt (Siw)∇P i+1
w · ne}[v]

+ε
∑

e∈�h∪�pwD

∫
e

{Kλt (Siw)∇v · ne}[P i+1
w ] +

∑
e∈�h∪�pwD

σ 0
e

|e|β
∫
e

[P i+1
w ][v]

=
∑
E∈Eh

∫
E

χ i · ∇v −
∑

e∈�h∪∂


∫
e

(χ i )up · ne[v]

+
∑
e∈�pwD

σ 0
e

|e|β
∫
e

pwDv + ε
∑
e∈�pwD

∫
e

(Kλt (S
i
w)∇v · n)pwD. (8.20)

Saturation equation ∫



φ


t
Si+1
w z+

∑
E∈Eh

∫
E

Kλn(S
i
w)fw(S

i
w)|p′

c(S
i
w)|∇Si+1

w · ∇z

−
∑
e∈�s1

∫
e

Si+1
w U i

t · nez−
∑
e∈�h

∫
e

{Kλn(Siw)fw(Siw)|p′
c(S

i
w)|∇Si+1

w · ne}[z]

+ε
∑
e∈�h

∫
e

{Kλn(Siw)fw(Siw)|p′
c(S

i
w)|∇z · ne}[Si+1

w ] +
∑
e∈�h

σ 0
e

|e|β
∫
e

[Siw][z]

=
∫



φ


t
Siwz+

∑
E∈Eh

∫
E

ζ i · ∇z−
∑

e∈�h∪�pwD

∫
e

(ζ i )up · ne[z] −
∑
e∈�s1

∫
e

sinU
i
t · ne

−
∑
e∈�h

∫
e

fw(S
i
w){Kλt (Siw)∇z · ne}[P iw] −

∑
e∈�pwD

∫
e

Kλw(S
i
w)∇z · ne(P

i
w − pwD), (8.21)

where U i
t , ζ

i , and χ i are defined as

U i
t = −Kλw(S

i
w)∇P iw − Kλn(S

i
w)(p

′
c(S

i
w)∇Siw + ∇P iw),

χ i = Kλn(S
i
w)|p′

c(S
i
w)|∇Siw,

ζ i = fw{U i
t }.

Because of the discontinuous approximations, there are two values for the functions χ i

and ζ i on an interior edge. These quantities are then replaced by the upwind numerical
fluxes (χ i )up and (ζ i )up. Upwinding is done with respect to the normal component of the
average of the total velocity U t (see Section 4.2):

wup =
{
w|E1

e
if {U t } · ne ≥ 0

w|E2
e

if {U t } · ne < 0
∀e = ∂E1

e ∩ ∂E2
e . (8.22)

The approximation S0
w is defined as the L2 projection of the initial saturation sw(t = 0).
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Depending on the choice of ε and σ 0
e , we obtain the NIPG, IIPG, and SIPG variations

of the DG methods. One may use different penalty values for the pressure and saturation
equations. By time-lagging the coefficients, we obtain linear equations in P i+1

w and Si+1
w .

Equation (8.20) corresponds to the DG method applied to an elliptic problem, and (8.21)
is the DG method applied to a parabolic problem with convection. In realistic two-phase
flow, convection dominates the transport, and thus one has to apply a slope limiter to the
approximation of the saturation at each time step. Without slope limiting, the sequential
approach yields large overshoot and undershoot that blow up at finite time. Besides, since
slope limiting restricts the approximation to piecewise linears, it seems pointless to use high
order of approximation.

8.1.3 A coupled approach

Let us consider the global pressure-phase saturation problem (8.18)–(8.19). We assume that
the global pressure p satisfies the Dirichlet boundary condition of the form (8.7) on �D and
Neumann boundary conditions (8.9) and (8.10) on �N. The nonwetting phase saturation
is prescribed on the Dirichlet boundary �D. For each 1 ≤ i ≤ NT, the approximations
(P i, Sin) ∈ Dkp (Eh) × Dks (Eh) of the functions (p(·, t i), sn(·, t i)) satisfy the following set
of equations.

Pressure equation

∀v ∈ Dkp (Eh),
∑
E∈Eh

∫
E

λt (S
i+1
n )K∇P i+1 · ∇v +

∑
e∈�h∪�D

σ 0
e

|e|β
∫
e

[P i+1][v]

−
∑
e∈�h

∫
e

{λt (Si+1
n )K∇P i+1 · ne}[v] −

∑
e∈�D

∫
e

(λt (snD)K∇P i+1 · ne)v

+ε
∑
e∈�h

∫
e

{λt (Si+1
n )K∇v · ne}[P i+1] + ε

∑
e∈�D

∫
e

(λt (snD)K∇v · ne)P
i+1

= ε
∑
e∈�D

∫
e

(λt (snD)K∇v · ne)pD +
∑
e∈�D

σ 0
e

|e|β
∫
e

pDv +
∫



(qw(t
i+1)+ qn(t

i+1))v. (8.23)

Saturation equation

∀z ∈ Dks (Eh),
∫



φ


t
(Si+1
n − Sin)z−

∑
E∈Eh

∫
E

λw(S
i+1
n )K∇P i+1 · ∇z

+
∑
E∈Eh

∫
E

λn(S
i+1
n )fw(S

i+1
n )p′

c(S
i+1
n )K∇Si+1

n · ∇z

+
∑
e∈�h

∫
e

{λw(Si+1
n )K∇P i+1 · ne}[z] +

∑
e∈�D

∫
e

(λw(snD)K∇P i+1 · ne)z

−
∑
e∈�h

∫
e

{λn(Si+1
n )fw(S

i+1
n )p′

c(S
i+1
n )K∇Si+1

n · ne}[z]

−
∑
e∈�D

∫
e

(λn(snD)fw(snD)p
′
c(snD)K∇Si+1

n · ne)z
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−ε
∑
e∈�h

∫
e

{λw(Si+1
n )K∇z · ne}[P i+1] − ε

∑
e∈�D

∫
e

(λw(snD)K∇z · ne)P
i+1

+ε
∑
e∈�h

∫
e

{λn(Si+1
n )fw(S

i+1
n )p′

c(S
i+1
n )K∇z · ne}[Si+1

n ]

+ε
∑
e∈�D

∫
e

λn(snD)fw(snD)p
′
c(snD)K∇z · ne)S

i+1
n

+
∑

e∈�h∪�D

σ 0
e

|e|β
∫
e

[Si+1
n ][z] =

∑
e∈�D

σ 0
e

|e|β
∫
e

snDz−
∫



qw(t
i+1)z

−ε
∑
e∈�D

∫
e

(λw(snD)K∇z · ne)pD + ε
∑
e∈�D

∫
e

(λn(snD)fw(snD)p
′
c(snD)K∇z · ne)snD.

(8.24)

The approximation S0
n is chosen as the L2 projection of the saturation sn(t = 0). Problem

(8.23)–(8.24) is a system of nonlinear equations to be solved at each time step. We either
use a Picard iteration or Newton’s method. The coupled approach is therefore more costly
than the sequential approach. The main advantage of this approach lies in the fact that
even though some overshoot and undershoot phenomena occur, they are small and remain
bounded. No slope limiting technique is needed. In the nondegenerate case, we can analyze
the scheme and show that it converges with optimal rate [49]. Besides, increasing the
degrees of polynomials improves the accuracy of the solution and diminishes the amount
of overshoot/undershoot.

8.1.4 Numerical examples

The Buckley–Leverett problem: This is the two-phase flow problem in 1D and without
capillary pressure effects. In that case, a quasi-analytical solution can be derived. Fig. 8.2

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

Figure 8.2. Buckley–Leverett problem: exact solution (solid line), DG solution
with ks = 1 (dashed line), DG solution with ks = 2 (dash-dotted line), and DG solution
with ks = 3 (solid line).
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Figure 8.3. Permeability field and coarse mesh: permeability is 10−11 in white
regions and 10−16 elsewhere.
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Figure 8.4. NIPG: wetting phase saturation contours at 35 days: σ 0
e = 0 (left),

σ 0
e = 10−5 (center), σ 0

e = 1 (right).

compares the DG solution obtained with the coupled approach to the quasi-analytical
solution. As the polynomial degree increases, the solution is more accurate. Small overshoot
and undershoot occur, but they remain stable.

Inhomogeneous medium: We consider a square domain (0, 400)2 with varying permeability
as shown in Fig. 8.3. The permeability is 10−11I m2 except in several small regions where
it is 105 times smaller (see [45]). The regions with small permeability act as impermeable
zones into which the injected wetting phase does not flow. The simulation is run for 35 days.
The vertical boundaries correspond to�pwD: a difference in pressure drives the flow from left
to right. The left vertical boundary corresponds to �swM. The sequential approach (8.20)–
(8.21) is used with slope limiting described in Section 4.3.2. The DG approximations are
piecewise linears for saturation and piecewise quadratics for pressure. At each time step, the
mesh is refined or derefined according to computed error indicators [75]. Fig. 8.4 shows the
wetting phase saturation contours for the NIPG method with various penalty values. There is
very little numerical diffusion for small values of the penalty, namely σ 0

e = 0 or σ 0
e = 10−5.

However, if the penalty increases (σ 0
e = 1), then the numerical solution is diffusive and

does not “see” the regions of small permeability values. This sensitivity to the choice of
the penalty is pronounced for highly varying permeability. Fig. 8.5 shows the contours of
the saturation obtained with the SIPG and IIPG methods. Similar conclusions are made.

Five-spot problem: The domain and the coarse mesh are given in Fig. 8.6. Four production
wells are located at each corner of the domain, and one injection well is located in the
center of the domain. Wetting phase pressure is imposed on the well bores. The meshes
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Figure 8.5. Two-dimensional wetting phase saturation contours at 35 days for
σ 0
e = 10−6: IIPG (left) and SIPG (right).

Figure 8.6. Five-spot problem: domain with coarse mesh.

are adaptively refined and derefined as the front of the wetting phase moves through the
domain. Here, the DG method with the sequential approach is used. Fig. 8.7 shows the
contours of the wetting phase pressure and saturation at a given time.

8.2 Miscible displacement
We consider the displacement of one incompressible fluid by another in a porous medium

 in R2 over a time period (0, T ). The invading and the displaced fluids are referred to as
the solvent and the resident fluid. We further assume that solvent and resident fluid mix in
all proportions forming a single phase, and we neglect the influence of gravity. Miscible
displacement is mathematically modeled by a coupled system of an elliptic equation with
a parabolic equation that is convection dominated. In that sense, the nature of the problem
is similar to the global pressure-phase saturation model of two-phase flow. The classical
equations governing the miscible displacement in 
 over [0, T ] are

u = 1

μ(c)
K∇p in [0, T ] ×
, (8.25)

−∇ · u = q, in [0, T ] ×
, (8.26)

φ
∂c

∂t
+ ∇ · (uc − D(u)∇c) = c̃q in [0, T ] ×
, (8.27)
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Figure 8.7. Five-spot problem: wetting phase pressure (left) and wetting phase
saturation (right).

where the unknown variables are p, the pressure in the fluid mixture, and c, the fraction
volume (or concentration) of the solvent in the fluid mixture. The permeability K of the
medium measures the resistance of the medium to fluid flow; the viscosity μ of the fluid
measures the resistance to flow of the fluid mixture; u represents the Darcy velocity (volume
flowing across a unit cross-section per unit time); the porosity φ is the fraction of the volume
of the medium occupied by pores; and D(u) is the coefficient of molecular diffusion and
mechanical dispersion of one fluid into the other. The imposed external total flow rate q
is a sum of point sources and sinks, and, in the case of oil recovery, q represents the flow
rates at injection and production wells. The data c̃ is the injected concentration at injection
wells and the resident concentration at production wells. Here, D(u) is a tensor depending
on the velocity:

D(u) = (αt |u| +Dm)I + (αl − αt)
uuT

‖u‖ ,

where Dm is the molecular diffusivity, αl and αt are the longitudinal and transverse dis-
persivities, respectively, ‖u‖ represents the magnitude of the velocity vector, and I is the
identity tensor. In 2D, for u = (ux, uy), D(u) can be written as

D(u) = DmI + αl

‖u‖
[

u2
x uxuy

uxuy u2
y

]
+ αt

‖u‖
[

u2
y −uxuy

−uxuy u2
x

]
. (8.28)

Equation (8.25) is a formulation of Darcy’s law and is referred to as the pressure equation.
Equation (8.27) is the transport equation. The boundary of the domain is characterized in
two ways. First, it is decomposed into a Dirichlet part �D and a Neumann part �N such that
�D ∪ �N = ∂
 and �D ∩ �N = ∅. Second, the boundary is divided into an inflow part �in

and an outflow part �out:

�in = {x ∈ ∂
 : u · n < 0}, �out = ∂
 \ �in.
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We assume the following boundary conditions for pressure and concentration:

p = pD in (0, T )× �D, (8.29)

1

μ(c)
K∇p · n = 0 in (0, T )× �N, (8.30)

(cu − D(u)∇c) · n = cinu · n in (0, T )× �in, (8.31)

−D(u)∇c · n = 0 in (0, T )× �out. (8.32)

Finally, the system is completed by an initial condition on c:

c = c0 in {0} ×
.

The viscosity of the fluid mixture is assumed to follow the quarter-power mixing law,
commonly applicable to hydrocarbon mixtures [76]:

μ(c) = (cμ−0.25
s + (1 − c)μ−0.25

o )−4,

where μs (resp., μo) is the viscosity of the solvent (resp., resident fluid). The stability of
the flow is characterized by the mobility ratio, i.e., the ratio of the viscosity of the resident
fluid to the viscosity of the solvent:

M = μo

μs
.

Small instabilities in the flow will grow if the mobility ratio is larger than unity. In that
case, protrusions referred to as viscous fingering develop through the resident fluid. Other
important characteristics are Peclet numbers Pem, Pel , Pet that give the ratios of convective
effects to those of molecular diffusion, longitudinal dispersion, and transversal dispersion,
respectively. If L denotes a representative length, those numbers are defined by

Pem = qL

φDm

, Pel = L

αl
, Pet = L

αt
.

8.2.1 Semidiscrete formulation

We define in this section a semidiscrete problem for (8.26)–(8.32). Let Eh be a mesh as
described in Section 2.3. We first define forms that are linear with respect to their last two
arguments:

aε(c;p, v) =
∑
E∈Eh

∫
E

1

μ(c)
K∇p∇v −

∑
e∈�h∪�D

∫
e

{
K

μ(c)
∇p · ne

}
[v]

+
∑

e∈�h∪�D

σ 0
e

|e|
∫
e

[p][v] + ε
∑

e∈�h∪�D

∫
e

{
K

μ(c)
∇v · ne

}
[p] ,
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bε(u; c,w) =
∑
E∈Eh

∫
E

D(u)∇c∇w −
∫
E

cu · ∇w

−
∑
e∈�h

∫
e

{D(u)∇c · ne} [w] + ε
∑
e∈�h

∫
e

{D(u)∇w · ne} [c]

+
∑
e∈�h

∫
e

cup{u} · ne[w] +
∑
e∈�out

∫
e

cu · new +
∑
e∈�h

σ 0
e

|e|
∫
e

[c][w],

where cup is the upwind value of c with respect to {u} (similar definition as (8.22)). We also
define the following functionals that are linear with respect to their last argument:

L1(c; v) =
∫



qv +
∑
e∈�D

∫
e

{
1

μ(c)
K∇v · ne

}
pD +

∑
e∈�N

∫
e

gv +
∑
e∈�D

σ 0
e

|e|
∫
e

pDv,

L1(u;w) =
∫



c̃qw −
∑
e∈�in

∫
e

cinu · new.

The continuous in time DG method is given by the map (Ph, Ch) : [0, T ] → Dkp (Eh) ×
Dkc (Eh) determined by the relations, for any t in J ,

∀v ∈ Dkp (Eh), aε(Ch(t);Ph(t), v) = L1(Ch(t), v), (8.33)

∀w ∈ Dkc (Eh),
(
φ
∂Ch

∂t
, w

)



+ bε(Uh(t);Ch,w) = L2(Uh, w), (8.34)

∀w ∈ Dkc (Eh), (Ch(0), w)
 = (c0, w)
, (8.35)

where

Uh(t) = − 1

μ(Ch(t))
K∇Ph(t).

There are several possible time discretizations. For instance, as in the two-phase flow prob-
lem, we can solve the pressure and concentration equations together as a coupled nonlinear
system, or we can solve the equations successively by time-lagging the coefficients. The
latter approach is presented in the following section.

8.2.2 A fully discrete approach

Let NT be a positive integer and let 
t = T/NT denote the time step. Let t i = i
t . At
each time t i , we compute a DG approximation of p(ti) and c(t i) denoted by P ih and Cih and
satisfying for all i ≥ 0

∀v ∈ Dkp (Eh), aε(C
i
h(t);P i+1

h (t), v) = L1(C
i
h(t), v),

∀w ∈ Dkc (Eh),
(
φ
C̃i+1
h − Cih


t
,w

)



+ bε(Ui
h; C̃i+1

h , w) = L2(U
i
h, w),

Ci+1
h = L(C̃i+1

h ).

The initial concentration C0
h is the L2 projection of c0 onto Dkc (Eh). Because of the large

convective effects, slope limiters are needed in order to obtain a stable scheme. The slope
limiting operator is denoted by L (see Section 4.3.2).
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8.2.3 Numerical examples

We present some simulation results obtained with the sequential approach. Both concen-
tration and pressure are approximated by discontinuous piecewise quadratics. We assume
first that the permeability field takes two values. The permeability is 1000 times smaller in
a horizontal band located at the center of the domain. Fig. 8.8 shows the concentration con-
tours for a mobility ratio equal to 100. As expected, the solvent does not penetrate the band
of lower permeability. Next, we consider a randomly generated permeability field, and we
set the mobility ratio equal to 10. Fig. 8.9 shows the contours of pressure and concentration
at a given time. Because of the highly discontinuous permeability (representing the het-
erogeneities of the medium), viscous fingering occurs. As the mobility ratio increases, the
length of the fingers increases. Fig. 8.10 shows the contours of pressure and concentration
computed at the same time as in Fig. 8.9 but for a mobility ratio equal to 100.
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Figure 8.8. Mobility ratio 100: concentration contours.
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Figure 8.9. Mobility ratio 10: pressure contours (left) and concentration contours (right).
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Figure 8.10. Mobility ratio 100: pressure contours (left) and concentration con-
tours (right).

8.3 Bibliographical remarks
Sequential DG methods for incompressible two-phase flow are formulated in [75]. In [69],
the DG method is combined with the mixed finite element method. Coupled DG methods for
incompressible two-phase flow are studied in [51, 48, 49]. DG methods for incompressible
miscible displacement are considered in [103, 102, 93, 92, 52].
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Appendix A

Quadrature rules

Let O be a domain in Rd . A quadrature rule is defined by a set of nodes (xi )i∈I in O and a
set of weights (wi)i∈I in R. The general form of a quadrature rule is∫

O
f ≈

∑
i∈I

wif (xi ).

In this chapter, we define quadrature rules for an interval, for the reference triangle, and for
the reference quadrilateral.

A.1 Gauss quadrature rule on intervals
With a change of variable, we can transform any given integral on the interval (a, b) into
an integral on the interval (−1, 1):∫ b

a

f (s)ds = b − a

2

∫ 1

−1
f

(
b − a

2
t + a + b

2

)
dt.

Therefore, we consider only the Gauss quadrature rule on the interval (−1, 1):∫ 1

−1
f (s)ds ≈

QG∑
i=1

wif (si).

The Gauss quadrature rule with QG nodes is exact for polynomials of degree less than or
equal to 2QG−1. TableA.1 lists the quadrature nodes and weights for several values ofQG.

A.2 Quadrature rules on the reference triangle

We present numerical quadrature rules [44] for computing
∫
Ê
φ(x, y)dxdy, where Ê is the

reference triangle defined in Section 2.5.1. The quadrature rule is∫
Ê

v̂ ≈
QD∑
i=1

wiv̂(sx,i , sy,i).

159
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Table A.1. Gauss quadrature nodes and weights on the interval (−1, 1).

QG k wj sj
1 1 2.000000000000 0.000000000000
2 3 1.000000000000 −0.577350269189

1.000000000000 0.577350269189
3 5 0.555555555555 −0.774596669241

0.888888888888 0.000000000000
0.555555555555 0.774596669241

4 7 0.347854845137 −0.861136311594
0.652145154862 −0.33998104358
0.652145154862 0.339981043584
0.347854845137 0.861136311594

Table A.2. Quadrature weights and points for reference triangle.

QD k wi sx,i sy,i
1 1 0.500000000000 0.333333333333 0.333333333333
3 2 0.166666666666 0.666666666667 0.166666666667

0.166666666666 0.166666666667 0.166666666667
0.166666666666 0.166666666667 0.666666666667

4 3 −0.281250000000 0.333333333333 0.333333333333
0.260416666666 0.200000000000 0.200000000000
0.260416666666 0.600000000000 0.200000000000
0.260416666666 0.200000000000 0.600000000000

6 4 0.1116907948390 0.108103018168 0.445948490915
0.1116907948390 0.445948490915 0.445948490915
0.1116907948390 0.445948490915 0.108103018168
0.0549758718276 0.816847572980 0.091576213509
0.0549758718276 0.091576213509 0.091576213509
0.0549758718276 0.091576213509 0.816847572980

7 5 0.112500000000 0.333333333333 0.333333333333
0.062969590272 0.101286507323 0.101286507323
0.062969590272 0.797426985353 0.101286507323
0.062969590272 0.101286507323 0.797426985353
0.066197076394 0.470142064105 0.470142064105
0.066197076394 0.059715871789 0.470142064105
0.066197076394 0.470142064105 0.059715871789

12 6 0.058393137863 0.501426509658 0.249286745170
0.058393137863 0.249286745170 0.249286745170
0.058393137863 0.249286745170 0.501426509658
0.025422453185 0.873821971016 0.063089014491
0.025422453185 0.063089014491 0.063089014491
0.025422453185 0.063089014491 0.873821971016
0.041425537809 0.053145049844 0.310352451033
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Table A.2. Continued

QD k wi sx,i sy,i
0.041425537809 0.310352451033 0.053145049844
0.041425537809 0.053145049844 0.636502499123
0.041425537809 0.636502499123 0.053145049844
0.041425537809 0.636502499123 0.310352451033
0.041425537809 0.310352451033 0.636502499123

13 7 −0.074785022233 0.333333333333 0.333333333333
0.087807628716 0.479308067841 0.260345966079
0.087807628716 0.260345966079 0.260345966079
0.087807628716 0.260345966079 0.479308067841
0.026673617804 0.869739794195 0.065130102902
0.026673617804 0.065130102902 0.065130102902
0.026673617804 0.065130102902 0.869739794195
0.038556880445 0.048690315425 0.312865496004
0.038556880445 0.312865496004 0.048690315425
0.038556880445 0.048690315425 0.638444188569
0.038556880445 0.638444188569 0.048690315425
0.038556880445 0.638444188569 0.312865496004
0.038556880445 0.312865496004 0.638444188569

Let k denote the polynomial degree for which this rule is exact. Table A.2 gives the values
of the quadrature nodes (sx,i , sy,i) and weights wi for several values of k and QD.

A.3 Quadrature rule on the reference quadrilateral

Let Ê be the reference quadrilateral: Ê = (−1, 1)2. We apply the one-dimensional Gauss
quadrature rule in each direction:∫ 1

−1

∫ 1

−1
f (x̂, ŷ)dx̂dŷ ≈

QG∑
i=1

QG∑
j=1

wiwjf (si, sj ).
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Appendix B

DG codes

B.1 A MATLAB implementation for a one-dimensional
problem

The following code solves (1.1)–(1.3) with K = 1.

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% Solution of the elliptic problem
% -p’’(x) = f(x) in (0,1)
% p(0) = 1
% p(1) = 0
% with primal discontinuous Galerkin methods
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
function [Aglobal,rhsglobal,ysol] = DGsimplesolve(nel,ss,penal)
%
% input variables
% nel: number of subintervals
% ss: symmetrization parameter equal to 1 for NIPG,
% 0 for IIPG, and -1 for SIPG
% penal: penalty parameter
% output variables
% Aglobal: global stiffness matrix
% rhsglobal: global right-hand side
% ysol: vector of DG unknowns
% local matrices

Amat = (nel)*[0 0 0;0 4 0;0 0 16/3];
Bmat = (nel)*[penal 1-penal -2+penal;

-ss-penal -1+ss+penal 2-ss-penal;
2*ss+penal 1-2*ss-penal -2+2*ss+penal];

Cmat = (nel)*[penal -1+penal -2+penal;
ss+penal -1+ss+penal -2+ss+penal;
2*ss+penal -1+2*ss+penal -2+2*ss+penal];

Dmat = (nel)*[-penal -1+penal 2-penal;
-ss-penal -1+ss+penal 2-ss-penal;
-2*ss-penal -1+2*ss+penal 2-2*ss-penal];

Emat = (nel)*[-penal 1-penal 2-penal;
ss+penal -1+ss+penal -2+ss+penal;
-2*ss-penal 1-2*ss-penal 2-2*ss-penal];

163
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164 Appendix B. DG codes

F0mat =(nel)*[penal 2-penal -4+penal;
-2*ss-penal -2+2*ss+penal 4-2*ss-penal;
4*ss+penal 2-4*ss-penal -4+4*ss+penal];

FNmat =(nel)*[penal -2+penal -4+penal;
2*ss+penal -2+2*ss+penal -4+2*ss+penal;
4*ss+penal -2+4*ss+penal -4+4*ss+penal];

% dimension of local matrices
locdim = 3;

% dimension of global matrix
glodim = nel * locdim;

% initialize to zero matrix and right-hand side vector
Aglobal = zeros(glodim,glodim);
rhsglobal = zeros(glodim,1);

% Gauss quadrature weights and points
wg(1) = 1.0;
wg(2) = 1.0;
sg(1) = -0.577350269189;
sg(2) = 0.577350269189;

% assemble global matrix and right-hand side
% first block row

for ii=1:locdim
for jj=1:locdim

Aglobal(ii,jj) = Aglobal(ii,jj)+Amat(ii,jj)+F0mat(ii,jj)+Cmat(ii,jj);
je = locdim+jj;
Aglobal(ii,je) = Aglobal(ii,je)+Dmat(ii,jj);
end; %jj

end; %ii
% compute right-hand side

rhsglobal(1) = nel*penal;
rhsglobal(2) = nel*penal*(-1) - ss*2*nel;
rhsglobal(3) = nel*penal+ss*4*nel;
for ig=1:2

rhsglobal(1) = rhsglobal(1)
+ wg(ig)*sourcef((sg(ig)+1)/(2*nel))/(2*nel);

rhsglobal(2) = rhsglobal(2)
+ wg(ig)*sg(ig)*sourcef((sg(ig)+1)/(2*nel))/(2*nel);

rhsglobal(3) = rhsglobal(3)
+ wg(ig)*sg(ig)*sg(ig)*sourcef((sg(ig)+1)/(2*nel))/(2*nel);

end; %ig

% intermediate block rows
% loop over elements

for i=2:(nel-1)
for ii=1:locdim

ie = ii+(i-1)*locdim;
for jj=1:locdim

je = jj+(i-1)*locdim;
Aglobal(ie,je) = Aglobal(ie,je)+Amat(ii,jj)+Bmat(ii,jj)+Cmat(ii,jj);
je = jj+(i-2)*locdim;
Aglobal(ie,je) = Aglobal(ie,je)+Emat(ii,jj);
je = jj+(i)*locdim;
Aglobal(ie,je) = Aglobal(ie,je)+Dmat(ii,jj);
end; %jj
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% compute right-hand side
for ig=1:2

rhsglobal(ie) = rhsglobal(ie)
+wg(ig)*(sg(ig)ˆ(ii-1))*sourcef((sg(ig)+2*(i-1)+1.0)/(2*nel))/(2*nel);

end; %ig
end; %ii

end; %i

% last block row
for ii=1:locdim

ie = ii+(nel-1)*locdim;
for jj=1:locdim

je = jj+(nel-1)*locdim;
Aglobal(ie,je) = Aglobal(ie,je)+Amat(ii,jj)+FNmat(ii,jj)+Bmat(ii,jj);
je = jj+(nel-2)*locdim;
Aglobal(ie,je) = Aglobal(ie,je)+Emat(ii,jj);
end; %jj

% compute right-hand side
for ig=1:2

rhsglobal(ie) = rhsglobal(ie)
+wg(ig)*(sg(ig)ˆ(ii-1))*sourcef((sg(ig)+2*(nel-1)+1.0)/(2*nel))/(2*nel);

end; %ig
end; %ii

% solve linear system
ysol = Aglobal\rhsglobal;

return;

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
function yval = sourcef(xval)

% source function for exact solution=(1-x)eˆ(-xˆ2)
yval = -(2*xval-2*(1-2*xval)+4*xval*(xval-xvalˆ2))*exp(-xval*xval);

return;

B.2 Selected C routines for higher dimensional problem
We now present several routines written in C that are needed to solve the Poisson problem:

−
p = f in 
,

p = 0 on ∂
.

We consider a two-dimensional domain subdivided into triangles. The data structure is
explained in Section 2.9.1. We assume that the same polynomial degree is used everywhere
and that the code can be easily modified to handle different polynomial degrees for different
elements. In all the routines, the entries in a matrix are actually stored as entries of a long
vector, via the definition of macros at the beginning of the routine. The local matrices are
assumed to have a maximum number of columns equal to 10, but this can be easily changed
in the definition of macros to accommodate polynomial approximation of degree greater
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166 Appendix B. DG codes

than three. We first give the routine localmat_vol that computes the local matrix AE

and the local right-hand side bE for each mesh element E.

// macros for defining the matrices
#define Aloc(i,j) Aloc[ 10*((j)-1) + (i)-1 ]
#define xg(i,j) xg[ 2*((j)-1) + (i)-1 ]
#define der_basis(i,j) der_basis[ 2*((j)-1) + (i)-1 ]

void localmat_vol(
int E; // in: number of elements
double *Aloc; // out: local matrix
double *Floc // out: local right-hand side
)

{
// local variables

int k; // polynomial degree
int Nloc; // local dimension
int ng; // number of numerical quadrature points
int ig,idofs,jdofs;
double *wg; // quadrature weights
double *xg; // local coordinates of quadrature points
double *val_basis;//values of basis functions
double *der_basis;//derivatives of basis functions
double source; // value of source function
double determ; // determinant of Jacobian matrix
double xx[2]; // global coordinates of quadrature point

// initialize the quadrature weights and points
ng = 6;
xg = (double *)malloc (sizeof(double)*2*ng);
wg = (double *)malloc (sizeof(double)*ng);
get_quadrature_triangle(ng,xg,wg);

// get polynomial degree
k = mesh_elt[E].degree;
Nloc = (k+1)*(k+2)/2;

// allocate memory for the basis
val_basis = (double *)malloc (sizeof(double)*Nloc);
der_basis = (double *)malloc (sizeof(double)*2*Nloc);

// initialize to zero the local matrix and right-hand side
init_zero(Aloc,Nloc*Nloc);
init_zero(Floc,Nloc*Nloc);

// loop over the quadrature points
for (ig=1;ig<=ng;ig++) {

// compute values and derivatives of basis functions and determinant
elem_basis(k,xg(1,ig),xg(2,ig),E,val_basis,der_basis,&determ);

// compute global coordinates of quadrature point
loc_to_glo_coor(E,xg(1,ig),xg(2,ig),xx);

// get source function
source_fct(xx,&source);

// compute the entries of local matrix
for (idofs=1;idofs<=Nloc;idofs++) {

for (jdofs=1;jdofs<=Nloc;jdofs++) {
Aloc(idofs,jdofs,Nloc) += (der_basis(1,jdofs)*der_basis(1,idofs)

+der_basis(2,jdofs)*der_basis(2,idofs))
*determ*wg[ig-1];

}// jdofs
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Floc[idofs-1] += source*val_basis[idofs-1]*determ*wg[ig-1];
}// idofs

}// ig

// free pointers
free(xg);
free(wg);
free(val_basis);
free(der_basis);

return;
}

The above routine calls other routines that can be written without difficulty. The
routine get_quadrature_triangle initializes the arrays xg and wg so that they
contain the coordinates of the quadrature points and the weights of the quadrature points
given in Table A.2. The routine init_zero initializes to zero the arrays Aloc and
Floc. The routine loc_to_glo_coor gives the global coordinates of a point (x̂, ŷ) in
the reference triangle, using the mapping defined by (2.30): xx= FE(xg). The routine
source_fct returns the value of the right-hand side function f in (2.16) evaluated at the
point xx. Finally, the routine elem_basis computes the values and global derivatives of
the basis functions, as well as the determinant of the Jacobian matrix BE . This routine is
given below: it calls another routine get_node_coor that returns the coordinates of the
vertices of the triangle E.

// macros for defining the matrices
#define dbasis(i,j) dbasis[ 2*((j)-1) + (i)-1 ]
#define inv_BE(i,j) inv_BE[ 2*((j)-1) + (i)-1 ]

void elem_basis(
int k; // in: polynomial degree
double xhat; // in: x-coordinate of point
double yhat; // in: y-coordinate of point
int E; // in: element number
double vbasis; // out: value of basis function
double *dbasis; // out: derivative of basis function
double *determ; // out: determinant of Jacobian matrix
)

{
// local variables

int i,ii;
double nodecoor[6]; // coordinates of vertices of E
double inv_BE[4]; // inverse of BE
double *ssn,*ttn; // monomial values
double *dttn,*dssn; // monomial derivatives
double temp;

// get coordinates of vertices of E
// nodecoor[0],nodecoor[1] are the coordinates of vertex 1
// nodecoor[2],nodecoor[3] are the coordinates of vertex 2
// nodecoor[4],nodecoor[5] are the coordinates of vertex 3

get_node_coor(E,nodecoor);

// compute det(BE)
*determ = (nodecoor[2]-nodecoor[0])*(nodecoor[5]-nodecoor[1])

-(nodecoor[4]-nodecoor[0])*(nodecoor[3]-nodecoor[1]);
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// inverse of BE
inv_BE(1,1) = (nodecoor[5]-nodecoor[1])/(*determ);
inv_BE(2,2) = (nodecoor[2]-nodecoor[0])/(*determ);
inv_BE(1,2) = -(nodecoor[4]-nodecoor[0])/(*determ);
inv_BE(2,1) = -(nodecoor[3]-nodecoor[1])/(*determ);

// monomial basis
ssn = (double *)malloc(sizeof(double)*(k+1));
ttn = (double *)malloc(sizeof(double)*(k+1));
dssn = (double *)malloc(sizeof(double)*(k+1));
dttn = (double *)malloc(sizeof(double)*(k+1));
ssn[0] = 1.0;
ttn[0] = 1.0;
dssn[0] = 0.0;

dttn[0] = 0.0;
ssn[1] = xhat;
ttn[1] = yhat;
dssn[1] = 1.0;
dttn[1] = 1.0;
for (i=2;i<=k;i++) {

ssn[i] = xhat*ssn[i-1];
ttn[i] = yhat*ttn[i-1];
dssn[i] = xhat*dssn[i-1];
dttn[i] = yhat*dttn[i-1];
}

for (i=2;i<=k; i++) {
dssn[i] *= i;
dttn[i] *= i;
}

// values of basis functions
ii=0;
for (i=0;i<=k;i++) {

for (j=0;j<=i;j++) {
vbasis[ii] = ssn[i-j]*ttn[j];
ii = ii+1;
}// j

}// i

// derivatives of basis functions
ii=1;
for (i=0;i<=k;i++) {

for (j=0;j<=i;j++) {
// local derivatives

dbasis(1,ii) = dssn[i-j]*ttn[j];
dbasis(2,ii) = ssn[i-j]*dttn[j];

// global derivatives
temp=dbasis(1,ii)*inv_BE(1,1)+dbasis(2,ii)*inv_BE(2,1);
dbasis(2,ii)=dbasis(1,ii)*inv_BE(1,2)+dbasis(2,ii)*inv_BE(2,2);
dbasis(1,ii)=temp;
ii = ii+1;
} // j

} // i

return;
}
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The next algorithm computes the local stiffness matrices obtained by the integration
over one edge numbered iface. We assume that the edge is an interior edge shared by
two triangles. From this routine, it is easy to write the routine for the local stiffness matrix
associated with a boundary edge. The choice of the method is defined by a variable penal
and macros NIPG,SIPG,IIPG.

// macros
#define NIPG (1)
#define SIPG (2)
#define IIPG (3)
#define Bloc11(i,j) Bloc11[ 10*((j)-1) + (i)-1 ]
#define Bloc22(i,j) Bloc22[ 10*((j)-1) + (i)-1 ]
#define Bloc12(i,j) Bloc12[ 10*((j)-1) + (i)-1 ]
#define Bloc21(i,j) Bloc21[ 10*((j)-1) + (i)-1 ]
#define der_basis1(i,j) der_basis1[ 2*((j)-1) + (i)-1 ]
#define der_basis2(i,j) der_basis2[ 2*((j)-1) + (i)-1 ]

void localmat_face(
int iface; // in: number of edges
int penal; // in: type of primal method
double *Bloc11; // out: local matrix
double *Bloc22; // out: local matrix
double *Bloc12; // out: local matrix
double *Bloc21 // out: local matrix
)

{

// local variables
int k; // polynomial degree
int Nloc; // local dimension
int ng; // number of numerical quadrature points
int E1, E2; // elements neighbors of edge
int ig,idofs,jdofs;
double *wg; // quadrature weights
double *xg; // quadrature points on segment
double *val_basis1;//values of basis functions for neighbor E1
double *der_basis1;//derivatives of basis functions for neighbor E1
double *val_basis2;//values of basis functions for neighbor E2
double *der_basis2;//derivatives of basis functions for neighbor E2
double determ1,determ2;// determinant of Jacobian matrix
double ss1[2],ss2[2]; // local coordinates of quadrature points
double normal_vec[2];// normal vector to edge pointing from E1 to E2
double area; // length of edge
double eps_ns; // symmetrization parameter
double val_penal;// value of penalty

// initialize the quadrature weights and points
ng = 3;
xg = (double *)malloc (sizeof(double)*ng);
wg = (double *)malloc (sizeof(double)*ng);
get_quadrature_segment(ng,xg,wg);

// get neighbors of edge
E1 = meshface[iface].neighbor[0];
E2 = meshface[iface].neighbor[1];
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// get polynomial degree
k = mesh_elt[E1].degree;
Nloc = (k+1)*(k+2)/2;

// define the method
if (penal==NIPG) {

eps_ns = 1;
}

else if (penal==IIPG) {
eps_ns = 0;
}

else if (penal==SIPG) {
eps_ns = -1;
}

get_penalty(&val_penal);

// loop over the quadrature points
for (ig=0;ig<ng;ig++) {

// compute local coordinates of quadrature point
loc_coor_quad(iface,E1,E2,xg[ig],ss1,ss2);

// compute normal vector to E1 and length of edge
calc_normal_face(iface,E1,normal_vec);
calc_length_face(iface,&area);

// compute values and derivatives of basis functions and determinant
elem_basis(k,ss1[0],ss1[1],E1,val_basis1,der_basis1,&determ1);
elem_basis(k,ss2[0],ss2[1],E2,val_basis2,der_basis2,&determ2);

// compute the entries of local matrix Bloc11
for (idofs=1;idofs<=Nloc;idofs++) {

for (jdofs=1;jdofs<=Nloc;jdofs++) {
Bloc11(idofs,jdofs,Nloc) += (der_basis1(1,jdofs)*normal_vec[0]

+der_basis1(2,jdofs)*normal_vec[1])
*val_basis1[idofs-1]*area*wg[ig]*(-0.5);

Bloc11(idofs,jdofs,Nloc) += (der_basis1(1,idofs)*normal_vec[0]
+der_basis1(2,idofs)*normal_vec[1])

*val_basis1[jdofs-1]*area*wg[ig]*(0.5)
*eps_ns;

Bloc11(idofs,jdofs,Nloc) += val_penal*val_basis1[idofs-1]
*val_basis1[jdofs-1]*wg[ig];

}//jdofs
}//idofs

// compute the entries of local matrix Bloc22
for (idofs=1;idofs<=Nloc;idofs++) {

for (jdofs=1;jdofs<=Nloc;jdofs++) {
Bloc22(idofs,jdofs,Nloc) += (der_basis2(1,jdofs)*normal_vec[0]

+der_basis2(2,jdofs)*normal_vec[1])
*val_basis2[idofs-1]*area*wg[ig]
*(0.5);

Bloc22(idofs,jdofs,Nloc) += (der_basis2(1,idofs)*normal_vec[0]
+der_basis2(2,idofs)*normal_vec[1])

*val_basis2[jdofs-1]*area*wg[ig]
*(-0.5)*eps_ns;

Bloc22(idofs,jdofs,Nloc) += val_penal*val_basis2[idofs-1]
*val_basis2[jdofs-1]*wg[ig];

}//jdofs
}//idofs
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// compute the entries of local matrix Bloc12
for (idofs=1;idofs<=Nloc;idofs++) {

for (jdofs=1;jdofs<=Nloc;jdofs++) {
Bloc12(idofs,jdofs,Nloc) += (der_basis2(1,jdofs)*normal_vec[0]

+der_basis2(2,jdofs)*normal_vec[1])
*val_basis1[idofs-1]*area*wg[ig]
*(-0.5);

Bloc12(idofs,jdofs,Nloc) += (der_basis1(1,idofs)*normal_vec[0]
+der_basis1(2,idofs)*normal_vec[1])

*val_basis2[jdofs-1]*area*wg[ig]
*(-0.5)*eps_ns;

Bloc12(idofs,jdofs,Nloc) -= val_penal*val_basis1[idofs-1]
*val_basis2[jdofs-1]*wg[ig];

}//jdofs
}//idofs

// compute the entries of local matrix Bloc21
for (idofs=1;idofs<=Nloc;idofs++) {

for (jdofs=1;jdofs<=Nloc;jdofs++) {
Bloc21(idofs,jdofs,Nloc) += (der_basis1(1,jdofs)*normal_vec[0]

+der_basis1(2,jdofs)*normal_vec[1])
*val_basis2[idofs-1]*area*wg[ig]
*(0.5);

Bloc21(idofs,jdofs,Nloc) += (der_basis2(1,idofs)*normal_vec[0]
+der_basis2(2,idofs)*normal_vec[1])
*val_basis1[jdofs-1]*area*wg[ig]
*(0.5)*eps_ns;

Bloc21(idofs,jdofs,Nloc) -= val_penal*val_basis2[idofs-1]
*val_basis1[jdofs-1]*wg[ig];

}//jdofs
}//idofs

}// ig

// free pointers
free(xg);
free(wg);
free(val_basis1);
free(der_basis1);
free(val_basis2);
free(der_basis2);

return;
}

The routine localmat_face calls the routine get_quadrature_segment that ini-
tializes the weights and nodes of the Gauss quadrature rule given in Table A.1. The routine
get_penalty simply returns the penalty value set by the user. The routine loc_coor_
quad returns the coordinates of the quadrature point on the edges ê1 and ê2 of the reference
triangle that correspond to the quadrature point on the segment [−1, 1]. The edges ê1 and ê2

are such that the edge number iface is the image of ê1 by the mapping FE1 and the image
of ê2 by the mapping FE2 , whereE1 andE2 are the neighbors of edge iface. The routines
calc_normal_face and calc_length_face return the fixed normal vector to the
edge and the length of the edge.
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The routine for assembling local contributions to global matrix and right-hand sides
is provided next.

// macros for defining the matrices
#define Aloc(i,j) Aloc[ 10*((j)-1) + (i)-1 ]
#define Bloc11(i,j) Bloc11[ 10*((j)-1) + (i)-1 ]
#define Bloc22(i,j) Bloc22[ 10*((j)-1) + (i)-1 ]
#define Bloc12(i,j) Bloc12[ 10*((j)-1) + (i)-1 ]
#define Bloc21(i,j) Bloc21[ 10*((j)-1) + (i)-1 ]

void global_system(
int penaltype; // in: type of primal method
double *Aglobal; // out: global matrix
double *Fglobal // out: global right-hand side
)

{

// local variables
int k; // polynomial degree
int Nloc; // local dimension
int iel; // element number
int iface; // edge number
int kaux,idofs,jdofs,ie,je;
int Nlocmax; // maximum local dimension
int E1,E2; // edge neighbors
double *Aloc; // local matrix for volume
double *Floc; // local right-hand side
double *Bloc11,*Bloc22,*Bloc12,*Bloc21;//local matrices for edge

// allocate memory for local matrices and right-hand side
Aloc = (double *)malloc (sizeof(double)*Nlocmax*Nlocmax);
Bloc11 = (double *)malloc (sizeof(double)*Nlocmax*Nlocmax);
Bloc22 = (double *)malloc (sizeof(double)*Nlocmax*Nlocmax);
Bloc12 = (double *)malloc (sizeof(double)*Nlocmax*Nlocmax);
Bloc21 = (double *)malloc (sizeof(double)*Nlocmax*Nlocmax);
Floc = (double *)malloc (sizeof(double)*Nlocmax);

// assemble volume contributions
kaux=0;

// loop over the elements
for (iel=1;iel<=Nel;iel++) {

// get polynomial degree
k = mesh_elt[iel].degree;
Nloc = (k+1)*(k+2)/2;

// compute local volume matrix
localmat_vol(iel,Aloc,Floc);
for (idofs=1;idofs<=Nloc;idofs++) {

ie = idofs+kaux;
for (jdofs=1;jdofs<=Nloc;jdofs++) {

je = jdofs+kaux;
Aglobal(ie,je) = Aglobal(ie,je) + Aloc(idofs,jdofs);
}//jdofs

Fglobal[ie-1] += Floc[idofs-1];
}// idofs

kaux = kaux+Nloc;
}// iel



‘‘mainboo
2008/5/30
page 173

�

�

�

�

�

�

�

�

B.2. Selected C routines for higher dimensional problem 173

// assemble edge contributions
// loop over the edges

for (iface=1;iface<=Nface;iface++) {
// get neighbors of iface

E1 = meshface[iface].neighbor[0];
E2 = meshface[iface].neighbor[1];

// get polynomial degree
k = mesh_elt[E1].degree;
Nloc = (k+1)*(k+2)/2;

// for interior face only
if (meshface[iface].bctype==0) {

// compute local matrices
localmat_face(iface,penaltype,Bloc11,Bloc22,Bloc12,Bloc21);

// assemble Bloc11
for (idofs=1;idofs<=Nloc;idofs++) {

ie = idofs+(Nloc*(E1-1));
for (jdofs=1;jdofs<=Nloc;jdofs++) {

je = jdofs+(Nloc*(E1-1));
Aglobal(ie,je) = Aglobal(ie,je) + Bloc11(idofs,jdofs);
}// jdofs

}// idofs

// assemble Bloc22
for (idofs=1;idofs<=Nloc;idofs++) {

ie = idofs+(Nloc*(E2-1));
for (jdofs=1;jdofs<=Nloc;jdofs++) {

je = jdofs+(Nloc*(E2-1));
Aglobal(ie,je) = Aglobal(ie,je) + Bloc22(idofs,jdofs);
}// jdofs

}// idofs

// assemble Bloc12
for (idofs=1;idofs<=Nloc;idofs++) {

ie = idofs+(Nloc*(E1-1));
for (jdofs=1;jdofs<=Nloc;jdofs++) {

je = jdofs+i(Nloc*(E2-1));
Aglobal(ie,je) = Aglobal(ie,je) + Bloc12(idofs,jdofs);
}// jdofs

}// idofs

// assemble Bloc21
for (idofs=1;idofs<=Nloc;idofs++) {

ie = idofs+i(Nloc*(E2-1));
for (jdofs=1;jdofs<=Nloc;jdofs++) {

je = jdofs+(Nloc*(E1-1));
Aglobal(ie,je) = Aglobal(ie,je) + Bloc21(idofs,jdofs);
}// jdofs

}// idofs

}// interior face only

else { // Dirichlet boundary face
// compute local matrix

localmat_bdyface(iface,penaltype,Bloc11);
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// assemble Bloc11
for (idofs=1;idofs<=Nloc;idofs++) {

ie = idofs+(Nloc*(E1-1));
for (jdofs=1;jdofs<=Nloc;jdofs++) {

je = jdofs+(Nloc*(E1-1));
Aglobal(ie,je) = Aglobal(ie,je) + Bloc11(idofs,jdofs);
}// jdofs

}// idofs
}

free(Aloc);
free(Floc);
free(Bloc11);
free(Bloc22);
free(Bloc12);
free(Bloc21);

return;
}
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Appendix C

An approximation result

The stability and analysis of primal DG methods depend strongly on the value of the penalty
parameter. The penalty is either large enough for the SIPG and IIPG methods or strictly
positive for the NIPG method. If the penalty term is removed, the bilinear form of the
NIPG method remains coercive. The resulting method, denoted NIPG 0, is convergent for
polynomial degrees greater than or equal to two in 2D or 3D. The proof of the a priori error
estimates uses the following lemmas.

Lemma C.1. Let E be a triangle or a parallelogram in 2D or a tetrahedron in 3D. Let nE
be the outward normal to the boundary ∂E. Let K be a constant matrix. Fix one edge (or
face) e of E. For any f ∈ Hs(E), with s ≥ 2, there exists a polynomial q ∈ P2(E) such
that

∫
e

K∇q · nE =
∫
e

K∇f · nE, (C.1)∫
e′

K∇q · nE = 0 for e′ ∈ ∂E \ e, (C.2)

∀i = 0, 1, 2, ‖∇ iq‖L2(E) ≤ Ch
1/2−i
E |E|1/2‖∇f · nE‖L2(e). (C.3)

Proof. We first prove the result for a triangle E with vertices A1, A2, A3 and edges e1 =
[A2A3], e2 = [A1A3], e3 = [A1A2] with respective unit exterior normal vectors n1,n2,n3.
Let λ1, λ2, λ3 be the barycentric coordinates of A1, A2, and A3 in E. Define the quadratic
polynomial

q = 4αλ1(1 − λ1).

From the definition of the barycentric coordinates, we see that α = q(A12), where A12 is
the midpoint of edge e3. Next, we compute the gradient of q:

∇q = 4α∇λ1(1 − 2λ1).

175
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Since each component of ∇λ1 is a constant, and since 1 − 2λ1 is a linear function vanishing
at the midpoints of edges e2 and e3, we have∫

e2

K∇q · nE =
∫
e3

K∇q · nE = 0.

It remains to satisfy condition (C.1) by carefully choosing the scalar α:∫
e1

∇q · nE = 4α
∫
e1

K∇λ1(1 − 2λ1) · nE =
∫
e1

K∇f · nE.

Equivalently, since λ1 vanishes on e1, we have

4α
∫
e1

K∇λ1 · nE =
∫
e1

K∇f · nE.

Let |e1| be the length of e1 and |E| the area of E. We compute

∇λ1 = −nE

2

|e1|
|E| . (C.4)

Therefore, we can solve for α:

α = −1

2

|E|
|e1|2

1

KnE · nE

∫
e1

K∇f · nE.

Hence, using Cauchy–Schwarz’s inequality, we have for some constant C

|α| ≤ C|
∫
e1

K∇f · nE| ≤ Ch
1
2
E‖∇f · nE‖L2(e1).

Therefore, we obtain a bound on the L2 norm of q:

‖q‖L2(
) ≤ C|α|‖λ1(1 − λ1)‖L2(E) ≤ C|E|1/2h1/2
E ‖∇f · nE‖L2(e1).

Using (C.4), we obtain a bound on the gradient norm of q:

‖∇q‖L2(
) ≤ |α|‖∇λ1(1 − 2λ1)‖L2(E) ≤ C|α| |e1|
|E| |E|1/2 ≤ C|E|1/2h−1/2

E ‖∇f · nE‖L2(e1),

and similarly
‖∇2q‖L2(
) ≤ C|E|1/2h−3/2

E ‖∇f · nE‖L2(e1).

Next, we consider a tetrahedronE with verticesA1, A2, A3, A4, opposite faces e1, e2, e3, e4,
and unit exterior normal vectors n1,n2,n3,n4. The argument is similar to the one used for
triangles. Let λ1, λ2, λ3, λ4 be the barycentric coordinates of A1, A2, A3, and A4 in E.
Consider the polynomial

q = αλ1(3λ1 − 2).

We compute the gradient of q:

∇q = α∇λ1(6λ1 − 2).
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Each component of ∇q has zero mean value on e2, e3, e4 and (∇λ1)λ1 vanishes on e1.
Therefore, α is determined by the condition:

−2α
∫
e1

K∇λ1 · n1 =
∫
e1

K∇f · n1,

and since (C.4) is valid in 3D, this holds if

α = |E|
|e1|2

1

(Kn1,n1)

∫
e1

K∇f · n1.

Hence there exists a constant C such that

|α| ≤ C‖∇f · nE‖L2(e1),

and for i = 0, 1, 2 we obtain

‖∇ iq‖L2(E) ≤ C|E| 1
2 h

1/2−i
E ‖∇f · nE‖L2(e1).

In the case of parallelograms, the proof is more technical (see [96]).

Lemma C.2. Let E be a triangle or a parallelogram in 2D or a tetrahedron in 3D with
diameter hE . Let nE be the outward norm to the boundary ∂E. Let K be a constant matrix
and let k ≥ 2. For any p ∈ Hs(E), with s ≥ 2, there exist an approximation p̃ ∈ Pk(E)
and a constant C > 0 independent of hE such that

∀e ∈ ∂E,
∫
e

K∇(p̃ − p) · nE = 0, (C.5)

∀i = 0, 1, 2, ‖∇ i (p̃ − p)‖L2(E) ≤ Ch
min(k+1,s)−i
E ‖p‖Hs(E). (C.6)

Proof. We give the proof for the case of the triangle only. The other cases are treated in a
similar way. LetE be a triangle with edges e1, e2, and e3 and with unit normal vector n1,n2,
and n3, respectively. Let p ∈ Hs(
) for s ≥ 2 and let pI ∈ Pk(E) be an approximation of
p satisfying (2.10). Set f = p − pI and use Lemma C.1 to construct a polynomial q1 in
P2(E) such that ∫

e1

K∇(q1 − f ) · n1 = 0,∫
e2

K∇q1 · n2 = 0,∫
e3

K∇q1 · n3 = 0.

Besides, for i = 0, 1, 2,

‖∇ iq1‖L2(E) ≤ C|E| 1
2 h

1
2 −i
E ‖∇f · nE‖L2(e1). (C.7)

Similarly, we construct polynomials q2 and q3 in P2(E) such that∫
eδ

K∇qδ · nδ =
∫
eδ

K∇f · nδ for δ = 2, 3,
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178 Appendix C. An approximation result∫
e1

K∇q2 · n1 =
∫
e3

K∇q2 · n3 = 0,∫
e1

K∇q3 · n1 =
∫
e2

K∇q3 · n2 = 0.

Let q = q1 + q2 + q3 and set p̃ = q + pI . Then p̃ satisfies (C.5), and we derive, for
i = 0, 1, 2,

‖∇ i (p̃ − p)‖L2(E) ≤ ‖∇ iq‖L2(E) + ‖∇ i (pI − p)‖L2(E)

≤ Ch
min(k+1,s)−i
E ‖p‖Hs(E) + ‖∇ i (pI − p)‖L2(E),

which has the same order of approximation as |∇ i (pI − p)|L2(E).
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